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On-diagonal oscillation of the heat kernels on post-critically
finite self-similar fractals

Naotaka Kajino

Abstract For the canonical heat kernels p;(x, y) associated with Dirichlet forms
on post-critically finite self-similar fractals, e.g. the transition densities (heat ker-
nels) of Brownian motion on affine nested fractals, the non-existence of the limit
lim; o t%/2 p,(x, x) is established for a “generic” (in particular, almost every) point
x, where d; denotes the spectral dimension. Furthermore the same is proved for any
point x in the case of the d-dimensional standard Sierpinski gasket with d > 2 and
the N -polygasket with N > 3 odd, e.g. the pentagasket (N = 5) and the heptagasket
(N =17).
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1 Introduction

It is a general belief that the heat kernels on fractals should exhibit highly oscillatory
behavior as opposed to the classical case of Riemannian manifolds. For example, on
the Sierpinski gasket (Fig. 1), the canonical “Brownian motion” has been constructed
by Goldstein [10] and Kusuoka [22], and Barlow and Perkins [3] have proved that
its transition density (heat kernel) p;(x, y) is jointly continuous and subject to the
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Fig. 1 Sierpinski gasket

following sub-Gaussian estimate

(D) < iy 2 (2 )
tds/2 o1t = P ) = ds)2 ot

(1.1)
for t € (0, 1]; here c1,c2 € (0, 00) are some constants, ds := 2logs 3 and dy, :=
log, 5 are called the spectral dimension and the walk dimension of the Sierpinski
gasket, respectively, and p is the shortest path metric in the gasket which is easily
seen to be equivalent to the Euclidean metric. In particular, for any point x of the
Sierpinski gasket we have

e <t%p(x,x) <o 1 €(0.1], (1.2)

and Barlow and Perkins have conjectured in [3, Problem 10.5] that the limit

lim 1%/ p; (x, x) (1.3)
t0

does not exist, but this problem has been open since then. The main purpose of this
paper is to prove this conjecture, namely:

Theorem 1.1. Let the heat kernel p;(x,y) and ds = 21ogs 3 be as above. Then the
limit 1im; ¢ 19/2 p,(x, x) does not exist for any point x of the Sierpinski gasket.

We can consider the same problem for a class of finitely ramified self-similar
fractals, called affine nested fractals. (See Section 4 for their definition; typical ex-
amples of affine nested fractals are shown in Fig. 2, and see Fig. 3, 4 and 5 below
for further examples.) By the results of Fitzsimmons, Hambly and Kumagai [8], an
affine nested fractal K admits a canonical Brownian motion on it, and the associated
(jointly continuous) transition density p;(x, y) satisfies the two-sided sub-Gaussian
bound (1.1) with certain dg and dy, and a suitably constructed geodesic metric p on
K. In particular, the on-diagonal estimate (1.2) holds for any x € K, and then it is
natural to ask whether the limit lim; ¢ tds/2 p:(x, x) exists or not. We address this
question in the present article, and the following theorem summarizes our main re-
sults. Recall that a self-similar measure on K is defined as the image of a Bernoulli
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Fig. 2 Typical examples of affine nested fractals. From the left, two-dimensional level-3 Sierpinski gasket,
three-dimensional standard (level-2) Sierpinski gasket, pentagasket (5-polygasket) and snowflake. In each
fractal, the set Vj of its boundary points is marked by solid circles.

measure on the corresponding shift space through the canonical projection; see [18,
Section 1.4]. See Examples 5.1 and 5.3 for the precise definition of the d -dimensional
level-/ Sierpinski gasket and the N -polygasket, respectively.

Theorem 1.2. Let V}y be the set of boundary points of our affine nested fractal K.
(1) Assume #Vo > 3. Then the limit lim; td‘c/zpt(x, X) does not exist for any x €
K\ S«, where Sy is a Borel subset of K satisfying v(Sx) = 0 for any self-similar
measure v on K. (Sx is explicitly defined by (4.4) and (3.1) and satisfies Vy C Sx.)
(2) The limit lim, o %12 p,(x, x) does not exist for any x € Vo when K is either

— the d-dimensional level-1 Sierpinski gasket withd > 2,1 > 2, or
— the N-polygasket with N > 3, N/4 ¢ N.

(3) The limit lim, %12 p,(x, x) does not exist forany x € K when K is either

— the d-dimensional standard (i.e. level-2) Sierpinski gasket with d > 2, or
— the N -polygasket with N > 3 odd.

Remark 1.3. The above description contains some ambiguity in the choice of a
“canonical” Brownian motion on K since an affine nested fractal may admit more
than one self-similar diffusion compatible with its symmetry. For example, according
to [8, Section 2, especially Proposition 2.3], on the two-dimensional level-3 Sierpin-
ski gasket in Fig. 2 one can construct self-similar diffusions which are invariant under
the symmetries of the space and have two different resistance scaling factors, one for
cells containing a boundary point and the other for those containing the barycenter.
In fact, Theorem 1.2-(1) is true for any choice of a self-similar diffusion on K (to
be more precise, of a regular harmonic structure on K) that is invariant under certain
symmetries of K, whereas Theorem 1.2-(2),(3) concern only the case where all cells
have the same resistance scaling factor. See Sections 4 and 6 for details.

Under a slightly more general framework than in Theorem 1.2-(1), Barlow and
Kigami [2] have proved a similar oscillation in the asymptotic behavior of the eigen-
values of the associated Laplacian. The heart of their argument is to construct a pre-
localized eigenfunction of the Laplacian (i.e. an eigenfunction of the Laplacian which
satisfies both Neumann and Dirichlet boundary conditions on V}), based only on the
symmetry of the fractal and the Laplacian. We prove Theorem 1.2-(1) by modifying
their argument to construct a pre-localized eigenfunction which is non-zero at a given
specific point, and the construction is again based only on the symmetry.
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Unfortunately, since Vy C Sx, Theorem 1.2-(1) tells us nothing about the non-
existence of the limit lim, t9/2 p,(x, x) for x € Vy. Theorem 1.2-(2) asserts this
non-existence in the particular cases of the d-dimensional level-/ Sierpinski gasket
and the N -polygasket, and its proof is based on a simple geometric argument which
makes full use of the specific cell structures of these fractals.

Note that S is defined through another subset S of K given by (4.4), which is the
set of “points lying in some axis of symmetry of K”. For the 2-dimensional standard
Sierpinski gasket and the N -polygasket with N odd, we have S C Vi, by virtue of
which Theorem 1.2-(3) follows from Theorem 1.2-(1),(2). A similar argument applies
also to the case of the d-dimensional standard Sierpinski gasket with d > 3 although
S ¢ Vi in this case (see Theorem 5.2). It is quite likely that Theorem 1.2-(3) can
be generalized to other affine nested fractals, but they are beyond the reach of our
method.

Similar oscillatory phenomena have been proved in [11,21,24] for the simple ran-
dom walks on self-similar graphs by using the method of “singularity analysis”, and
their results can be considered as giving sufficient conditions for the non-existence of
the limit lim, o tds/2 pr(x, x) for x € Vj, in view of the local limit theorem [6, The-
orem 31]. Their sufficient conditions, however, require some concrete calculations of
certain rational functions associated with the simple random walk and seem difficult
to verify for a general d-dimensional level-/ Sierpinski gasket. Also their results do
not apply to fractals with “less symmetric boundary” such as the N -polygasket with
N # 3,6,9. An important point of Theorem 1.2-(2) is that it has successfully treated
all Sierpinski gaskets and polygaskets in a unified way without depending on concrete
calculations.

In fact, we can conclude the non-existence of the limit lim; ¢ pi(x, x) for
any point x of the fractal if the eigenvalues of the Laplacian possess a certain property,
as treated in a forthcoming paper [17]. This result in particular applies to the two-
dimensional level-3 Sierpinski gasket and the hexagasket (6-polygasket, see Fig. 5),
which are beyond the scope of Theorem 1.2-(3). The property of the eigenvalues
required there, however, again seems difficult to verify for a general d-dimensional
level-/ Sierpinski gasket since some concrete calculation is necessary. Moreover, the
property can be verified only by the method of spectral decimation, which does not
work for the N-polygasket, N # 3,6,9. In this sense, the method of this paper is
the only way established so far to obtain Theorem 1.2-(2),(3) for the N -polygasket,
N #3,6,9.

