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Abstract

We study the boundary trace processes of reflected diffusions on uniform do-
mains. We obtain stable-like heat kernel estimates for such a boundary trace pro-
cess when the diffusion on the underlying ambient space satisfies sub-Gaussian heat
kernel estimates. Our arguments rely on new results of independent interest such
as sharp two-sided estimates and the volume doubling property of the harmonic
measure, the existence of a continuous extension of the Näım kernel to the topo-
logical boundary, and the Doob–Näım formula identifying the Dirichlet form of the
boundary trace process as the pure-jump Dirichlet form whose jump kernel with
respect to the harmonic measure is exactly (the continuous extension of) the Näım
kernel.
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1 Introduction

The goal of this work is to study the boundary trace of reflected diffusions on U , where
U is a ‘nice’ domain. Given a reflected diffusion process on U , the boundary trace pro-
cess on BU is obtained by removing the path of the reflection diffusion in the interior
U in a certain sense. The resulting boundary trace process is a jump process on BU .
From an analytic viewpoint, the generator of the boundary trace process can be viewed
as a non-local (integro-differential) operator on the boundary BU associated to a local
(differential) operator that is the generator of the corresponding diffusion process. For
reflected Brownian motion on smooth domains, this non-local operator on the boundary
is essentially the classical Dirichlet-to-Neumann map.
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Although we are motivated by probabilistic considerations related to the boundary
trace process mentioned above, the induced non-local operator on the boundary is also
widely studied in the context of electrical impedance tomography and Calderón’s inverse
problem [Uhl]. In a different direction, free boundary regularity for the obstacle problem
was obtained for the fractional Laplacian by using the fact that it arises as an induced
boundary operator corresponding to a degenerate elliptic (diffusion) operator [CSS]. More
generally, on the basis of such a correspondence between local (diffusion) operators on a
domain and non-local operators on its boundary, properties of non-local operators can be
understood by using better knowledge of the corresponding local operators [CS, §5].

A classical example of a trace process is the Cauchy process (rotationally symmetric 1-
stable process) on RN that arises as the boundary trace process of the reflected Brownian
motion on the upper half space RN ˆr0,8q. The analytic version of this probabilistic fact
is that the Dirichlet-to-Neumann map on the boundary of the pN ` 1q-dimensional upper
half-space is the square-root of the Laplacian on RN , the generator of the Cauchy process
on RN . Given this classical example, the following natural guiding question motivates
this work:

“Does the boundary operator behave like a fractional Laplace operator for more
general diffusions (elliptic operators) and domains?”

Our main results answer this question affirmatively by obtaining quantitative versions of
the following statement for a large class of reflected diffusions and domains:

“The boundary trace process behaves like a rotationally symmetric stable pro-
cess. Equivalently, the induced non-local operator on the boundary behaves like
a fractional Laplace operator.”

In this work, we quantify the above statement on the boundary trace process in various
ways by considering stable-like estimates of its jump kernel (equivalently, the integral
kernel of the induced non-local operator on the boundary), of its mean exit times from
balls, and of its transition probability density (equivalently, the heat kernel associated
to the non-local operator on the boundary). The significance of our results is that the
boundary trace process shares many desirable properties of rotationally symmetric stable
processes on RN (or equivalently, the fractional Laplace operator) such as elliptic and
parabolic Harnack inequalities. We note that stable-like heat kernel estimates for jump
processes have been extensively studied for the past two decades; see, e.g., [BL, BGK09,
CK03, CK08, CKW, GHL14, GHH23, GHH23+, Mal, MS19]. Our heat kernel estimates
for the boundary trace are new even for reflected Brownian motion on Lipschitz domains
in RN and for reflected diffusions on the upper half-space generated by uniformly elliptic
divergence-form operators. Our results are applicable also to diffusions on nice fractals
such as the Brownian motion on the standard Sierpiński carpet if we take as the domain
U , e.g., the complement of the bottom line segment or that of the boundary of the unit
square.

More precisely, this paper is aimed at establishing the following results (i), (ii) and
(iii) for a reflected diffusion on a uniform domain satisfying the capacity density condition
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(a natural condition guaranteeing that its boundary is thick enough everywhere in every
scale), in the general setting of a strongly local regular symmetric Dirichlet space equipped
with a complete metric and satisfying the volume doubling property and sub-Gaussian
heat kernel estimates:

(i) Two-sided estimates on the harmonic measure and the associated elliptic measure at
infinity that are sharp up to multiplicative constants (Theorem 4.6 and Proposition
4.15).

(ii) The identification of the Dirichlet form of the boundary trace process as the bilinear
form given by the Doob–Näım formula, which in particular shows that the boundary
trace process is a pure-jump process (Theorem 5.8). Equivalently, this is an expres-
sion for the non-local operator on the boundary associated with a local (diffusion)
operator on the domain.

(iii) Two-sided heat kernel estimates for the boundary trace process that are similar
to those for the rotationally symmetric stable processes on the Euclidean space
(Theorem 5.13).

Let us first start in Subsection 1.1 with an overview of the most relevant results
available in the literature and a summary of our main results. Then in Subsection 1.2 we
give the precise statements of our main results, introducing key notions needed for this
purpose but referring to the main text for the technical details underlying their definitions.

1.1 Overview

A classical theorem of Spitzer [Spi] (see also [Mol]) implies that the boundary trace process
of the reflected Brownian motion on the pN`1q-dimensional upper half-space RN ˆr0,8q

is the N -dimensional Cauchy process. Molchanov and Ostrowski [MO] discovered that
one can realize every rotationally symmetric stable process on RN as the trace process
on the boundary of a reflected diffusion on the pN ` 1q-dimensional upper half-space.
This was later revisited in a celebrated work [CS] by Caffarelli and Silvestre to analyze
the fractional Laplace operator and is now known as the Caffarelli–Silvestre extension.
They demonstrated in [CS, §5] that properties of non-local operators could be understood
by using corresponding properties of the associated local operators. The local and non-
local operators in [CS] are the generators of the diffusion in the upper half-space and its
boundary trace process in [MO], respectively. Our present work is aimed at extending
this idea to understand the behavior of the boundary trace process (a jump process) by
using that of the associated diffusion process.

Let us examine the results of Molchanov–Ostrowski [MO] and Caffarelli–Silvestre [CS]
in further detail to provide context. For α P p0, 2q, we recall that the rotationally sym-
metric α-stable process is generated by the fractional Laplace operator p´∆qα{2 on RN ,

p´∆q
α{2fpxq :“ cN,α

ż

RN

fpxq ´ fpyq

|x ´ y|N`α
dy,
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where cN,α P p0,8q is a normalizing constant. Writing RN`1 “ tpx, yq : x P RN , y P Ru

as RN ˆ R, we consider the Dirichlet form

Epu, uq :“

ż

RN

ż 8

0

|∇u|2px, yq|y|1´α dy dx

on L2pRN ˆ r0,8q, |y|1´α dy dxq. The corresponding diffusion is generated by the degen-
erate elliptic operator

Lαu :“ ∆xu `
1 ´ α

y
Byu ` B

2
yu. (1.1)

Gaussian heat kernel estimates for the diffusion generated by such a degenerate elliptic
operator follow from results of [FKS, Gri91, Sal]. To compute the Dirichlet form of the
trace process on the boundary, we consider the Dirichlet boundary value problem

Lαu “ 0 on RN ˆ p0,8q, upx, 0q “ fpxq, (1.2)

where f : RN Ñ R is a prescribed boundary value in a suitable function space. Then by
[CS, §3.2], the Dirichlet energy of the solution u to (1.2) can be expressed in terms of the
boundary data f as

ż

RN

ż 8

0

|∇u|2px, yq|y|1´α dy dx “

ż

RN

fpξqp´∆q
α{2fpξq dξ. (1.3)

The equality (1.3) implies that the boundary trace process of the reflected diffusion gen-
erated by Lα is the rotationally symmetric α-stable process. We refer to [Kwa] for a
recent result in this direction characterizing the class of Lévy processes on R arising as
the boundary traces of translation-invariant diffusions on R ˆ r0, Rq for some R P p0,8s.

An earlier example of an expression analogous to (1.3) that relates a local operator on
a domain to a non-local operator on its boundary is the Douglas formula due to J. Douglas
[Dou], which states that the harmonic function u on the unit disk D :“ tx P R2 : |x| ă 1u

with boundary value regarded as a function f : r0, 2πq Ñ R has Dirichlet energy given by

ż

D
|∇u|2pxq dx “

1

8π

ż 2π

0

ż 2π

0

pfpηq ´ fpξqq2

sin2ppη ´ ξq{2q
dη dξ. (1.4)

The right-hand side of (1.4) can be viewed as the Dirichlet form of the boundary trace
process corresponding to the reflected Brownian motion on the unit disk. This result was
later extended to any finitely connected bounded domain D in R2 with smooth boundary
BD by Osborn [Osb]. He proved there that, if u is a harmonic function on such D with
boundary value f : BD Ñ R, then

ż

D

|∇u|2pxq dx “
1

2

ż

BD

ż

BD

pfpηq ´ fpξqq
2B2gDpξ, ηq

Bn⃗ξBn⃗η

dσpξq dσpηq, (1.5)

where σ is the surface measure on BD, gDp¨, ¨q is the Green function on D and B

Bn⃗ξ
, B

Bn⃗η

denote the inward-pointing normal derivatives in ξ, η, respectively. More generally, now

5



(1.5) is known to hold for any bounded domain D with C3-boundary in RN with N ě 2
as stated, e.g., in [CF, (5.8.4)] and was also extended by M. Fukushima [Fuk, §2] to
uniformly elliptic divergence-form operators with C3-coefficients on such domains.