This paper is organized as follows. In Section 2, we introduce our framework,
recall basic facts about the heat kernel p;(x, y) and present our key criterion for the
non-existence of the limit lim; ¢ t%/2 p,(x, x). Following the framework of Barlow
and Kigami [2], in Section 3 we state and prove Theorem 3.4 which generalizes
Theorem 1.2-(1), and then we verify in Section 4 that Theorem 3.4 actually applies
to the case of affine nested fractals to imply Theorem 1.2-(1). We recall the definition
of the d-dimensional level-/ Sierpinski gasket and the N -polygasket in Section 5,
and Section 6 is devoted to the proof of Theorem 1.2-(2),(3). In fact, in Section 6 we
establish the assertions of Theorem 1.2-(2),(3) also for the (N, [)-polygasket, which
is a post-critically finite self-similar fractal introduced in [5] as a generalization of
the N -polygasket.

lds/z
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Notation. In this paper, we adopt the following notation and conventions.
(HN={1,2,3,...},ie.0 €N.

(2) The cardinality (the number of elements) of a set A4 is denoted by #A4.

(3) We set sup@ := 0, inf@ := oo and 0° := 1. All functions in this paper are
assumed to be R-valued.

(4) For d € N, R? is always equipped with the Euclidean norm | - |, and O(d)
denotes the d-dimensional real orthogonal group. For g € O(d), det g denotes its
determinant.

(5) Let E be a topological space. The Borel o-field of E is denoted by B(E). We
set C(E) := {u | u : E — R, uiscontinuous} and ||u|e := sup,cg [u(x)l,
u € C(E). For A C E, its interior in the topology of E is denoted by intg A. If p is
ametric on E, we set dist,(x, A) ;= infycq p(x,y)forx € Eand A C E.

2 Preliminaries

In this section, we first introduce our framework of a self-similar set and a Dirichlet
form on it, and then present preliminary facts.

Let us start with the standard notions concerning self-similar sets. We refer to [18,
Chapter 1] for details. Throughout this paper, we fix a compact metrizable topological
space K, a finite set S with #S > 2 and a continuous injective map F; : K — K for
eachi € S. Weset £ := (K, S,{F;}ies). Also we arbitrarily take a metric p on K
compatible with the topology of K and fix it throughout this paper.

Definition 2.1. (1) Let W, := {@}, where @ is an element called the empty word,
let Wy, ;== S™ = {wy...wy, | wj € Sfori € {1,...,m}} form € N and let
Wi = UmENU{O} Wi

Q) Weset X := SN = {wjwows3 ... | w; € S fori € N}, which is always equipped
with the product topology, and define the shift map o : ¥ — L by o(wjwrw3...) 1=
Wrw3wy . ... Fori € S we defineg; : ¥ — X by 0;(wwaws...) = iwwrws. ..
and set i :=iii ... € X. Furthermore for v = wjwows... € ¥ and m € NU {0},
we write 0], = ®1...0m € Wy,

B)Forw = wy ... wy, € Wy, weset Iy 1= Fyy, 0---0 Fy,, (Fp :=1dg), Ky, 1=
Fy(K), 0y := 0y, 0+ 00y, (0g :=idx) and X, := 0 (X).

Definition 2.2. L is called a self-similar structure if and only if there exists a contin-
uous surjective map 7 : ¥ — K such that F; omr = mw o g; for any i € S. Note that
such 7, if exists, is unique and satisfies {77 (@)} = (), en K[w],, forany o € X.

In what follows we always assume that £ is a self-similar structure.

Definition 2.3. (1) We define the critical set C and the post-critical set P of L by
C:=n"(Ui jes.iz; KiNK;) and P :=J,ey0™ (). 2.1

L is called post-critically finite, or p.c.f. for short, if and only if P is a finite set.
(2) We set Vo := (P), Vin := Upew,, Fw (Vo) form € Nand Vi := |,y Vin-
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Vo should be considered as the “boundary” of the self-similar set K; recall that
Ky N Ky = Fy (Vo) N Fy(Vp) for any w,v € W, with £, N ¥, = @ by [18,
Proposition 1.3.5-(2)]. Note that V,,,—; C V}, for any m € N by [18, Lemma 1.3.11].

From now on our self-similar structure £ = (K, S, {F;}ies) is always assumed
to be post-critically finite with K connected, so that #V, > 2 and V. is dense in K.

Next we briefly describe the construction of a Dirichlet form on K; see [18, Chap-
ter 3] for details. Let D = (Dpq)p,gev, be areal symmetric matrix of size #V (which
we also regard as a linear operator on R"0) such that

(D1) {u € RY | Du = 0} = Rly,,

(D2) Dpy = Oforany p,q € Vo with p # q.

We define £@ (u, v) 1= — > paevo Poa(@v(p) foru, v e RY0, so that (£, R"0)
is a Dirichlet form on L2(Vj, #). Furthermore let r = (r;)ies € (0, 00)S and define

1
EM@.v)i= Y —EQWoFyly.voFuly). wveR™ (22
r

weW,, w
foreachm € N, where ry, := ry,ru, ... Ty, forw = wiws ... wy € Wy, (rg := 1).
Definition 2.4. The pair (D, r) with D and r as above is called a harmonic structure
on £ if and only if €0 (u.u) = inf,cpry ), = €V (v.v) for any u € RY; note
that then £ (u,u) = minveRva’vlvm —u EmT (v, v) for any m € N U {0} and
any u € RV7_ If r € (0,1)% in addition, then (D, r) is called regular.

In the rest of this paper, we assume that (D, r) is a regular harmonic structure
on L. Let dg € (0,00) be such that ) ;. rid” = 1, and let u be the self-similar
measure on K with weight (rid H);cs, i.e. the unique Borel measure on K such that
w(Ky) = r,’f,” for any w € W,. We set ds := 2dg /(dg + 1), which is called the
spectral dimension. In this case, {£"™ (uly,,, u|v,,) tmenu{oy is non-decreasing and
hence has the limit in [0, oo] for any u € C(K). Then we define

Fi={u e C(K) | limp oo E™ (uly,,, uly,) < oo},

2.3)
E@.v) = limp oo E™ (uly,, . v]y,) €R.  u.v € F,

so that (£, F) possesses the following self-similarity: for any u, v € F,

1
uokF; e Fforanyi € § and 8(u,v)=Z—8(qui,voF,-). 2.4)
-

ies !

By [18, Theorem 3.3.4], (£, F) is a resistance form on K whose resistance metric
R : K x K — [0,00) is compatible with the original topology of K, and then [20,
Corollary 6.4 and Theorems 9.4], (2.4) and £(1,1) = 0 together imply that (£, F)
is a strong local regular Dirichlet form on L?(K, ). See [18, Definition 2.3.1] or
[20, Definition 3.1] for the definition of resistance forms and their resistance metrics,
and see [9, Section 1.1] for the definition of regular Dirichlet forms and their strong
locality. Furthermore by [20, Theorem 10.4] (or by [18, Section 5.1]), the Markovian
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semigroup {7} }se(0.00) On L?(K, 1) associated with (£, F) admits a unique contin-
uous function p = p;(x,y) : (0,00) x K x K — [0, 00), called the heat kernel of
(K, i, E, F), such that for each f € L?(K, ) and ¢ € (0, 00),

T.f = [K PN fORG)  peae. 2.5)

Also by [18, Corollary 5.3.2] (or by [20, Theorem 15.10]; see the proof of Lemma
2.5 below), there exist ¢y, c2 € (0, 00) such that for any x € K,

1 <t%2p(x,x) <ca, 1 €(0,1], (2.6)

where dy = 2dy /(dug + 1) is the spectral dimension defined above.
Now we prepare several preliminary lemmas. The following lemma is standard.