Soon after [Osb], J. Doob [Doo] found a remarkable extension of (1.4) and (1.5) to
domains that are not necessarily smooth. He stated the result under an abstract potential
theoretic setting of (locally Euclidean) Green spaces in the sense of Brelot and Choquet
[BC], in which the boundary values of the harmonic functions are prescribed on theMartin
boundary BMD of the domain D. To describe Doob’s result, we recall the Näım kernel
ΘD

x0
p¨, ¨q defined by

ΘD
x0

pξ, ηq “ lim
xÑξ

lim
yÑη

gDpx, yq

gDpx0, xqgDpx0, yq
for ξ, η P BMD, ξ ‰ η, (1.6)

where the limits are with respect to the fine topology, x0 P D is an arbitrary base point,
and gDp¨, ¨q is the Green function on D as before. The existence of the above limits in
the setting of Green spaces follows from the fundamental work [Näı] by L. Näım. Then
it was shown in [Doo, Theorem 9.2] that the Doob–Näım formula

ż

D

|∇u|2pxq dx “
1

2

ż

BMD

ż

BMD

pfpξq ´ fpηqq
2ΘD

x0
pξ, ηq dωD

x0
pξq dωD

x0
pηq (1.7)

holds if u is a harmonic function on the domain D with fine boundary value f : BMD Ñ

R, where ωD
x0

denotes the harmonic measure, i.e., the probability distribution of the
position of the first hitting to BMD, of the Brownian motion on D started at x0. There is
a version of the Doob–Näım formula for transient symmetric Markov chains on countable
state spaces due to M. Silverstein [Sil, Theorem 3.5]; see also [BGPW, Theorem 6.4]
for a simple proof of it for nearest-neighbor random walks on trees. The equality (1.3)
from [CS] mentioned above can be considered as an extension of (1.7) to the case of the
reflected diffusion generated by Lα as in (1.1); see also Example 5.21 for this connection.

Our principal concern in this paper is to establish nice two-sided heat kernel estimates
for jump-type Dirichlet forms which arise from the Dirichlet forms of symmetric diffusions
in the same way the right-hand side of (1.7) does from the Dirichlet form

ş

D
|∇p¨q|2 dx of

the reflected Brownian motion on D. We consider a general symmetric diffusion with gen-
eral locally compact state space, or more precisely, an m-symmetric diffusion associated
with a strongly local regular symmetric Dirichlet form pE ,Fq on L2pX ,mq where pX , dq is
a metric space which contains at least two elements and whose every bounded closed set
is compact and m is a Radon measure on X with full support. We call pX , d,m, E ,Fq a
metric measure Dirichlet space, or a MMD space for short. We refer to [FOT, CF]
for the theory of regular symmetric Dirichlet forms.

The only essential a priori requirement on the MMD space for the purpose of this
paper is that it satisfy the metric doubling property and the elliptic Harnack inequality.
The MMD space pX , d,m, E ,Fq is said to satisfy the metric doubling property (MD)
if there exists N P N such that any open ball B in pX , dq can be covered by N balls with
radii half of that of B, and to satisfy the (scale-invariant) elliptic Harnack inequality
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(EHI) if
ess sup
Bpx,δrq

h ď C ess inf
Bpx,δrq

h EHI

for any open ball Bpx, rq in pX , dq and any non-negative harmonic function h on Bpx, rq
for some C P p1,8q and δ P p0, 1q. The metric doubling property is the weakest possible
requirement to guarantee decent behavior of the geometry of pX , dq in relation to heat
kernel estimates, and is easily seen to follow from the well-known volume doubling
property (VD) of m (or pX , d,mq), i.e., the existence of some C P p1,8q with

mpBpx, 2rqq ď CmpBpx, rqq for all x P X and all r P p0,8q. VD

It is also reasonable to assume EHI because, in view of (1.6) and (1.7) above, we should
need to have good control on the quantitative behavior of the Green function gDpx0, ¨q and
the harmonic measure ωD

x0
, which are indeed non-negative harmonic functions on Dztx0u

and in x0 P D, respectively. As established in [Stu96, BGK12, GHL15], EHI is implied by
the conjunction of VD and Gaussian or sub-Gaussian heat kernel estimates. Our
setting therefore includes diffusions with Gaussian heat kernel estimates as considered
in [Gri91, Sal, Stu96] such as Brownian motion on the Euclidean space or Riemannian
manifolds with non-negative Ricci curvature, diffusions generated by uniformly elliptic
divergence-form operators on RN [Mos61] or degenerate elliptic operators [FKS], diffu-
sions on connected nilpotent Lie groups associated with left-invariant Riemannian metrics
or with sub-Laplacians of the form ∆ “

řk
i“1X

2
i for a family tXiu

k
i“1 of left-invariant vec-

tor fields satisfying Hörmander’s condition [VSC], and weighted Euclidean spaces and
Riemannian manifolds [GrS, Gri09]. Another significant class of examples arise from dif-
fusions on fractals such as the Sierpiński gasket, the Sierpiński carpet and their variants
[Bar98, BB89, BB92, BB99, BP, BH, FHK, Kum], where Gaussian heat kernel estimates
are no longer true but sub-Gaussian ones do hold.

As mentioned above, our goal is to prove heat kernel estimates for the Dirichlet forms
obtained from general symmetric diffusions through the counterpart of the Doob–Näım
formula (1.7). A first observation to be made toward this aim is that such a jump-type
Dirichlet form should be viewed as a quadratic form corresponding to a self-adjoint non-
local operator with respect to a reference measure µ that is mutually absolutely continuous
with respect to the harmonic measure ωD

x0
. Due to (1.5), in the case of the reflected

Brownian motion on a bounded domain with smooth boundary, this reference measure
µ is usually taken to be the surface measure on the boundary, and then the generator
of the boundary trace process is an integro-differential operator and can be identified as
the Dirichlet-to-Neumann (or voltage-to-current) map as shown in [Hsu, Section 4]. In
general, however, even for uniformly elliptic operators on smooth domains, the harmonic
measure might differ significantly from the surface measure, and in fact can be singular
as proved in [CFK, MM]. It is worth mentioning that our results on the stable-like heat
kernel estimates for boundary trace processes apply also to situations where the harmonic
measure is singular with respect to the surface measure (see Example 5.24).

By virtue of the nice characterizations of heat kernel estimates for jump-type Dirich-
let forms established in [CKW, GHH23, GHH23+], the proof of heat kernel estimates
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for boundary trace processes is reduced to verifying a set of quantitative bounds on the
reference measure µ and on the jump kernel qjµpξ, ηq with respect to dµpξq dµpηq of our
jump-type Dirichlet form. Those quantitative bounds include the volume doubling prop-
erty VD of µ and matching two-sided estimates on the jump kernel qjµpξ, ηq, which, for
our jump-type Dirichlet form analogous to the right-hand side of (1.7), is given by

qjµpξ, ηq :“ ΘD
x0

pξ, ηq
dωD

x0

dµ
pξq

dωD
x0

dµ
pηq. (1.8)

Since the Näım kernel ΘD
x0

p¨, ¨q is defined in terms of a ratio of the Green function gD by

(1.6), a natural choice of the setting for trying to prove such bounds on µ and qjµ would
be a domain D for which we could expect both the volume doubling property VD of the
harmonic measure ωD

x0
and some good control on the boundary behavior of the Green

function gD. Arguably the most general class of domains D known in the literature to
satisfy these requirements is that of uniform domains satisfying the capacity density
condition (CDC). Indeed, this class of domains in RN was shown by Aikawa and Hirata
[AH] to satisfy nice two-sided bounds on the harmonic measure which imply its volume
doubling property, and by Aikawa [Aik01] to satisfy the (scale-invariant) boundary
Harnack principle (BHP), which is a well-established analogue of EHI for the ratios of
positive harmonic functions with zero Dirichlet boundary condition along domain bound-
ary. BHP for uniform domains is in fact available in our setting of an MMD space with
MD and EHI as proved in [Lie15, BM19, Che] and allows us to extend the Näım kernel
ΘD

x0
p¨, ¨q continuously to the domain boundary, and as one of our main results we ex-

tend the two-sided bounds on the harmonic measure as in [AH] to any uniform domain
satisfying CDC in any MMD space with MD and EHI.