Lemma 2.5. There exist c3,cq,c5 € (0, 00) such that for any (t, x, y) € (0, 1] x K x
K,

|pe(x,x) = pe(y, ¥)| < c3R(x, y)! /2~ s tD/4 2.7)

M)l/‘”’), 2.8)

pe(x,y) < cqt ™12 exp(—c5< p

Proof. (2.7) is immediate from [20, (3.1) and Lemma 10.8-(2)] and (2.6) (or from
[16, Lemma 5.2]). We easily see from [18, Lemmas 3.3.5 and 4.2.3] and (2.4) (see
also [18, Lemma 4.2.4]) that ces%? < u(Bs(x, R)) < c75% for any (s,x) €
(0,diampg K] x K for some cg,c7 € (0, 00), where diamg K := SUPy yek R(x,y)
and Bs(x, R) := {y € K | R(x,y) < s}. Therefore an application of [20, Theorem
15.10] yields (2.8). O

Remark 2.6. The power 1/dg in the exponential in the right-hand side of (2.8) is
not best possible in general. Under the same framework, Hambly and Kumagai [16]
have obtained a sharp two-sided estimate of p;(x, y).

Lemma 2.7. Let U be a non-empty open subset of K and set uly ‘= pl|pw), Fu =
{ueFlulgw =0and EY := E|r, x5, Then (EY, Fy) is a strong local regular
Dirichlet form on L*(U, u|y) whose associated Markovian semigroup {TtU}tE(O,oo)
admits a unique continuous integral kernel pU = th (x,y) : (0,00) xU xU —
[0, 00), called the Dirichlet heat kernel on U, similarly to (2.5). Moreover, pY is
extended to a continuous function on (0, 00) x K x K by setting pY := 0 on (0, 00) x
(K x K\U xU), and pY (x,y) < p/(x,y) forany (t,x,y) € (0,00) x K x K.

Proof. This is immediate from [20, Theorem 10.4]. O

Lemma 2.8. Let U be a non-empty open subset of K. Then for any (t,x,y) €
(0,00) xU x U,

pe(x.y)—pZ(x,y) < sup sup py(x.z)+ sup sup ps(z.y). (2.9)
s€lt/2,t] zeU\U s€lt/2,t] zeU\U

Proof. This is immediate from [13, Theorem 5.1] (or [12, Theorem 10.4]) and the
continuity of the heat kernels p;(x, y) and th (x, ). O
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Finally we relate the non-existence of the limit lim; t%/2p,(x, x) to proper-

ties of eigenvalues and eigenfunctions of the Laplacian. Let A be the non-positive
self-adjoint operator (“Laplacian”) associated with the Dirichlet form (£, F) on
L?(K, i) and let D[A] be its domain. Recall that D[A] C F and that for u € F
and f € L?(K, ),

u € D[A]land — Au = f if and only if 8(u,v)=/ fvdu forany v € F.
K

(2.10)
Let {@n }nen be a complete orthonormal system of L2(K, y) such that for eachn € N,
©n Is an eigenfunction of A, i.e. ¢, € D[A] and —Ag, = A, ¢, for some A, € R.
Such {¢y, }nen exists since A has compact resolvent by [20, Lemma 9.7], and then
necessarily {A,}neny C [0,00) and lim, o, A, = o0. Therefore without loss of
generality we assume that {4, }, ey is non-decreasing, and note that A; = 0 < A,.

Lemma 2.9. Let x € K. Then the limit lim, o t%/2

does the limit

pr(x, x) exists if and only if so

. ZneN,Ansx on(x)?
lim

s 24/ @11

Proof. [20, Proof of Lemma 10.7] tells us that

pexy) = e M0, (ga(y).  (txy) € 0.00)x Kx K, (212)

neN

where the series is uniformly absolutely convergent on [T, 00) x K x K for any
T € (0,00). Let x € K and set Nx(A) := ey 1, <a @n(x)? for A € R. Then
pr(x,x) = f[o,oo) e MdN,(A) for any ¢ € (0, 00) by (2.12), and the assertion fol-
lows by Karamata’s Tauberian theorem [7, p. 445, Theorem 2]; note that (2.6) and
[14, Theorem 1] yield 0 < infyef1,00) A™%/2Nx (1) < SUP;c[y.00) A4/ Ne (1) <
0. O

Lemma 2.10. The limit lim, ¢ 1%/2 p,(x, x) does not exist for any x € K satisfying

Pn (x)z

dg/2
n

lim sup > 0. (2.13)

n—oo A

Proof. Let x € K satisfy (2.13), and for A € R let N (A1) be as in the previous proof.
Then since

li Nx(An) = Nx(An — 1) . on(x)?
im sup > lim sup

> 0,
o0 )LzS/Z 00 155/2

the limit (2.11) cannot exist and hence neither does the limit lim, o tds/2 pt(x, x) by
Lemma 2.9. O

Lemma 2.10 will play fundamental roles in the proofs of our main results below.
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3 Symmetry group and oscillation at ‘“‘generic” points

Throughout this section and the next, we follow the framework described in the previ-
ous section. Namely, £ = (K, S, {F; }ies) is a post-critically finite self-similar struc-
ture with K connected and #S > 2, (D, r = (r;);es) is a regular harmonic structure
on L, and p is the self-similar measure on K with weight (rl-dH ies- Also, (€, F) is
the resistance form on K associated with (D, r) asin (2.3), R : K x K — [0, 00) is
the resistance metric of (£, F), and p = p;(x, y) : (0,00) x K x K — [0, 0c0) is the
heat kernel of (K, i, &£, F).

In this section, we establish the non-existence of the limit lim, ;o 19s/2 p:(x, x) for
a “generic” point x € K under the assumption of a certain symmetry of (K, i, &, F),
following closely the arguments in [18, Section 4.4] and [2, Sections 5 and 6].

Let us start with the following definition. Note that w(A) € B(K) for any A €
B(%).
Definition 3.1. For each Z C K, we define Z, € B(K) by

Zy = {x € K | limy— 0 dist,(7(c™(w)), Z) = O forany w € 771 (x)}, (3.1)
which is independent of a particular choice of the metric p on K.

Then we have the following easy proposition. Note that any Borel measure on
K vanishing on Vj is of the form v o 771 with v a Borel measure on X, since
Tls\e—1(vy) © 2\ 7 (Vi) — K \ Vi is a continuous bijective map with Borel
measurable inverse. Recall that a Borel measure v on X is called o-ergodic if and
only if voo™! = vand v(4)v(Z \ 4) = 0 for any A € B(X) witho~!(4) = A.
Proposition 3.2. Let Z be a closed subset of K. If v is a o-ergodic finite Borel
measure on ¥ and satisfies v o V(K \ Z) > 0, then v o 1~ (Z4) = 0.

Proof. Since Z is closed and v o 71 (K \ Z) > 0, we can choose ¢ € (0, 00) so that
vor l({x € K | dist,(x, Z) > &}) > 0. Define 4 € B(X) by

A= Mpen Upsn 07 (771 ({x € K | dist,(x, Z) > &})).
Then 671 (4) = A and =1 (Z4) C T\ A. By virtue of v o 6~ = v, a version [4,
Proposition 11.5.14] of the Borel-Cantelli lemma yields v(A4) > 0 and hence we have
vor 1(Z,) <v(X\ A) = 0 by the o-ergodicity of v. O

The following definition is fundamental for the arguments of this section.

Definition 3.3. (1) We define the symmetry group G of (L, (D, r), i) by

6= s

which clearly forms a subgroup of the group of homeomorphisms of K.
(2) For a finite subgroup G of G and & € G, we define S(G, h) and S« (G, h) by

S(G,h) = U (xe K |hlgx)=x}, S«(G.h):=(S(G,h)UVpu. (3.3)
geG

g is ahomeomorphism from K toitself, g(Vo) = Vo, pog = U,
uoguogleFandE(uog,uog) =E(u,u)foranyu € F

}, (3.2)

(B)Forg e Gandu : K — R, we define Tou :=uo g_l, so that T defines a linear
surjective isometry Ty : L2(K, ) — L?(K, i) by virtue of o g = u.
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In the situation of Definition 3.3-(2), S(G,h) is closed in K, Vi, C S«(G,h)
since 0™ (w1 (V;)) = P form € NU {0} by [18, Proposition 1.3.5-(1)], and Propo-
sition 3.2 says that S« (G, h) may be considered as “measure-theoretically small” if
S(G,h) # K. Keeping this observation in mind, now we state the main theorem of
this section.