Uniform domains were introduced independently by Martio and Sarvas [MS] and Jones
[Jon]. This class includes Lipschitz domains, and more generally non-tangentially accesible
(NTA) domains introduced by Jerison and Kenig [JK]. We note that, due to the similarity
in the definitions, uniform domains are also referred to as one-sided NTA domains in, e.g.,
[AHMT1, HMM]. Uniform domains are relevant in various contexts such as extension
property [BS, Jon, HerK], Gromov hyperbolicity [BHK], boundary Harnack principle
[Aik01, GyS], geometric function theory [MS, GeHa, Geh], and heat kernel estimates
[GyS, CKKW, Lie22, Mur24]. One reason for the importance of uniform domains is their
close connection to Gromov hyperbolic spaces [BHK]. Another reason is their abundance;
in fact, by [Raj, Theorem 1.1] every bounded domain is arbitrarily close to a uniform
domain in a large class of metric spaces.

The NTA domains introduced in [JK] are examples of uniform domains satisfying
CDC. CDC guarantees that every boundary point is regular for the associated diffusion
and can be viewed as a stronger version of Wiener’s test of regularity. Uniform domains
satisfying CDC provide a fruitful setting to study various aspects of the harmonic measure
[Anc86, AH, AHMT1, AHMT2, CDMT]. For Brownian motion on the Euclidean space,
CDC for a domain D is formulated as the following estimate:

CapBpξ,2rqpBpξ, rqq À CapBpξ,2rqpBpξ, rqzDq for all ξ P BD, 0 ă r À diampDq, (1.9)
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where CapBpξ,2rqpKq denotes the capacity between the sets K and Bpξ, 2rqc. The fact that
uniform domains with CDC (1.9) satisfy good properties of the harmonic measure was
recognized by Aikawa and Hirata [AH]. As we will see later, estimates on the harmonic
measure play an important role in our work.

We are thus led naturally to the setting of a uniform domain U satisfying CDC in an
MMD space pX , d,m, E ,Fq with MD and EHI. We could state our main results under
this setting, but for the sake of simplicity of their statements and proofs, in most parts of
this paper we will assume that pX , d,m, E ,Fq satisfies VD and sub-Gaussian heat kernel
estimates instead of MD and EHI. There is essentially no loss of generality in assuming
so, because it was proved in [BCM, Theorem 7.9] (see also [BCM, Theorem 5.4] and
[KM23, Theorem 4.5]) that MD and EHI hold if and only if there exist a metric θ on X
quasisymmetric to d and an E-smooth Radon measure ν on X with full E-quasi-support
such that the time-changed MMD space pX , θ, ν, Eν ,Fνq satisfies VD and sub-Gaussian
heat kernel estimates. Here the quasisymmetry of θ to d means that every annulus in θ is
comparable to one in d in a uniform fashion, and the assumed properties of ν guarantees
that an MMD space pX , θ, ν, Eν ,Fνq over pX , θ, νq can be uniquely defined in such a way
that FνXCcpX q “ FXCcpX q and Eνpu, uq “ Epu, uq for any u P FXCcpX q. In particular,
pX , θ, ν, Eν ,Fνq shares the same harmonic functions, Green functions, harmonic measures,
and boundary trace processes as pX , d,m, E ,Fq, and hence studying these objects for
pX , d,m, E ,Fq is equivalent to doing so for pX , θ, ν, Eν ,Fνq. Similarly, for the notion of
uniform domain, we adopt a particular formulation of it due to [Mur24] which is stable
under the change of the metric to one quasisymmetric to the original one. Therefore
by considering pX , θ, ν, Eν ,Fνq instead of pX , d,m, E ,Fq, we may assume without loss of
generality that our MMD space pX , d,m, E ,Fq satisfies VD and sub-Gaussian heat kernel
estimates.

The last missing piece for our study of boundary traces of reflected diffusions to make
sense in this setting is the existence of a nice reflected diffusion on U . This existence in the
present generality has recently been proved by the second-named author in [Mur24]. More
specifically, it was proved that the reflected Dirichlet space pU, d,m|U , E ref ,FpUqq on U
defined in a standard way is an MMD space satisfying sub-Gaussian heat kernel estimates
of the same form as pX , d,m, E ,Fq. Since pU, d,m|Uq is easily seen to satisfy VD as well,
the problems of the validity of the Doob–Näım formula analogous to (1.7) and of obtaining
heat kernel estimates for the resulting jump-type Dirichlet form now make perfect sense,
and can be studied on the basis of the nice properties of the reflected Dirichlet space
pU, d,mU , E ref ,FpUqq proved in [Mur24]. It is precisely in this setting that we prove our
main results (i), (ii) and (iii) summarized before the beginning of this Subsection 1.1.

Remark 1.1. In fact, very similar results have been obtained independently in a recent
preprint [CC24b] by Cao and Chen. Their result on the jump kernel of the boundary trace
Dirichlet form gives only two-sided estimates on it and not its exact identification as the
Näım kernel ΘU

x0
p¨, ¨q. On the other hand, their framework is slightly more general than

ours, mainly in that they assume the validity of CDC (1.9) only for 0 ă r À diampBUq

instead of 0 ă r À diampUq, and they have also proved that this weaker version of CDC is
equivalent to VD of pBU, d, ωU

x0
q; see [CC24b, Theorem 6.1 and Remark 6.2]. It is possible
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to extend most of our results in Sections 4 and 5 under this weaker version of CDC with
very few changes to the statements and the proofs, but we refrain from doing so in the
main text of this paper for the sake of better presentation of our results, and just briefly
explain the necessary changes to the statements and the proofs under this more general
setting in Subsection 5.4. We also provide a more detailed comparison of our results with
those of [CC24b] in Remark 5.20.

To illustrate the generality of our result on stable-like heat kernel estimates for bound-
ary trace processes, we list a few examples of diffusions and domains to which the result
applies. The most classical ones among such are reflected Brownian motion on Lipschitz
and more generally NTA domains in RN , which in particular include domains with fractal
boundaries such as the von Koch snowflake domain. More generally, reflected Brown-
ian motion could be replaced with a reflected diffusion generated by a uniformly elliptic
divergence-form operator as in [Mos61] or degenerate elliptic operators corresponding to
A2-weights as in [FKS]. Another class of examples is given by NTA domains in the Heisen-
berg group equipped with the Carnot–Carthéodory distance and the diffusion generated by
the corresponding left-invariant sub-Laplacian satisfying the Hörmander condition treated
in [VSC] as mentioned before. Specific examples of NTA domains in this setting are given
in [CG, CGN, Gre]. Our result on the stable-like heat kernel estimates for boundary trace
processes applies also to the Brownian motion on the Sierpiński carpet constructed in
[BB89], which can be seen from [Mur24, Theorem 2.9] to be identified as the reflected
diffusion on the complement of the outer square boundary and on that of the bottom line.
These sets are indeed uniform domains in the Sierpiński carpet (see [Lie22, Proposition
4.4] and [CQ, Proposition 2.4]) and easily seen to satisfy the capacity density condition
with respect to the diffusion, and for them our other results on the two-sided estimates
of the harmonic measure and on the identification of the boundary trace Dirichlet form
through the Doob–Näım formula are also certainly new.

We conclude this subsection with a description of the relation of our result on the
Doob–Näım formula to the well-established theory of characterizing the trace Dirichlet
forms of regular symmetric Dirichlet forms in terms of the Feller measures, developed
in [FHY, CFY] and [CF, Sections 5.4–5.7] by following an old idea of M. Fukushima in
[Fuk]. The definition of the Feller measure appearing in this theory is entirely different
from that of the Näım kernel as presented in (1.6). Even though Fukushima [Fuk] proved
that they give rise to the same jump-type Dirichlet form in the (locally) Euclidean setting,
this coincidence is not at all obvious from the definitions of the Feller measure and the
Näım kernel, and it is not clear to us to what generality it could be extended. Our proof
of the Doob–Näım formula is in fact completely independent of the theory of the Feller
measures in [Fuk, FHY, CFY, CF]. It is based on direct calculations of the jump, killing
and strongly local parts of the trace form, and our argument for the jump part is much
simpler than Doob’s in [Doo] thanks to the volume doubling property VD of the harmonic
measure ωD

x0
and the continuity of the Näım kernel ΘD

x0
p¨, ¨q up to the domain boundary

(in the usual topology rather than in the fine topology as considered by Näım [Näı]).
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1.2 Summary of the setting and statement of the main results

As mentioned in Subsection 1.1, in most parts of this paper we consider a metric space
pX , dq which contains at least two elements and whose every bounded closed set is com-
pact, a Radon measure m on X with full support, and a strongly local regular sym-
metric Dirichlet form pE ,Fq on L2pX ,mq. We call pX , d,m, E ,Fq a metric measure
Dirichlet space, or a MMD space for short, set Bpx, rq :“ ty P X | dpx, yq ă ru,
diampAq :“ supx,yPA dpx, yq (supH :“ 0) and distpx,Aq :“ infyPA dpx, yq (inf H :“ 8)

for x P X , r P p0,8q and A Ă X , and write A and BA for the closure and boundary,
respectively, of A Ă X in X . The strongly continuous contraction semigroup on L2pX ,mq

associated with pE ,Fq is denoted by pTtqtą0. We refer to the first and second paragraphs
of Subsection 2.3 below for a brief summary of the definitions adopted here from the the-
ory of regular symmetric Dirichlet forms presented in [FOT, CF]. We collect in Section 2
plenty of other relevant definitions and results from the potential theory and heat kernel
estimates for regular symmetric Dirichlet forms.

To keep the presentation of the main results simple, throughout this subsection we
assume that pX , d,m, E ,Fq satisfies the volume doubling property VD (Definition 2.2)
and the heat kernel estimates HKEpΨq (Definition 2.15)

c3

m
`

Bpx,Ψ´1ptqq
˘1r0,δs

ˆ

dpx, yq

Ψ´1ptq

˙

ď ptpx, yq ď
c1

m
`

Bpx,Ψ´1ptqq
˘ exp

ˆ

´c2trΨ

ˆ

dpx, yq

t

˙˙

(1.10)
form-a.e. x, y P X for each t P p0,8q for some c1, c2, c3, δ P p0,8q. Here tptutą0 denotes the
heat kernel of pX ,m, E ,Fq, i.e., a family of Borel measurable functions pt : X ˆX Ñ r0,8s

such that pt is an integral kernel for Tt with respect to m for each t P p0,8q, Ψ is
a scale function, i.e., a homeomorphism from r0,8q to itself satisfying (2.38) for any

r, R P p0,8q with r ď R for some β1, β2, C P p1,8q with β1 ď β2, and rΨ: r0,8q Ñ

r0,8q is defined by (2.39); for example, if β P p1,8q and Ψprq “ rβ for any r P r0,8q,

then rΨpsq “ β´
β

β´1 pβ ´ 1qs
β

β´1 for any s P r0,8q. Our main results summarized in
(i), (ii) and (iii) above indeed require pX , d,m, E ,Fq to satisfy VD and HKEpΨq as part
of their assumptions. In this setting, as stated in Proposition 2.18, X is connected,
pX ,m, E ,Fq is irreducible (i.e., mpAqmpX zAq “ 0 for any Borel subset A of X that
is E-invariant, i.e., satisfies Ttp1Afq “ 0 m-a.e. on X zA for any f P L2pX ,mq and any
t P p0,8q), a (unique) continuous version p “ ptpx, yq : p0,8qˆX ˆX Ñ r0,8q of the heat
kernel of pX ,m, E ,Fq exists, and the following holds: the Markovian transition function
Ptpx, dyq :“ ptpx, yqmpdyq is conservative (i.e., Ptpx,X q “ 1 for any pt, xq P p0,8q ˆ X )
and has the Feller and strong Feller properties, so that there exists a conservative diffusion
process X “ pΩ,M, tXtutPr0,8s, tPxuxPX q on X such that PxpXt P dyq “ ptpx, yqmpdyq for
any pt, xq P p0,8q ˆ X .

Let us recall several basic notions from the theory of regular symmetric Dirichlet forms.
Let Fe denote the extended Dirichlet space of pX ,m, E ,Fq (Definition 2.9), i.e., the linear
space of m-equivalence classes of m-a.e. pointwise limits f of sequences tfnunPN Ă F with
limk^lÑ8 Epfk ´ fl, fk ´ flq “ 0, so that setting Epf, fq :“ limnÑ8 Epfn, fnq P R gives a
canonical extension of E to Fe ˆ Fe and F “ Fe X L2pX ,mq. The Dirichlet form pE ,Fq
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is said to be transient if tf P Fe | Epf, fq “ 0u “ t0u, in which case pFe, Eq is a Hilbert

space (see [FOT, Theorem 1.6.2]). For each f P Fe, let rf denote any E-quasi-continuous
m-version of f , which exists by [FOT, Theorem 2.1.7] and is unique E-q.e. (i.e., up to sets
of capacity zero) by [FOT, Lemma 2.1.4]; see [FOT, Section 2.1] and [CF, Sections 1.2,
1.3 and 2.3] for the definition and basic properties of E-quasi-continuous functions with
respect to a regular symmetric Dirichlet form.

Let D be a non-empty open subset of X , and let m|D denote the restriction of m
to the Borel σ-algebra of D. The part process of X “ tXtutě0 killed upon exiting D is
denoted by XD “ tXD

t utě0 (Definition 2.10). It is an m|D-symmetric diffusion process on
D, its Dirichlet form pED,F0pDqq is a strongly local regular symmetric Dirichlet form on
L2pD,m|Dq and identified as the part Dirichlet form of pE ,Fq on D given by

F0
pDq “ tf P F | rf “ 0 E-q.e. on X zDu and ED

“ E |F0pDqˆF0pDq, (1.11)

and the extended Dirichlet space F0pDqe of pD,m|D, ED,F0pDqq is identified similarly as

F0
pDqe “ tf P Fe | rf “ 0 E-q.e. on X zDu. (1.12)

As stated in Proposition 2.18-(d), it follows from VD and HKEpΨq for pX , d,m, E ,Fq and
the Feller and strong Feller properties of X “ tXtutě0 that X

D “ tXD
t utě0 has the strong

Feller property and a continuous heat kernel pD “ pDt px, yq : DˆD Ñ r0,8q and satisfies
PxpXD

t P dyq “ pDt px, yqm|Dpdyq for any pt, xq P p0,8q ˆ D. Furthermore if in addition
pED,F0pDqq is transient, then the (0-order) capacity CapDpAq of A Ă D in D is defined
by (2.23), and the Green function gD : D ˆ D Ñ r0,8s of pE ,Fq on D is defined by

gDpx, yq :“

ż 8

0

pDt px, yq dt (1.13)

and satisfies Proposition 3.1-(i),(ii),(iii),(iv),(v),(vi) with N “ H by Lemma 3.3. Note
that pED,F0pDqq is transient if diampDq ă diampX q, and in particular if D “ Bpx, rq for
some px, rq P X ˆ p0, diampX q{2q, by the irreducibility of pX ,m, E ,Fq from Proposition
2.18-(a) and [BCM, Proposition 2.1].

In the rest of this subsection, we fix a uniform domain U in pX , dq (Definition
2.5), i.e., a non-empty open subset U of X with U “ X such that for some cU P p0, 1q

and CU P p1,8q the following holds: for every x, y P U there exists a continuous map
γ : r0, 1s Ñ U with γp0q “ x and γp1q “ y such that diampγpr0, 1sqq ď CUdpx, yq and

δUpγptqq :“ distpγptq,X zUq ě cU mintdpx, γptqq, dpy, γptqqu for any t P r0, 1s. (1.14)

This formulation of the notion of uniform domain is much less restrictive than that of
length uniform domain, the usual one in the literature, which requires instead the
last two inequalities with diampγpr0, 1sqq, dpx, γptqq, dpy, γptqq replaced by the lengths of
γ, γ|r0,ts, γ|rt,1s in pX , dq, respectively. An advantage of the present formulation is that it
is stable under the change of the metric to one quasisymmetric to d. An immediate but
useful consequence of (1.14) is that for any ξ P BU and any r P p0, diampUq{4q there exists
ξr P U such that

dpξ, ξrq “ r and δUpξrq ą
1

2
cUr (1.15)
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(Lemma 2.6). Throughout this paper, ξr always denotes an arbitrary element of U satis-
fying (1.15) for each given pξ, rq P BU ˆ p0, diampUq{4q.

The most important feature of uniform domains is that they have been proved to
satisfy the (scale-invariant) boundary Harnack principle (BHP) (Definition 3.7
and Theorem 3.8). Namely, there exist A0, A1, C1 P p1,8q such that for any ξ P BU , any
r P p0, diampUq{A1q and any non-negative E-harmonic functions u, v on U X Bpξ, A0rq
with Dirichlet boundary condition relative to U (Definitions 2.20 and 2.23) such that v ą 0
m-a.e. on U X Bpξ, rq,

ess sup
xPUXBpξ,rq

upxq

vpxq
ď C1 ess inf

xPUXBpξ,rq

upxq

vpxq
. (1.16)

For length uniform domains in MMD spaces, BHP was proved first by Lierl [Lie15] under
the assumption of VD and HKEpΨq, and then by Barlow and the second-named author
[BM19] under the assumption of EHI and some mild technical conditions. BHP for uni-
form domains in MMD spaces (Theorem 3.8) has been proved in a recent work [Che] by
Aobo Chen.