Theorem 3.4. Suppose that a finite subgroup G of G and h € G\ G satisfy S(G, h) #
K and h='(q) € {g(q) | g € G} for any q € Vy. Then the limit lim, o t%s/2 p, (x, x)
does not exist for any x € K \ S«(G, h). If in addition the limit lim, ¢ t%/2p,(x, x)
does not exist for any x € S(G, h) \ Vo, then neither does it for any x € K \ V.

In view of Vi C S«(G, h), Theorem 3.4 tells us nothing about the non-existence
of the limit lim, o #%/2 p,(x,x) for x € Vi, which we will establish in Section 6
below in the case of certain examples such as Sierpinski gaskets and polygaskets.

The rest of this section is devoted to the proof of Theorem 3.4. The essential part
is the proof of the following two lemmas.

Lemma 3.5. Suppose that a finite subgroup G of G and h € G\ G satisfy S(G, h) #
K and h='(q) € {g(q) | g € G} for any q € Vy. Then for each x € K \ (S(G,h) U
Vo), there exists an eigenfunction ¢x of A such that ¢x|y, = 0 and ¢x(x) # 0.

Proof. We follow [18, Proof of Theorem 4.4.4]. We define Rg, Rg p, Rz,h by
= (#G)™! deG Te, Rgp:=ReT,-1—Rg, Rg,h :=Tp,Rg—Rg, (3.4)

so that [ (Rg au)vdp = [ uRY Gavap foru,v e L?(K, 1), and Rg pu, R} GV €
F and E(Rg pu,v) = E(u, RGhv) for any u, v € F. Moreover for u € C(K) and
q € Vo, i (q) = g7 (¢) for some g € G and hence R}, ,u(q) = Rgu(g~'(q)) —
Rgu(q) = 0, from which it follows that RY, , (F) C fK\’VO.

Let x € K\ (S(G,h) U Vp). Since Vo U {g(x) | g € G} is finite and does
not contain s(x), we can choose u € Fk\y, so that u > 0, u(h(x)) = 1 and
u(g(x)) = 0 for g € G. Then (#G)Rg pu(x) = deG(u(hg(x)) - u(g(x))) >
u(h(x)) = 1. Let {¢?},en be a complete orthonormal system of L2(K, 1) consisting
of eigenfunctions of the non-positive self-adjoint operator on L?(K, u|x\v,) associ-
ated with (£ K\VO,}'K\VO); such {p%},en exists by [20, Lemma 9.7]. Then letting
un = Y iy ([ updu)ep for n € N, we see from [20, (3.1)] that [u — u, |2, <
(diamg K)E(u — uy,u —u,) — 0asn — oo . Thus lim, e Rgatn(x) =
Rg pu(x) > (#G)7!, and it follows that Rg, h(po(x) # 0 for some j € N. Now
by using R¥ h(]:) C Fk\v, and (2.10) for (SK\VO Fr\v,) we can easily verify that
Ox 1= RG,h<pj € Fk\v, is an eigenfunction of A with ¢, (x) # 0. O

Lemma 3.6. Letw € Y and y € K\ V. Ifliminfy, o p(w (6™ (w)), y) = 0and the
limit lim, o t9/2 p,(y, y) does not exist, then the limit lim, o t%/2 p,(n(w), 7(w))
does not exist, either.

Proof. Set x := m(w). By the assumption we have limy_, o, R(7 (6% (w)),y) = 0
for some strictly increasing sequence {my}rey C N. Let k € N be large enough
so that R(mw (0™ (w)),y) < distr(y, Vo)/2 =: D,, and set wi = [@]m,, Xk =
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Fol(x) = n(0™ (0)), i = ru_,IEdHH) and K} := Ky, \ Fu, (Vo). Then K}
is open in K since K \ K,g = Fy, (Vo) U Uweka\{wk} K. By [19, Theorem
A.1] there exists cg € (0, 1] such that R(Fy, (x1), Fy(x2)) > cgry R(x1, X2) for any
w € W, and x1, x5 € K, and therefore

R(x, Fy, (q)) = csru, R(xk,q) > csDyru,. g € Vo. 3.5)
Lett € (0, tk_l]. Then Lemmas 2.5, 2.7, 2.8 and (3.5) together yield

I
0 < pr(x.x) — pp & (x.x) < degt ™5/ exp(—cy (zet) 1), (3.6)
0 < Poet (v, k) — oy (v, xk) < dea(wt) ™/ exp(—cy (wet) V), (3.7)
| Pt (X Xi) = Poee (7 ¥)| < e3R (g, y) /2 () ™24, (3.8)

7
where ¢, := c5(cg Dy)' T1/9H  Since td-‘/zp,Kk (x,x) = (Tkt)dS/zptIi}VO(xk, Xi) by
(2.3) and (2.4), it follows from (3.6), (3.7) and (3.8) that for any ¢ € (0, rk_l],

|69/ py (3, x) = () prs (v, )|
< degexp(—cy (tet) VM) + e3R(xp, )2 () 47D/ (3.9)
Set A, := lim sup,wtds/zpt(y,y) — liminf,wtds/zp,(y,y) € (0,00) and

choose #, € (0, 1] so that 4cq exp(—cyt; /) < A, /6. The definition of A, tells

us that tlds/zpt1 (y,y) — th/zptz(y,y) > A, /2 for some t1,t, € (0,t,]. Setting
t =11/t and t = t/ 7y in (3.9), from limy_, o, R(xx, y) = 0 we easily see that

tim inf((1/ )%/ pey (6, ) = 12/ 7)™ pry o, (v,)) 2 Ay /6 > 0,

in view of which the limit lim, t%/2 p,(x, x) cannot exist since T 1= rﬁ’k’ 150

ask — oobyre (0,1)5. O
We also need the following easy lemma.

Lemma 3.7. (Vj)« = Vi. (Here (Vp)« is of course given by (3.1) with Z = Vj.)

Proof. We have Vi C (Vp)« since 6™ (w1 (V;,)) = P for any m € N U {0} by [18,
Proposition 1.3.5-(1)]. Let x € (Vp)« and @ € 7~ !(x). Then from 7~ 1(Vy) = P
and limy,—, o dist, (7 (6™ (w)), Vo) = 0 we see that lim,, . dists (6™ (w), P) = 0,
where § is a metric on X compatible with the product topology of . Since P is finite
and o(P) C P, there exist n € N and wg, vy € W, for k € {1,...,#P} such that
P = {wgv® | k € {1,...,#P}}, where wv™ := wvvv... € X forw,v € Wy
in the natural manner. Take ¢ € (0, 00) such that [t]3, = [k]3, for any 7,6k € X
with §(t, k) < &, and choose N € N so that dists (6" (w), P) < ¢ for any m > N.
Then for each m > N, 6(c"™"(w), wg,, v,‘(”‘;) < ¢ for some k,, € {1,...,#P}, hence
[0 (w)]3n = [wk,, v,;’jj]3n, and it turns out that v, = vg,,,, form > N. Thus

oV (w) = wkNv,‘:j’V € Pand x = Fi,)u, (N (w))) € Vs. O
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Proof of Theorem 3.4. Let x € K \ S«(G,h), so that x & V, and let w € 7w~ !(x).
Then lim sup,,, _, o, dist, (7 (6" (w)), S(G, h) U Vp) > 0, and by the compactness of K
there exist y € K \ (S(G, h) U Vp) and a strictly increasing sequence {my }reny C N
such that limg_, o, p(7 (0™ (w)), y) = 0. By Lemma 3.5 we can take an eigenfunc-
tion <py of —A with eigenvalue A € (0, co) such that ¢, |y, = 0, ¢,(y) > 0 and
Jx @y 2du = 1. Let k € N be large enough so that ¢, (w(0™k (®))) > ¢y(¥)/2, and

define ¢y x € C(K) by @x,k|K[w]mk =T [w] Py © F[ @lmy, and (Px,k|K\K[w]mk =0

(recall @y |y, = 0). Then fK (p2 ka’u = 1, and (2 3) and (2.4) easily imply that @, f is

d]-]—i-l dH‘*‘1 _

an eigenfunction of —A with eigenvalue A / T . Now since limg .0 A/ 77, "

Ink
oo and
ek () @@ @) ey
d - dy - ds ’
(/i F1yds1> Adel2 /2
the limit lim, ¢ t95/2 p,(x, x) does not exist by Lemma 2.10.