As an important consequence of BHP, we have the local Hölder continuity of the
ratios of p0,8q-valued E-harmonic functions with Dirichlet boundary condition relative
to U (Lemma 3.10), which is an analogue of Moser’s EHI-based oscillation lemma [Mos61,
§5]. This fact leads to our first observation on the existence of a continuous extension of
the Näım kernel to U stated in the following proposition. We remark that, if the part
Dirichlet form pEU ,F0pUqq on U is transient, then for each x0 P U , the Green function
gUpx0, ¨q : Uztx0u Ñ r0,8q is continuous by Proposition 3.1-(ii), p0,8q-valued by Lemma
3.3 and the connectedness of U , and an E-harmonic function on Uztx0u with Dirichlet
boundary condition relative to U by Proposition 3.1-(v) and Lemma 3.4, so that BHP
is indeed applicable to gUpx0, ¨q. For a set A, we define Adiag :“ tpx, xq | x P Au and
A2

od :“ pA ˆ AqzAdiag (“od” stands for “off-diagonal”).

Proposition 1.2 (Part of Proposition 3.14). Assume that the part Dirichlet form
pEU ,F0pUqq on U is transient. Then for each x0 P U , there exists a unique continu-
ous function ΘU

x0
: pUztx0uq2od Ñ p0,8q, called the Näım kernel of U with base point x0,

such that

ΘU
x0

px, yq “
gUpx, yq

gUpx0, xqgUpx0, yq
for any px, yq P pUztx0uq

2
od. (1.17)

Moreover, there exist c0, C1 P p0,8q such that for any x0 P U and any pξ, ηq P pBUq2od,
with r :“ rx0,ξ,η :“ c0mintdpx0, ηq, dpx0, ξq, dpη, ξqu,

C´1
1

gUpηr, ξrq

gUpx0, ηrqgUpx0, ξrq
ď ΘU

x0
pη, ξq ď C1

gUpηr, ξrq

gUpx0, ηrqgUpx0, ξrq
. (1.18)

In the rest of this subsection (and throughout Sections 4 and 5 below), we assume
that the uniform domain U satisfies the capacity density condition (CDC) (Definition
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4.1), i.e., that there exist A0 P p8K,8q and A1, C P p1,8q such that for any ξ P BU and
any R P p0, diampUq{A1q,

CapBpξ,A0RqpBpξ, Rqq ď C CapBpξ,A0RqpBpξ, RqzUq. CDC

HereK P p1,8q is chosen so that pX , dq isK-relatively ball connected (Definition 2.26-
(b)); the existence of such K follows from VD and HKEpΨq (see Remark 2.22 and Lemma
2.28-(a)), and allows us to apply EHI in a nicely controlled manner and in particular to
extend CDC from one A0 P p8K,8q to any A0 P p1,8q (with different A1, C for each A0)
(Lemma 4.4-(b1)). As already mentioned in Subsection 1.1, CDC is known to guarantee
good quantitative behavior of the harmonic measure in the case of uniform domains in
RN as proved by Aikawa and Hirata in [AH, Lemmas 3.5 and 3.6], which generalized
earlier results by Dahlberg [Dah, Lemma 1] for Lipschitz domains and Jerison and Kenig
[JK, Lemma 4.8] for NTA domains. As the first main theorem of this paper, we extend
[AH, Lemmas 3.5 and 3.6] to our present general setting by proving the following theorem
in Subsection 4.2. Note that, since X is connected and pX ,m, E ,Fq is irreducible by
Proposition 2.18-(a), we have BU “ H by H “ U “ X , X zU has positive capacity
with respect to pE ,Fq by CDC and [FOT, Theorem 4.4.3-(ii)], and hence pEU ,F0pUqq is
transient by [BCM, Proposition 2.1].

Theorem 1.3 (Theorem 4.6 and Corollary 4.7). Define the E-harmonic measure ωU
x0

of U with base point x0 P U (Definition 2.33) by ωU
x0

pAq :“ Px0pXτU P A, τU ă 8q for
each Borel subset A of X , where τU :“ inftt P r0,8q | Xt R Uu (inf H :“ 8). Then there
exist C,A P p1,8q such that for any ξ P BU , any x0 P U and any r P p0, dpξ, x0q{Aq,

C´1gUpx0, ξrqCapBpξ,2rqpBpξ, rqq ď ωU
x0

pBpξ, rq X BUq ď CgUpx0, ξrqCapBpξ,2rqpBpξ, rqq,

(1.19)

ωU
x0

pBpξ, rq X BUq ď CωU
x0

pBpξ, r{2q X BUq. (1.20)

In particular, the topological support suppX rωU
x0

s of ωU
x0

in X is BU .

While our proof of the lower bound in (1.19) follows the same line of reasoning as
[AH], for the upper bound in (1.19) we give a new proof avoiding the delicate iteration
argument (the so-called box argument) in [AH]. Then (1.20) follows by combining (1.19)
with Lemma 2.29 (implied by EHI and U being a uniform domain), Remark 2.22 and
[BCM, Lemma 5.23].

Note that (1.20) means the validity of the volume doubling property of ωU
x0

only up
to the scale of distpx0, BUq, which still gives VD of pBU, d, ωU

x0
q when U is bounded (i.e.,

diampUq ă 8) but may not when U is unbounded (i.e., diampUq “ 8). Since, as
mentioned slightly before (1.8), the general results on heat kernel estimates for jump-type
Dirichlet forms in [CKW, GHH23, GHH23+] require the global version VD of the volume
doubling property of the reference measure, the E-harmonic measure ωU

x0
is not a good

candidate for our choice of the reference measure for the boundary trace Dirichlet form
when U is unbounded. In fact, as stated in the next proposition and proved in Subsection
4.3, in this case one can construct a canonical Radon measure on BU which is mutually
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absolutely continuous with respect to ωU
x0

and satisfies VD, by utilizing BHP to take the
limit of a suitably normalized version of ωU

x0
as x0 tends to infinity. The consideration of

such a measure dates back to Kenig and Toro [KT, Corollary 3.2], who first studied it for
NTA domains in RN , and we call such a measure on an unbounded uniform domain the
E-elliptic measure at infinity of the domain, following [BTZ, Lemma 3.5]. Assuming
that U is unbounded, for each x0 P U let hUx0

denote the E-harmonic profile of U with
base point x0, i.e., a p0,8q-valued continuous E-harmonic function on U with Dirichlet
boundary condition relative to U such that hUx0

px0q “ 1, whose existence (Proposition
3.20) and uniqueness (Lemma 3.19) are well-known consequences of BHP.

Proposition 1.4 (Part of Proposition 4.15). Assume that U is unbounded, and let x0 P U .
Then there exists a unique Radon measure νUx0

on U , called the E-elliptic measure at
infinity of U with base point x0, such that gUpx0, xnq´1ωU

xn

ˇ

ˇ

U
converges in total vari-

ation on any compact subset of U to νUx0
as n Ñ 8 for any txnunPN Ă Uztx0u with

limnÑ8 dpx0, xnq “ 8. Moreover, νUx0
pUq “ 0, νUy “ phUx0

pyqq´1νUx0
for any y P U , and the

following hold:

(a) νUx0
and ωU

x0

ˇ

ˇ

U
are mutually absolutely continuous, a p0,8q-valued continuous version

of the Radon–Nikodym derivative dνUx0
{dωU

x0
on BU exists, and there exist C,A P

p1,8q independent of x0 such that for any ξ P BU , any R P p0, dpξ, x0q{Aq and any
η P Bpξ, Rq X BU ,

C´1 hUx0
pξRq

gUpx0, ξRq
ď
dνUx0

dωU
x0

pηq ď C
hUx0

pξRq

gUpx0, ξRq
. (1.21)

(b) There exists C P p0,8q independent of x0 such that for any ξ P BU and any R P p0,8q,

C´1hUx0
pξRqCapBpξ,2RqpBpξ, Rqq ď νUx0

pBpξ, Rq X BUq ď ChUx0
pξRqCapBpξ,2RqpBpξ, Rqq.

(1.22)
In particular, suppU rνUx0

s “ BU and pBU, d, νUx0
q satisfies VD.