For the proof of the second assertion let x € Sx(G,h) \ Vi and w € 77! (x). By
Lemma 3.7 we have lim sup,,,_, , dist, (7w (6" (w)), Vo) > 0, which together with the
compactness of K yields y € K \ Vp such that liminfy,—, o p(7(c"(w)),y) = O.
Then y € (S(G,h) U V) \ Vo = S(G,h) \ Vo by x € S«(G,h), and the second
assertion follows since the non-existence of the limit lim, g t%/2p.(y, y) implies
that of the limit lim; ¢ t%/2p,(x, x) by virtue of Lemma 3.6. O

4 The case of affine nested fractals

In this section, we recall the definition of affine nested fractals and show that Theorem
3.4 is applicable to them. Throughout this section, we follow the same framework and
notation as in the previous section, and furthermore we assume the following:

d € N, K is a compact subset of R?, and F; = f;|x for

4.1
some contractive similitude f; on R for eachi € S. @D

Recall that f : R — R is called a contractive similitude on R? if and only if there
exista € (0,1), U € O(d) and b € R? such that f(x) = aUx + b for any x € R?.
According to [18, Theorem 1.2.3], any finite family of contractive similitudes on R¥
actually gives rise to a self-similar structure satisfying (4.1) by taking the associated
self-similar set.

Notation. For x,y € RY with x # y, let gxy - R? — R¢ denote the reflection in
the hyperplane Hyy := {z € R? | |z — x| = |z — y|}.

First we prove that Theorem 3.4 is applicable if #Vp > 3 and gxy|x € G for any
x,y € Vp with x # y, following [18, Proof of Theorem 4.4.10]; see Theorem 4.3
below. Later we will see that affine nested fractals with #V, > 3 satisfy this condition.

Lemma 4.1. Assume that gx,(Vo) = Vo for any x,y € Vo with x # y, and define

Go := {gmylgxzyz'--gxnyn |I’l e N, Xi, )i € Vo, X; ;é Vi, i€ {17-~~an}}9 (42)
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G1 = {8x1y18x2y> - - 8xopyon | R EN, Xi, i € Vo, xi # yi, i €{1,...,2n}}.
4.3)

Thenforn € Nand x;,y; € Vowithx; # yi, i € {1,...,1}, €x,918x2y2 - - - 8xnyn €
Go \ G if and only if n is odd. Moreover, Gy > g — g|v, is injective and #Go <
#Vp)\.

Proof. Without loss of generality assume ZPEVO p = Ora.Let g € Go and choose
n € Nand x;,y; € Vo with x; # y; sothat § = gx,y,8x2y2 - - - &xuyn- Then
g € 0(d) by g(Vo) = Vpy, and we have det g = (—1)", from which the first assertion
is immediate.

Next let Ho := {>_,cy, apP | (ap)pev, € RY0}, which is a linear subspace of
R?. Since each g € Gy is the identity on the orthogonal complement of Hy, Go >
g — glv, is injective with g|y, : Vo — V) bijective and hence #Go < (#Vp)!. O

Proposition 4.2. Assume that g, (Vo) = Vo for any x,y € Vo with x # y, and
define

S::{xeK

8x1718x2ys - - - 8xan_1y2n—1 (X) = X for somen € N @.4)
and x;,y; € Vo with x; # yi, i € {1,2,...,2n— 1} [’ '

Then we have the following statements (recall that Sy is given by (3.1) with Z = S).
(1) Sisclosed in K and intxg S = @. If #Vy > 3 then Vo C S and Vi C Sx.

(2) If v is a o-ergodic finite Borel measure on ¥ and satisfies v o (K \ S) > 0,
then v o~ 1(Sy) = 0.

Proof. (1) Without loss of generality assume ZpGVo p = Oga, and let Hg be the
linear subspace of R? generated by K. Then for any g € Go \ G1, g|ny is a linear
isometry of Hg with determinant —1 by Lemma 4.1, and therefore intg{x € K |
g(x) = x} = 0 by virtue of the second assertion of [18, Lemma 4.4.5-(3)], which
is in fact valid without assuming g(K) = K. Now since § = (Jyeg,\6, 1% € K |
g(x) = x} and #Gy < oo by Lemma 4.1, S is closed in K and intx S = @. If
#Vo > 3, then gxygyz8zx(x) = x for any distinct x, y,z € Vp and hence Vy C S,
which easily implies Vi C Sk.

(2) Since S is closed in K, this is a special case of Proposition 3.2. [

Now a simple application of Theorem 3.4 yields the following theorem.

Theorem 4.3. Assume #Vy > 3 and that gx,|x € G for any x,y € Vo with x # y.
Then the limit lim; o t%/2 p,(x, x) does not exist for any x € K \ Sx. If in addition
the limit lim; o t9/2 p,(x, x) does not exist for any x € S \ Vo, then neither does it
forany x € K\ V.

Proof. Set G|k = {glk | g € G1} and let h € Gy \ G;. Then by the as-
sumption and Lemma 4.1, G|k is a finite subgroup of G, h|lg € G \ Gy|x and
K # S = Ugegorg,ix € K | g(x) = x} = S(Gilk,hlk) D Vo, whence
S« = S«(G1lk. h|k). Moreover, gy,8x;(x) = y and gy,8x, € G for any distinct
x, v,z € Vy and therefore {g(q) | g € G1|x} = Vp for ¢ € V. Now the assertions
follow from Theorem 3.4. O
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Fig. 3 Some examples of affine nested fractals. From the left, snowflake, the Vicsek set, and some modified
Sierpinski gaskets.

Next we recall the definition of affine nested fractals and apply Theorem 4.3 to
them.

Definition 4.4. (1) A homeomorphism g : K — K is called a symmetry of L if and
only if, for any m € N U {0}, there exists an injective map g : W;, — W,, such
that g(Fy (Vo)) = Fgum () (Vo) for any w € Wy,.

(2) We set Gy := {g | g is a symmetry of £, g = f|x for some isometry f of R%}.

(3) L is called an affine nested fractal if and only if it is post-critically finite, K is
connected and gx, |k € G, for any x, y € Vp with x # y.

(4) We call a real matrix L = (Lpg)p,qev, Gs-invariant if and only if L,, =
Le(p)g(q) forany p,q € Vpand g € G,. Also a = (a;)ies € (0, 00)S is called
Gs-invariant if and only if a; = aj for any i, j € § satistying g(F; (Vo)) = Fj (Vo)
for some g € G;.

By [18, Propositions 3.8.7 and 3.8.9], if £ is an affine nested fractal, then L =
(Lpg)p.qevy is Gs-invariant if and only if L,; = L,4 whenever |p —q| = |p’ —¢’|.

Theorem 4.5. Assume that L = (K, S,{Fi}ies) is an affine nested fractal with
#Vo > 3 and that both D = (Dpg)p,qev, andr = (r;);es are Gs-invariant. Further
assume that

#HEW)NFi(Vo) <1 foranyi,j e Swithi # j. 4.5)
Then the limit lim; o %12 p(x, x) does not exist for any x € K \ S. If in addition
the limit lim; o t9/2 p,(x, x) does not exist for any x € S \ Vy, then neither does it
forany x € K\ V.

Proof. In view of Theorem 4.3, it suffices to show G; C G. Let m € N U {0} and
suppose i o g(Ky) = u(Ky) forany w € W, and any g € Gs. Leti € S, w € W),
and g € G,. Since g is a symmetry of £, g(F; (Vp)) = F;(Vp) for some j € S, and
by [18, Proposition 3.8.20] there exists g; € Gy such that g o F; = F; o g;. Then
1(g(Kin)) = o Fi(gi(Kw)) = ri u(gi(Kw)) = i p(Ky) = ri¥ i =
W(Kjy). Thus for any g € G, o g(Ky) = u(Ky) for any w € W, and hence
o g = u, which together with [18, Corollary 3.8.21] implies that G; C G. O
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Remark 4.6. (1) The following fact is known for the existence of Gs-invariant har-
monic structures (see [18, Section 3.8] and references therein for details):

If L is an affine nested fractal and satisfies (4.5), then for each Gs-invariant
r € (0,00)5, there exist a unique A € (0,00) and a unique (up to constant
multiples) Gs-invariant real symmetric matrix D = (Dpq)p qev, Satisfying
(D1), (D2) such that (D, Ar) is a harmonic structure on L.