Lastly, we introduce the reflected Dirichlet form pE ref ,FpUqq on U and its trace Dirich-

let form pqE ref , qFpUqq to BU , and state our version of the Doob–Näım formula expressing
qE ref in terms of the Näım kernel ΘU

x0
(Theorem 5.8) and stable-like heat kernel estimates for

pqE ref , qFpUqq (Theorem 5.13). First, we define the reflected Dirichlet form pE ref ,FpUqq

of pE ,Fq on U (Definition 2.14) by

FpUq :“

"

f P FlocpUq

ˇ

ˇ

ˇ

ˇ

ż

U

f 2 dm `

ż

U

1U dΓUpf, fq ă 8

*

, (1.23)

E ref
pf, gq :“

1

4

ˆ
ż

U

1U dΓUpf ` g, f ` gq ´

ż

U

1U dΓUpf ´ g, f ´ gq

˙

, f, g P FpUq,

(1.24)

where FlocpUq denotes the space of functions on U locally in F ((2.35) in Definition
2.13) and ΓUpf, fq the E-energy measure of f P FlocpUq (Definitions 2.12 and 2.13).
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Thanks to the assumption that U is a uniform domain in pX , dq, it turns out that
pU, d,m|U , E ref ,FpUqq is an MMD space satisfying VD and HKEpΨq ([Mur24, Theorem
2.8]; Theorem 2.16-(a)), and that the 1-capacity (see (2.10)) of a subsetA of U with respect
to pU,m|U , E ref ,FpUqq is comparable to the 1-capacity of A with respect to pX ,m, E ,Fq

([Mur24, Proposition 5.11-(i)]; Theorem 2.16-(b)). Furthermore the sets
␣

ruref
ˇ

ˇ u P FpUq
(

and
␣

ruref
ˇ

ˇ u P FpUqe
(

of E ref-quasi-continuous m|U -versions ruref of u P FpUq and of
u P FpUqe coincide with

␣

ru|U

ˇ

ˇ u P F
(

and
␣

ru|U

ˇ

ˇ u P Fe

(

, respectively, with any two

functions defined E-q.e. on U and equal E-q.e. on U identified ([Mur24, Proposition 5.11-
(iii)] and Theorem 2.16-(c)). In particular, a reflected diffusion on U , a diffusion process
Xref “ ptXref

t utě0, tPref
x uxPUq on U satisfying Pref

x pXref
t P dyq “ preft px, yqm|Updyq for any

pt, xq P p0,8q ˆ U for the continuous heat kernel pref “ preft px, yq of pU,m|U , E ref ,FpUqq,
exists by VD, HKEpΨq and Proposition 2.18-(b),(c), and defines exactly the same har-
monic measure ωU

x0
as the diffusionX “ ptXtutě0, tPxuxPX q on X for any x0 P U by Lemma

2.34-(e). Moreover, with respect to pU,m|U , E ref ,FpUqq, ωU
x0

clearly charges no set of zero
capacity (Lemma 2.34-(a)), in particular BU has positive capacity by ωU

x0
pBUq ą 0 from

(1.19), BU is an E ref-quasi-support of ωU
x0

ˇ

ˇ

U
by EHI and [FOT, Exercise 4.6.1] (Definition

2.31 and Lemma 2.34-(e)), and all these hold also for the E-elliptic measure νUx0
at infinity

by Proposition 1.4-(a) when U is unbounded. Setting x0 :“ pξdiampUq{5 and µ :“ ωU
x0

for

arbitrarily chosen pξ P BU when U is bounded, and µ :“ νUx0
for arbitrarily chosen x0 P U

when U is unbounded, we can now apply the general theory of traces of regular symmetric
Dirichlet forms in [CF, Corollary 5.2.10] and obtain a regular symmetric Dirichlet form

pqE ref , qFpUqq on L2pBU, µq, called the trace Dirichlet form of pE ref ,FpUqq on L2pBU, µq,
defined by

ČFpUqe|BU :“
␣

rf |BU

ˇ

ˇ f P FpUqe
(

, qFpUq :“ ČFpUqe|BU X L2
pBU, µq, (1.25)

qE ref
pu, uq :“ E ref

pHref
BUu,H

ref
BUuq, u P ČFpUqe|BU . (1.26)

Here rf denotes any E ref-quasi-continuousm|U -version of f P FpUqe, and any two functions
equal E ref-q.e. on BU are identified; since two E ref-quasi-continuous functions on U are
equal E ref-q.e. on BU if and only if they are equal µ-q.e. on BU by BU being an E ref-

quasi-support of µ and [CF, Theorem 3.3.5], we can canonically consider ČFpUqe|BU as a
linear space of µ-equivalence classes of R-valued Borel measurable functions on BU . Then

for u P ČFpUqe|BU , H
ref
BUu denotes the function defined E ref-q.e. on U by pHref

BUuqpxq :“
Eref

x

“

upXref
τU

q1tτUă8u

‰

(Definition 2.33), so that Href
BUu P FpUqe by [CF, Theorem 3.4.8]

and qE refpu, uq can be defined by (1.26), and any u P ČFpUqe|BU is qE ref-quasi-continuous
on BU by [CF, Theorem 5.2.6]. Also by [CF, Theorem 5.2.15], the extended Dirichlet

space qFpUqe of pBU, µ, qE ref , qFpUqq is identified as qFpUqe “ ČFpUqe|BU and the canonical

extension of qE ref |
qFpUqˆ qFpUq

to qFpUqe coincides with (1.26).

Now we can state our version of the Doob–Näım formula, which expresses qE ref in terms
of the Näım kernel ΘU

x0
introduced in Proposition 1.2, as follows.

Theorem 1.5 (Doob–Näım formula; Proposition 5.7 and Theorem 5.8). For any u P
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qFpUqe,

qE ref
pu, uq “

1

2

ż

pBUq2od

pupξq ´ upηqq
2ΘU

x0
pξ, ηq dωU

x0
pξq dωU

x0
pηq. (1.27)

In particular, the trace Dirichlet form pqE ref , qFpUqq on L2pBU, µq is of pure jump type.

Recall that pqE ref , qFpUqq can be written as the sum of its strongly local, jump and
killing parts by [FOT, Theorem 4.5.2] (see (2.77)), so that Theorem 1.5 can be rephrased
as the identification of its jumping measure as ΘU

x0
pξ, ηq dωU

x0
pξq dωU

x0
pηq combined with the

vanishing of its strongly local and killing parts. The latter claim is a simple consequence
of the known characterization of these parts of trace Dirichlet forms in [CF, Theorems
5.6.2 and 5.6.3], but we give alternative elementary arguments for each of these parts in
Propositions 2.36 and 2.37, respectively. The former claim is the more interesting, and
we prove it by an explicit evaluation of the jumping measure based on the continuity of
the Näım kernel ΘU

x0
from Proposition 1.2 and the volume doubling property (1.20) of the

E-harmonic measure ωU
x0
.

We conclude this subsection with stating our third main theorem on stable-like heat
kernel estimates for the trace Dirichlet form pqE ref , qFpUqq in Theorem 1.6 below. A key
observation for its statement is the following fact implied by EHI, BHP and U being a
uniform domain in pX , dq (Lemma 5.2): there exists Φ: BU ˆ r0,8q Ñ r0,8q such that
Φpξ, ¨q : r0,8q Ñ r0,8q is a homeomorphism for any ξ P BU , (2.88) holds for any x, y P BU
and any s, r P p0,8q with s ď r ď diampUq (see Definition 2.38), and

C´1
2

rΦpξ, rq ď Φpξ, rq ď C2
rΦpξ, rq for any ξ P BU and any r P p0, diampUq{A1q (1.28)

for some C2, A1 P p1,8q, where

rΦpξ, rq :“

#

gUpx0, ξrq if U is bounded,

hUx0
pξrq if U is unbounded.

(1.29)

Theorem 1.6 (Non-probabilistic part of Theorem 5.13). Assume that pBU, dq is uniformly
perfect (Definition 2.3). Then there exist C1 P p1,8q and a continuous heat kernel qpref “

qpreft pξ, ηq : p0,8qˆBUˆBU Ñ r0,8q of the trace Dirichlet form pqE ref , qFpUqq of pE ref ,FpUqq

on L2pBU, µq such that for any pt, ξ, ηq P p0,8q ˆ BU ˆ BU ,

qpreft pξ, ηq ď C1

ˆ

1

µ
`

Bpξ,Φ´1pξ, tqq X BU
˘ ^

t

µ
`

Bpξ, dpξ, ηqq X BU
˘

Φpξ, dpξ, ηqq

˙

, (1.30)

qpreft pξ, ηq ě C´1
1

ˆ

1

µ
`

Bpξ,Φ´1pξ, tqq X BU
˘ ^

t

µ
`

Bpξ, dpξ, ηqq X BU
˘

Φpξ, dpξ, ηqq

˙

, (1.31)

where Φ´1pξ, tq :“ pΦpξ, ¨qq´1ptq and Bpξ, 0q :“ H. Moreover, pBU, µ, qE ref , qFpUqq is ir-

reducible and conservative, and qFpUq considered as a linear subspace of L2pBU, µq is
identified as

qFpUq “

"

u P L2
pBU, µq

ˇ

ˇ

ˇ

ˇ

ż

pBUq2od

pupξq ´ upηqq
2ΘU

x0
pξ, ηq dωU

x0
pξq dωU

x0
pηq ă 8

*

. (1.32)
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Recall that (1.30) and (1.31) with Φpξ, rq “ rα for α P p0, 2q are the well-known
form of the heat kernel estimates for the rotationally symmetric α-stable process on RN

with µ and d replaced by the Lebesgue measure and the Euclidean metric on RN , re-
spectively. The estimates (1.30) and (1.31) for the present case of the trace Dirich-

let form pqE ref , qFpUqq are of exactly the same form as these classical ones, except that
the scaling relation between the space and time variables changes according to (1.28)
and (1.29), and for this reason we call (1.30) and (1.31) stable-like heat kernel es-
timates. Thanks to the recent characterization of stable-like heat kernel estimates
obtained in [CKW, GHH23, GHH23+] and adapted for the present case in Theorem
2.40, the proof of Theorem 1.6 is reduced to verifying natural two-sided estimates (5.38)

on the jump kernel qjµpξ, ηq :“ ΘU
x0

pξ, ηq
dωU

x0

dµ
pξq

dωU
x0

dµ
pηq and an exit time lower estimate

Eref
ξ rτBpξ,rqXBU s ě C´1Φpξ, rq; here Eref

ξ r¨s denotes the mean with respect to the Hunt pro-

cess qXref “ t qXref
t utě0 associated with pBU, µ, qE ref , qFpUqq. The former estimates follow by

combining (1.18), (1.19), (1.21), (1.22) and (1.28), whereas the latter can be proved by us-
ing HKEpΨq for pU, d,m|U , E ref ,FpUqq due to [Mur24, Theorem 2.8] and the fundamental

feature of pqE ref , qFpUqq as a trace Dirichlet form of pE ref ,FpUqq that its Green function is
precisely the restriction of the Green function of pE ref ,FpUqq (Proposition 2.51-(b)). As
the probabilistic part of Theorem 5.13, in the setting of Theorem 1.6 we prove also that a
version of the Hunt process qXref “ t qXref

t utě0 with continuous transition density qpreft pξ, ηq

for any starting point ξ P BU can be obtained as the time change of the reflected diffusion
Xref “ ptXref

t utě0, tPref
x uxPUq by its positive continuous additive functional (PCAF) in the

strict sense with Revuz measure µ; see Subsection 2.8 and Theorem 5.13-(c) for details.

As mentioned in Remark 1.1 above, the extensions of our results in Sections 4 and 5
to the case where “R P p0, diampUq{A1q” in CDC is weakened to “R P p0, diampBUq{A1q”
are described in some detail in Subsection 5.4. We then conclude this paper with brief
discussions of several concrete examples in Subsection 5.5, illustrating in particular various
possibilities of the quantitative behavior of the space-time scaling function Φ, the reference
measure µ and the jump kernel qjµ of the boundary trace Dirichlet form.

Notation 1.7. Throughout this paper, we use the following notation and conventions.

(a) The symbols Ă and Ą for set inclusion allow the case of the equality.

(b) For r0,8s-valued quantities A and B, we write A À B to mean that there exists an
implicit constant C P p0,8q depending on some unimportant parameters such that
A ď CB. We write A — B if A À B and B À A.

(c) N :“ tn P Z | n ą 0u, i.e., 0 R N.
(d) The cardinality (the number of elements) of a set A is denoted by #A P N Y t0,8u.

(e) We set supH :“ 0, inf H :“ 8 and 0´1 :“ 8. We set a _ b :“ maxta, bu, a ^ b :“
minta, bu, a` :“ a_0 and a´ :“ ´pa^0q for a, b P r´8,8s, and use the same notation
also for r´8,8s-valued functions and equivalence classes of them. All numerical
functions in this paper are assumed to be r´8,8s-valued.

(f) For N P N, the Euclidean inner product and norm on RN are denoted by x¨, ¨y and
|¨|, respectively.
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(g) For a set A, we define Adiag :“ tpx, xq | x P Au and A2
od :“ pAˆAqzAdiag (“od” stands

for “off-diagonal”).

(h) Let X be a non-empty set. We define 1A “ 1X
A P RX for A Ă X by 1Apxq :“

1X
Apxq :“

␣

1 if x P A,
0 if x R A, and set ∥u∥sup :“ ∥u∥sup,X :“ supxPX |upxq| for u : X Ñ r´8,8s

and oscX u :“ supx,yPX |upxq ´ upyq| for u : X Ñ R. We say that u : X Ñ r´8,8s is
bounded if ∥u∥sup ă 8.

(i) Let pX ,Bq be a measurable space and let µ, ν be measures on pX ,Bq. The µ-
completion of B is denoted by Bµ, and we set B˚ :“

Ş

λ: a σ-finite measure on pX ,Bq
Bλ.

We also set B|A :“ tBXA | B P Bu and m|A :“ m|B|A for A P B, and we write ν ! µ
to mean that ν is absolutely continuous with respect to µ. When µ is σ-finite, the
product measure space of pX ,B, µq and itself is denoted by pX ˆ X ,B b B, µ ˆ µq.

(j) Let X be a topological space. For A Ă X , the closure and boundary of A in X
are denoted by A and BA, respectively, and we say that A is relatively compact in
D Ă X , and write A Ť D, if and only if A is included in a compact subset of
D. We set CpX q :“ tu P RX | u is continuousu, suppX rus :“ X zu´1p0q for u P

CpX q, CcpX q :“ tu P CpX q | suppX rus is compactu, and C0pX q :“ tu P CpX q |

u´1pRzp´ε, εqq is compact for any ε P p0,8qu. The Borel σ-algebra of X is denoted
by BpX q, and we set B˚pX q :“ BpX q˚ and call B˚pX q the universal σ-algebra of X .

(k) Let X be a topological space having a countable open base, and let m be a Borel
measure on X . The (topological) support of m in X , that is, the smallest closed
subset F of X such that mpX zF q “ 0, is denoted by suppX rms. For a BpX qm-
measurable function f : X Ñ r´8,8s or an m-equivalence class f of such functions,
we set suppmrf s :“ suppX r|f | ¨ ms, where |f | ¨ m denotes the Borel measure on X
defined by p|f | ¨ mqpAq :“

ş

A
|f | dm.

(l) Let pX , dq be a metric space. We set Bpx, rq :“ Bdpx, rq :“ ty P X | dpx, yq ă ru
and Spx, rq :“ Sdpx, rq :“ BBpx, rq for px, rq P X ˆ p0,8q and call each such Bpx, rq
a ball in pX , dq. We also set diampAq :“ diampA, dq :“ supx,yPA dpx, yq for A Ă X
and distpA,Bq :“ distdpA,Bq :“ infpx,yqPAˆB dpx, yq and distpx,Aq :“ distdpx,Aq :“
distptxu, Aq for A,B Ă X and x P X . We say that a subset A of X is bounded if
diampAq ă 8, and unbounded if diampAq “ 8.

2 Preliminaries

In this section, we recall basic notions and results from metric geometry and the the-
ory of regular symmetric Dirichlet forms, and prove some general results applied later in
Section 5 to the case of the boundary traces of reflected diffusions on uniform domains.
Subsections 2.1 and 2.2 concern purely metric-measure properties of the underlying state
space, introducing the metric doubling and volume doubling properties and the definition
and some basic features of uniform domains. Subsection 2.3 summarizes some basics of
the theory of regular symmetric Dirichlet forms and associated symmetric Hunt processes
as presented in [FOT, CF]. In Subsection 2.4, we give the definition and some prob-
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abilistic consequences of sub-Gaussian heat kernel estimates for MMD spaces (strongly
local regular Dirichlet spaces in which every bounded closed set is compact) and state the
second-named author’s result in [Mur24] on the regularity and sub-Gaussian heat kernel
estimates for reflected Dirichlet forms on uniform domains. Subsection 2.5 is devoted to
formulating harmonic functions, the elliptic Harnack inequality and Dirichlet boundary
condition relative to open sets, and presenting some related facts. In Subsection 2.6, we
introduce trace Dirichlet forms and relevant notions, and give new elementary proofs of
the identification of the strongly local part of trace Dirichlet forms as in [CF, Theorem
5.6.2] and of the vanishing of their killing part under a natural non-escape assumption, a
simple consequence of [CF, Theorem 5.6.3]. In Subsection 2.7 we formulate the stable-like
heat kernel estimates for pure-jump Dirichlet forms and state a nice characterization of
them, following [CKW, GHH23, GHH23+]. Lastly, Subsection 2.8 presents a sufficient
condition for a Borel measure ν on an MMD space to be a Radon measure corresponding
to a positive continuous additive functional (PCAF) Apνq “ tA

pνq

t utPr0,8q in the strict sense
of the associated diffusion X (i.e., a PCAF of X defined Px-a.s. for every point x of the
state space) and for the support of ν to coincide with the support of Apνq. We also prove

that, under the same condition on ν, the time-changed process qX of X by Apνq is a Hunt
process on the support of ν sharing the same Green functions as X under every choice of
the starting point (Proposition 2.51). We will see later in Section 5 that our boundary
trace processes are special cases of these general results.

2.1 Metric doubling and volume doubling properties

In much of this work, we will be in the setting of a metric doubling metric space equipped
with a volume doubling measure.

Definition 2.1 (Metric doubling property (MD)). Let pX , dq be a metric space. The
metric d, or the metric space pX , dq, is said to be (metric) doubling, or to satisfy the
metric doubling property, abbreviated as MD, if there exists N P N such that Bpx,Rq

is included in the union of some N balls of radii R{2 in pX , dq for any px,Rq P X ˆ p0,8q.

Next, we recall the closely related volume doubling property on subsets of X for Borel
measures on X . The pair pX , d,mq of a metric space pX , dq and a Borel measure m on X
is termed a metric measure space.