(2) It is quite unclear whether the assumption (4.5) can be removed from Theorem
4.5 (or more specifically, from [18, Proposition 3.8.20]; see the previous proof and
[18, Proof of Corollary 3.8.21]), although (4.5) should be regarded as a technical
assumption to avoid nonessential difficulties, as noted in [1, Remark 5.25-2.(c)] and
[18, p. 118].

(3) The non-existence of the limit lim; p:(x, x) may or may not occur when
#Vy = 2. Of course this limit exists for any x in the case [18, Example 3.1.4] of
the unit interval [0, 1] with its usual Dirichlet form. On the other hand, Example 4.7
below presents an affine nested fractal with #1y = 2 to which Theorem 3.4 applies.

1ds/2

Example 4.7. Following [18, Example 4.4.9], let S := {1, 2, 3, 4} and define f; :
C— Cfori € Sby fi(z):= Lz + 1), fo(2) i= 2z = 1), fo(2) i= Lz + 1)

and f4(z) := @(z —1). Let K be the self-similar set associated with { f; }ies, i.e.
the unique non-empty compact subset of C = R? that satisfies K = |J,;cg fi (K),
and set F; := fi|x,i € S.Then £ = (K, S, {F;}ies) is a self-similar structure, and
we have P = {1%°,2%} and Vy = {—1,1}. Defining g,h : C — Cby g(z) := —Z
and h(z) := Z, we easily see that g|x,h|x € s, and thus L is an affine nested
fractal.

Let D = (Dpg)pgevy = (71 21).r € (0.1) and r = (ri)ies := (3.3.7.7).
Then (D, r) is clearly a regular harmonic structure on £, and similarly to the proof of
Theorem 4.5 we can verify g|x,h|x € G. Now since h|g # idx, S{idkx}, h|x) =
{x €e K| h(x) =x} # K and h(q) = q for g € Vy, Theorem 3.4 implies that the
limit lim, o t%/2 p,(x, x) does not exist for any x € K \ Sx({idx}, 1|x).

5 Examples

In this section, we apply Theorems 3.4 and 4.5 to basic examples. Note that by [18,
Theorem 1.6.2], if £ = (K, S,{F;}ies) is a self-similar structure, then K is con-
nected if and only if any 7, j € § admitn € N and {ix};_, C S withip = i
and i, = j such that K;, _, N K; # @ forany k € {1,...,n}. Recall that, given
a post-critically finite self-similar structure £ = (K, S, {F;}ies) with K connected
and a regular harmonic structure (D, r = (r;);es) on L, we always equip K with the

self-similar measure @ on K with weight (rid 1y, cs, where dg € (0, 00) is such that

d
ZieSriH =1
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Fig. 4 Sierpinski gaskets. From the left, two-dimensional level-l Sierpinski gasket (I = 2,3,4) and
three-dimensional level-2 Sierpinski gasket.

5.1 Sierpinski gaskets

Example 5.1 (Sierpinski gaskets). Letd,/ € N, d > 2,1 > 2, and let {gx }zzo C
R be the set of the vertices of a regular d-dimensional simplex. Further let S :=
{()d_, € NU{OH | Y{_ ix <1 —1},and foreach i = (ix)?_, € S we set
gi = qo+X =1 (ix/1)(qk—qo) and define f; : R — R? by f; (x) 1= g;+17" (x—
qo)- Let K be the self-similar set associated with { f; }ies and set F; := fi|x. Then
L = (K,S,{F;}ies) is a self-similar structure, which is called the d-dimensional
level-1 Sierpinski gasket (see Fig. 4 below). This is an affine nested fractal satisfying
(4.5), and we have P = {i,?o | ke{0,1,....,d}}and Vo = {qr | k €{0,1,...,d}},
where iy := ((I — 1)1{;(}(1'));.21 € S.Moreover, G; = {g|x | g € Go} (recall (4.2)).

Define D = (Dpg)p,qevy by Dpp := —d and Dpy := 1 for p,q € Vp, p # q.
Note that any G-invariant real symmetric matrix satisfying (D1), (D2) is a constant
multiple of D. By the symmetry of £ and D, there exists a unique r € (0, c0) such
that (D,r = (r;)jes) with r; := r is a harmonic structure on £. Moreover, [18,
Corollary 3.1.9] yields r < 1, so that (D, r) is a regular harmonic structure on L.

The d-dimensional level-2 Sierpinski gasket (i.e. the case of [ = 2) is also re-
ferred to as the d-dimensional standard Sierpinski gasket, for which we can easily
verify that r = (d + 1)/(d + 3) and hence that d; = 2log,,3(d + 1). Unfortu-
nately, however, it seems impossible to calculate the value of r explicitly for a general
d-dimensional level-/ Sierpinski gasket.

For this example, the assumptions of Theorem 4.5 are clearly satisfied and hence
the non-existence of the limit lim, o t%/2 p,(x, x) is assured for any x € K \ Sx. In
fact, since the d-dimensional level-/ Sierpinski gasket possesses a quite large group
of symmetries, we can conclude a slightly stronger result as follows.

Theorem 5.2. Let L = (K, S, {F;}ics) be the d-dimensional level-l Sierpinski gas-
ket withd > 2,1 > 2 and lgt (D, r) be the harmonic structure on L as in Example
5.1. Define a closed subset S of K by

S = ﬂIC{O d}, #1=3 Ui,_/el,i;«éj{x € K | 8g;q; (x) = x}. CRY

.....

Then the limit lim, o t9/2p,(x, x) does not exist for any x € K \ S, (recall that S,
is given by (3.1) with Z = S). If in addition the limit lim, o t%/2 p,(x, x) does not
exist for any x € S \ Vo, then neither does it for any x € K \ V.
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Fig. 5 N-polygasket (N = 5,6,7,9). From the left, pentagasket (N = 5), hexagasket (N = 6),
heptagasket (N = 7) and nonagasket (N = 9).

Proof. For each I C {0,...,d} with #] = 3, we define hy = g44,;|k and
Gr = {idk, 84,9 8qiq; 1K > &qiq; 8aiax |K}> Where I = {i, j k}, i < j < k,so
that Gy is a subgroup of G and hy € G \ Gy. Theorem 3.4 implies that the limit
lim, o t%/2 p,(x, x) does not exist for any x € K \ Sx(Gy,hy), which yields the
first assertion since

..........

by the compactness of S(Gy, hy). Similarly to the second paragraph of the proof of
Theorem 3.4, the second assertion follows from Lemmas 3.6 and 3.7. O

Note that S C Vi if and only if [ = 2; indeed, if [ > 3 then by setting i :=

. — min{/—1,d 5
(I, ()i, € S wehave m(i%) = go+ (1 = DF 721 (e —go) € S\ Vi,
whereas we easily see S C Vi when [ = 2. This fact will be used in the next section
to show that the limit lim, ¢ t%/2 p,(x, x) does not exist for any x € K when [ = 2.

5.2 Polygaskets

Example 5.3 (N -polygasket). Let N € N satisfy N > 3 and N/4 ¢ N. Let S :=
{0,1,...,N — 1}, and for each i € S we set q; := e2m@/NV=1 ¢ ¢ ~ R? and
define f; : C — Cby fi(z) :=¢qi + an(z — gi), where

oy e {l—(l+2sin%)_1 if N is odd, 52)

1—(1+sing)™! if N is even.

The self-similar structure £ = (K, S, { F; }ies), with K the self-similar set associated
with { f; }ies and F; := fi|k,is called the N -polygasket. The 3-polygasket is nothing
but the (two-dimensional standard) Sierpinski gasket, and the N -polygasket for N =
5,6,7,9 (Fig. 5) is called the pentagasket, hexagasket, heptagasket and nonagasket,
respectively. Again £ is an affine nested fractal satisfying (4.5), and it holds that
P={i*|ieS}and Vo ={q; | i € S}. Moreover, G; = {g|x | g € Go}-

Remark 5.4. The N-polygasket is suitably defined also for N € N with N/4 € N,
but then it satisfies #1y = oo, which is why we have excluded this case in this paper.

In fact, Example 5.3 is a special case of the following example adopted from [5].
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Example 5.5 ((N, [)-polygasket). Let N,/ € N, N > 3,/ < N/2 and set S :=
{0,1,..., N—1}.Fork € Z, let [k] denote the unique i € S such that (k—i)/N € Z.
Define an equivalence relation ~ on ¥ = S~ by saying @ ~ t if and only if either

{w, 7} ={wili +1]*°,w[i + 1][i + 1 —[]°°} for some (w,i) € Wyu xS  (5.3)

orw = 1. Let K := X/ ~ be equipped with the quotient topology and let 7 : X —
K be the quotient map. For i € S, since iw ~ it whenever w,7 € ¥ and  ~ T,
we can define a continuous injective map F; : K — K by F;(n(w)) = n(iw),
w € X, so that F; o m = m o g;. We further define P and Vj as in Definition 2.3.
Then P = {i*® | i € S}, Ky N Ky, = Fp (Vo) N Fy(Vp) for any w,v € W,
with 2, N 2, = @, and 771 (Ky \ Fu (Vo)) = 2y \ 0w (P) for any w € W,. By
using these facts, we easily see that K is a compact metrizable topological space and
hence that £ := (K, S,{F;}ies) is a post-critically finite self-similar structure with
K connected. We call L the (N, [)-polygasket. Let g¢; 1= 7 (i®°) for i € S, so that
Vo={qi |i €S}

For ® = (Wm)men € X, define w',w~ € T by 0! := ([wm + 1])men and
0~ := ([~om])men. Then ! ~ tl and v~ ~ = forany w,7 € I withw ~ 7,
and therefore we can define continuous maps g,/ : K — K by g(7(w)) := m(w!)
and h(n(w)) = w(w”), w € X. Clearly g(Vo) = h(Vo) = Vp and gV = h? =
ghgh = idg, and hence G = {idg, g, gN_l, h,hg,..., th_l} is a subgroup
of the group of symmetries of £ which is isomorphic to the dihedral group of order
2N (recall Definition 4.4-(1)). We set G := {idg. g, ..., g '}, which is a subgroup
of G.

A simple calculation similar to [23, §4.3] immediately shows the existence of a
unique r € (0,00) and a unique (up to constant multiples) real symmetric matrix
D = (Dpq)p.qev, with (D1), (D2) and D (p)gq) = Dhp)nt@) = Dpq> P-4 € Vo,
such that (D, r = (r;j)ies) with r; := r is a harmonic structure on L. In fact,

2N
r = <1
N +2[(N —20) + /(N —2I(N —21))2 + 812N

(5.4)

and thus (D, r) is a regular harmonic structure on £. Then we also have G C g.

Theorem 3.4 clearly applies to this example to yield the non-existence of the
limit lim, o t%/2p,(x, x) forany x € K \ Sx(G, h). We remark that S(G, h) C Vi
if and only if N is odd, which will be used in the next section to show that the limit
lim, o t9/2 p,(x, x) does not exist for any x € K when N is odd.

Note that for N € N with N > 3 and N/4 & N, the N -polygasket is nothing but
the (N, [N/4])-polygasket, where [a] := min{n € Z | n > a}, and that we have
Gs = G, S = S(G, h) and S, = Sx(G, h) in this case.

6 Further results for Sierpinski gaskets and polygaskets

The purpose of this section is to prove the following theorem.
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Theorem 6.1. Let L = (K, S,{F;}ies) be either the d-dimensional level-l Sierpin-
ski gasket with d > 2,1 > 2 in Example 5.1 or the (N, 1)-polygasket with N > 3,
[ < N/2 in Example 5.5. Also let (D,r) be the harmonic structure on L described
there. Then the limit lim; o t%/2 p,(x, x) does not exist for any x € V.

Corollary 6.2. Let L = (K, S,{F;}ies) be either the d-dimensional standard Sier-
pinski gasket with d > 2 in Example 5.1 or the (N, l)-polygasket in Example 5.5 with
N > 3o0dd andl < N/2. Also let (D, r) be the harmonic structure on L described
there. Then the limit lim, o t%/2 p,(x, x) does not exist forany x € K.

Proof. This is immediate from Theorems 3.4, 5.2 and 6.1 since S c Vi for the d-
dimensional standard Sierpinski gasket and S(G, h) C Vi for the (N, [)-polygasket
with N odd, where S is given by (5.1) and G and 4 are as in Example 5.5. O

The rest of this section is devoted to the proof of Theorem 6.1. First we prove the
following lemma, which reduces the proof of Theorem 6.1 to the case of x € V.

Lemma 6.3. Under the same framework and notation as in Section 3, let ¢ € Vy and

suppose {g(q) | g € G} = Vo and that r; = r for anyi € S for some r € (0,1).

Then there exist co,c10 € (0,00) such that for any m € N U {0}, any x € V,, and

anyt € (0,1], withny pm :=#w € Wy, | x € Ky},

412p(q,q)| < coexp(—ciot™V9M).
6.1)

inx,m(r(dH+1)ml)ds/2pr(d,_, +om (X, x) —t

Proof. Letm e NU{0}, x € V,,, and set W, x 1= {w € W), | x € K,,}. We also set
Ul = (Ky \ Fu(Wp))U{x}forw € W, yand U* := UweWm . U;;, which is open
in K. For each w € Wy, x, x € Ky NV = Fyy(Vy), and hence by {g(q) | g € G} =
Vo we can choose g, € G so that x = Fy,(gy(q)). Furtherlet U := (K \ Vp) U {q}.
We claim that for v € W}, » and for any (z, y,z) € (0,00) x K x K,

er(dHnLl)m(y»Z) = rdum Z thx(Fv 0 gv(¥), Fy o guw(z)), (6.2)

weWy, x

which together with (2.8), Lemmas 2.7 and 2.8 easily yields the assertion. Note here
that ny, < #7771 (x) < #C < #S#P < oo by [18, Proof of Lemma 4.2.3] and that
R(Fy(y), Fy(2)) = cgry R(y, z) forany w € Wy and y, z € K for some cg € (0, 1]
by [19, Theorem A.1]. Thus it remains to show (6.2).

For each bijective map v : Wy x — Wy x, we define R, : U* — U* by
R:|yx = Frw)© &gr(w) ogyloF,! |yx. Then R, is a homeomorphism with Rl =
R.—1,and p|yx o Ry = u|yx since r; = r fori € S. Moreover, regarding Fyx as a
linear subspace of C(U*), we have u o R; € Fyx and E(u o Ry, u o Ry) = E(u, u)
for any u € Fyx by (2.3), 2.4)and r; = r,i € S. It easily follows from these facts
that

TV woRy) = (T u)oR,, € (0,00), ueL2(U*, plyx). (6.3)

On the other hand, for a Borel mesurable function ¥ : U — R we define a Borel
measurable function txu : U* — Rby tyuyy = uogy o Fyt|yx, w € Wiy x. Then
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Jux (xu)?dp = ny yprdam I u?dyu, hence . defines an injective linear operator
tx 1 L2(U, pn|ly) = L?>(U%, u|yx), and furthermore txu € Fyx and E(txu, txu) =
Nxm? "E(u,u) for any u € Fy by (2.3) and (2.4). Based on these facts and (6.3),
we can easily verify that for any ¢ € (0, 00),

TtUx[x(Lz((]7 /L|U)) C Lx(]:U), L_szUxtx = T(/]r(dH'H)m’ (64)

x t
from which (6.2) immediately follows. O

Remark 6.4. In the situation of Lemma 6.3, there exist c11 € (0, 00) and a continuous
log(r~@#~1Y-periodic function G : R — (0, 00) such that for any x € Vi,

pe(x,x) = n 742G (—logt) + O (exp(—ci r2m=/ds 1At} a5t | 0, (6.5)

where my ;= min{m e NU {0} | x € Vit andny :=#{w € Wy, | x € Ky}

Indeed, it suffices to verify (6.5) for x = ¢ in view of (6.1). We easily see from
(6.1) and (2.6) that, for each x € Vi, ny = ny (= #w € W, | x € Ky, }) for any
m € N U {0} satisfying x € V,,. In particular, n,; = ny = 1, and (6.1) with m =1
and x = ¢ immediately shows (6.5) for x = ¢, similarly to [15, Theorem 5.3].

The assumptions of Lemma 6.3 are clearly satisfied for the d -dimensional level-/
Sierpinski gasket and for the (N, /)-polygasket. Thus it suffices to prove the non-
existence of the limit lim; o 19s/2 p:(x, x) for x € V,. We first treat the case of the
d-dimensional level-/ Sierpinski gasket. The proof for the (N, [)-polygasket will be
provided later.

Lemma 6.5. Let £ = (K, S, {F;}ies) be the d-dimensional level-1 Sierpinski gasket
withd > 2,1 > 2 and let (D,r) be the harmonic structure on L as in Example
5.1. Then there exists an eigenfunction ¢ of A such that ¢(qo) = 1 > |¢(q1)| and

o(qr) = o(q1) forany k € {2,...,d} (recall Vo = {qr | k € {0,1,...,d}}).

Proof. Let G be the subgroup of G generated by {gxy|x | X,y € Vo \ {qo}. x # ¥},
which is finite by Lemma 4.1, and let Rg := (#G)™' Y_, . Ty, so that Rg(F) C
F, E(Rgu,v) = E(u, Rgv) foru,v € F and [, (Rgu)vdp = [, uRgvdu for
u,v € L>(K, ). Then we easily see that Rgu € D[A] and ARgu = RgAu for
any u € D[A], and therefore there exist {¢, }nen C R (F) and {Y}nen C (Tiax —
R)(F) such that {@,, }nen U{¥y hnen is a complete orthonormal system of L2(K, 1)
consisting of eigenfunctions of A. Note that then for any n € N, ¢,(qx) = ¢n(q1)
fork € {2,....d} and ¥,(q0) = 0.

Suppose that |¢,(q0)| < |¢n(q1)| forany n € N. Lett € (0,00), and forn € N
let Ay, A}, € [0, 00) be such that —Ag, = A,@, and —Ay, = A}, ¥,. Then since
pi(g(x),g(»)) = pi(x,y) forg € Gand x, y € K, from (2.12) we get

Pi(qo.q0) = Y _ e M pu(qo)* <D e M pu(qr)?

neN neN
<Y (e 0u(g)? + e Y (g1)?) = pe(q1.91) = Pi(q0.40).
neN

which means that ¥,(¢1) = O for any n € N. On the other hand, choose u € F
so that u(g7) = 1 and u(qx) = Ofork € {2,...,d}, and set v := u — Rgu €
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(Tiag — RG)(F). Then v(g1) > O, but setting v, := ZZZI(vawkdu)wk for
n € N, we have |[v — v,]|2, < (diamg K)E(v — vp, v — vy) — 0as n — oo by [20,
(3.1)] and hence v(q;) = 0. This contradiction shows that |¢;(g0)| > |¢;(q1)| for
some j € N. Now the function ¢ := (¢;(g0)) "'¢; has the desired properties. O

Proof of Theorem 6.1 for the d-dimensional level-l Sierpinski gasket. We follow the
same notation as in Example 5.1 during this proof. It suffices to show the assertion
for x = qo by virtue of Lemma 6.3. We set

A:={u € C(K) | u(qo) = 1> |ulgr)|, ulgr) = u(q1) fork €{2,....d}},
(6.6)
and for u € A we define ®u € C(K) by

Qulk, == u(g)Zi=1uo ' i = (ip)f_, €S, 6.7)

so that du € 4Aand ® : A — A. Then ®(F N .A) C F N A by (2.3). Furthermore
for u € A we can easily verify that

/ (@"u)?du < ¢cyr#™  foranyn € N, (6.8)
K

where ¢, := [ u?dp [Tyenugoy (1 + #S — Du(g1)?") € (0. 00).

Now for the eigenfunction ¢ € A of A as in Lemma 6.5, let A € (0, 00) be such
that —A¢ = A¢ and define ¢, := (fK(CD”go)zdu)_l/ZCD”qo for n € N. Then for each
neN, [ 92du = 1, gy is an eigenfunction of —A with eigenvalue A /r@# D" by
(2.4), and (6.8) yields

(Pn(qo)z rdHn 1

(A/r(dHH)n)ds/z T )ds/2 fK(q>"(p)2d,u z C¢Ad5/2 > 0.

Therefore Lemma 2.10 implies that the limit lim, t%/2 p,(q0.q0) does not exist.
O

Lemma 6.6. Let L = (K, S,{F;}ics) be the (N,[)-polygasket with N > 3,1 <
N/2 and let (D,r) be the harmonic structure on L as in Example 5.5. (Recall that
qi = w(i®) fori € Sandthat Vo = {q; | i € S}.)

(1) If N = 41, then there exists an eigenfunction ¢ of A such that ¢(q;) = ¢(q3;) =
0 and ¢(q0) = —¢(q21) = 1.

(2) If N # 41, then there exists an eigenfunction ¢ of A such that ¢(qo) = 1,
o(q1) = ¢(gn-1) € (=1.1) and ¢(q21) = ¢(gn-21) € (=1, 1).

Proof. Letg,h : K — K be the homeomorphisms defined in Example 5.5. Similaly
to the proof of Lemma 6.5, there exist {¢, }nen, {¥n tnen C F such that ¢, o h = ¢,
and Y, oh = —r, forany n € N and {¢;, }neny U {¥ }nen is a complete orthonormal
system of L?(K, i) consisting of eigenfunctions of A. Then in the same way as
the second paragraph of the proof of Lemma 6.5, we have |¢;(qo)| > |¢;(q:)| and
Y (q;) # O for some j, k € N.
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(1) Since Y (qo) = Vr(g2r) = 0 and Y (g31) = —Y(qr) by Yx o h = —Yy, the
function ¢ := (Y (q1)) " ¥y o g' has the desired properties.

(2) Let ¥ := (9;(q0))""¢j, so that ¥(q0) = 1 > |¥(q1)], ¥ (q1) = ¥(gn—1) and
Y (q21) = ¥ (gn—z1). If N = 3/, then it suffices to set ¢ := ¥ since g»; = gy—; and
gN—21 = ¢;. Thus we may assume that N # 3/, 4/, so that q;, gn—1,q21,gN—2] are
distinct and N > 5. Define ¢ € C(K) by, foreachi € S ={0,1,..., N —1},

YogTioF ! ifi =0ori = N/2,
Y(g)Yog o F7! if0<i < N/2andi isodd,
olk; =¥ (@)Y og " o F1 if0 <i < N/2andi is even, (6.9)

V(q)yog o F1 ifi > N/2and N —i is odd,
V(g)yogl~o F7'  ifi > N/2and N —i is even.

Then ¢(q0) = 1, ¢(q1) = ¢(gn-1) = ¢(q21) = @(gn-2) = ¥ (q1)* € [0,1) by
N/2&{l,N—1,2], N —2l}, and ¢ is an eigenfunction of A by (2.3) and (2.4). O

Proof of Theorem 6.1 for the (N, [)-polygasket. We will use the same notation as in
Example 5.5 during this proof. Again it suffices to show the assertion for x = gy
by virtue of Lemma 6.3. Similarly to (6.6) and (6.7), we define A C C(K) and
P:A—> Aby,if N =41,

A= {u € C(K) | u(go) = 1. u(q1) = u(gsr) = 0},

—1 (6.10)
Dulg, == Ly()uo F', ieS={01,....N—1},
and if N # 41,
— c(k) |90 =1 ul@) =ulgy-1) € (=1.D|
A {u € CY | andu(gar) = ulgn—a1) € (=1,1)
uoF1 ifi =0,
l i—1 I—i _ -1 - . (6.11)
P LLCOULCE R S if0<i < N/2.
T Nu@nu@anY " uo g o FU i > N2,
u(gar)'"'uog™ o F! ifi = N/2
fori € § ={0,1,..., N—1}. Then we can easily show the non-existence of the limit

limy 40 £%7/2 p; (g0, ¢o) by applying Lemma 2.10 to @, := ([ (®"¢)2dp) > @r,
where ¢ is the eigenfunction of A given in Lemma 6.6, in exactly the same way as in
the previous case of the d-dimensional level-/ Sierpinski gasket. O
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