Definition 2.2 (Volume doubling property (VD)). Let pX , d,mq be a metric measure
space and let V Ă X . The measure m, or the metric measure space pX , d,mq, is said to
be (volume) doubling on V , or to satisfy the volume doubling property on V , if
there exists D0 P r1,8q such that

0 ă mpBpx, 2rq X V q ď D0mpBpx, rq X V q ă 8 for all x P V and all r ą 0.

We say that m or pX , d,mq is (volume) doubling, or satisfies the volume doubling
property, abbreviated as VD, if pX , d,mq is volume doubling on X .
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The basic relationship between these notions is that if there exists a volume doubing
measure on a metric space pX , dq, then pX , dq is metric doubling. Conversely, every
complete, metric doubling metric space admits a volume doubling measure; see [Hei,
Chapter 13]. By iterating the volume doubling condition, it is easy to see that for any
metric measure space pX , d,mq satisfying VD, there exist C P p1,8q and β P p0,8q such
that

mpBpy,Rqq

mpBpx, rqq
ď C

ˆ

dpx, yq ` R

r

˙β

for all x, y P X and all 0 ă r ď R. (2.1)

We further recall another closely related property known as the reverse volume doubling
property in the literature, to which the following definition is relevant.

Definition 2.3. We say that a metric space pX , dq is uniformly perfect if there exists
K0 P p1,8q such that for all x P X , r ą 0 such that Bpx, rq ‰ X , we have

Bpx, rqzBpx,K´1
0 rq ‰ H.

Lemma 2.4 ([Hei, Exercise 13.1]). Let m be a volume doubling measure on a uniformly
perfect metric space pX , dq. Then the measure m satisfies the following reverse volume
doubling property, abbreviated as RVD: there exist C P p1,8q and α P p0,8q such that
for all x P X and all 0 ă r ď R ă diampX q,

mpBpx,Rqq

mpBpx, rqq
ě C´1

ˆ

R

r

˙α

. (2.2)

2.2 Uniform domains

Let pX , dq be a metric space and let U Ă X be an open set. A curve in U is a continuous
map γ : ra, bs Ñ U , and such γ is said to be from x to y or to join x and y, where x, y P U ,
if γpaq “ x and γpbq “ y. We sometimes identify γ with its image γpra, bsq, so that γ Ă U .
The length (in pX , dq) of a curve γ : ra, bs Ñ X is defined as

ℓpγq :“ sup

#

n´1
ÿ

i“0

dpγptiq, γpti`1qq

ˇ

ˇ

ˇ

ˇ

ˇ

a ď t0 ă t1 . . . ă tn ď b

+

. (2.3)

We say that pX , dq is a length space if dpx, yq is equal to the infimum of the lengths of
curves in X from x to y for any x, y P X .

Definition 2.5 (Uniform domain). Let pX , dq be a metric space, U a non-empty open
subset of X with U “ X , cU P p0, 1q and CU P p1,8q. Set δUpzq :“ distpz,X zUq for z P U .

(a) We say that U is a length pcU , CUq-uniform domain in pX , dq if for every pair
of points x, y P U , there exists a curve γ in U from x to y such that its length
ℓpγq ď CUdpx, yq and for all z P γ,

δUpzq ě cU mintℓpγx,zq, ℓpγz,yqu, (2.4)

where γx,z, γz,y denote the subcurves of γ from x to z and from z to y, respectively.
Such a curve γ is called a length pcU , CUq-uniform curve in U .
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(b) We say that U is a pcU , CUq-uniform domain in pX , dq if for every pair of points
x, y P U , there exists a curve γ in U from x to y such that its diameter diampγq ď

CUdpx, yq and for all z P γ,

δUpzq ě cU mintdpx, zq, dpy, zqu. (2.5)

Such a curve γ is called a pcU , CUq-uniform curve in U .

There are different definitions of uniform domains in the literature [Mar, Väi]; note
that our definition of length uniform domain is what is usually called uniform domain in
the literature. The above definition of uniform domain was introduced in [Mur24] because
of the advantage that this notion of uniform domain is preserved under quasisymmetric
changes of the metric on the underlying space. Furthermore, this definition also allows us
to consider metric spaces that do not have non-constant rectifiable curves.

The following is a variant of [GyS, Lemma 3.20].

Lemma 2.6. Let pX , dq be a metric space, let cU P p0, 1q, and let U Ă X be a pcU , CUq-
uniform domain for some CU P p1,8q. Then for any ξ P BU and any r P p0, diampUq{4q,
there exists ξr P U such that

dpξ, ξrq “ r and δUpξrq ą
cUr

2
. (2.6)

Proof. Since r ă diampUq{4 we can choose a point y P U such that dpξ, yq ą 2r, and by
ξ P BU we can choose a point x P Bpξ, r{2q XU . By considering a pcU , CUq-uniform curve
γ in U from x to y and the continuity of dpξ, ¨q along γ, there exists ξr P γ such that
dpξ, ξrq “ r, and then

δUpξrq ě cU mintdpx, ξrq, dpy, ξrqu

ě cU mintdpξ, ξrq ´ dpξ, xq, dpξ, yq ´ dpξ, ξrqu ą
cUr

2
.

Notation 2.7. Throughout this paper, given pX , dq, cU , U as in Lemma 2.6, ξr always
denotes an arbitrary element of U satisfying (2.6) for each pξ, rq P BU ˆ p0, diampUq{4q.

We recall that the volume doubling property of measures is inherited by uniform
domains.

Lemma 2.8 ([BS, Theorem 2.8], [Mur24, Lemma 3.5]). Let pX , d,mq be a metric measure
space satisfying VD, and let U be a uniform domain in pX , dq. Then

mpBUq “ 0, (2.7)

and pU, d,m|Uq and pU, d,m|Uq satisfy VD.
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2.3 Regular Dirichlet space and symmetric Hunt process

We now recall some basics of the theory of regular symmetric Dirichlet forms as presented
in [FOT, CF]. Throughout this subsection, we consider a locally compact separable
metrizable topological space X , a Radon measure m on X with full support, i.e., a Borel
measure m on X which is finite on any compact subset of X and strictly positive on any
non-empty open subset of X , and a symmetric Dirichlet form pE ,Fq on L2pX ,mq; that
is, F is a dense linear subspace of L2pX ,mq, and E : F ˆF Ñ R is a non-negative definite
symmetric bilinear form which is closed (F is a Hilbert space under the inner product
E1 :“ E ` x¨, ¨yL2pX ,mq) and Markovian (f` ^ 1 P F and Epf` ^ 1, f` ^ 1q ď Epf, fq

for any f P F). We say that pE ,Fq is regular if F X CcpX q is dense both in pF , E1q
and in pCcpX q, ∥¨∥supq, and that pE ,Fq is called strongly local if Epf, gq “ 0 for any
f, g P F with suppmrf s, suppmrgs compact and suppmrf ´a1X s X suppmrgs “ H for some
a P R; here CcpX q and suppmrf s are as defined in Notation 1.7-(j),(k), and note that
suppmrf s “ X zf´1p0q if f : X Ñ r´8,8s is continuous. The quadruple pX ,m, E ,Fq is
termed a regular Dirichlet space if pE ,Fq is regular, and a strongly local regular Dirichlet
space if pE ,Fq is regular and strongly local. In particular, if pX ,m, E ,Fq is a regular
Dirichlet space and d is a metric on X compatible with the topology of X such that
Bpx, rq :“ ty P X | dpx, yq ă ru is relatively compact in X for every px, rq P X ˆ p0,8q,
then the quintuple pX , d,m, E ,Fq is termed a not-necessarily-local metric measure
Dirichlet space, or a NLMMD space in abbreviation. If pX , d,m, E ,Fq is a NLMMD
space such that #X ě 2 and pE ,Fq is strongly local, then pX , d,m, E ,Fq is termed a
metric measure Dirichlet space, or a MMD space in abbreviation.

Associated with a symmetric Dirichlet form is a strongly continuous contraction semi-
group pTtqtą0; that is, a family of symmetric bounded linear operators Tt : L

2pX ,mq Ñ

L2pX ,mq such that

Tt`sf “ TtpTsfq, ∥Ttf∥2 ď ∥f∥L2pX ,mq
, lim

tÓ0
∥Ttf ´ f∥L2pX ,mq

“ 0,

for all t, s P p0,8q and all f P L2pX ,mq. In this case, as stated in [FOT, Lemma 1.3.4-(i)]
we can express pE ,Fq in terms of the semigroup as

F “

"

f P L2
pX ,mq

ˇ

ˇ

ˇ

ˇ

lim
tÓ0

1

t
xf ´ Ttf, fyL2pX ,mq ă 8

*

,

Epf, fq “ lim
tÓ0

1

t
xf ´ Ttf, fyL2pX ,mq for all f P F .

(2.8)

As is well known, Tt restricted to L2pX ,mqXL8pX ,mq canonically extends to a positivity-
preserving linear contraction on L8pX ,mq (see, e.g., [CF, pp. 6 and 7]). We say that pE ,Fq

or pX ,m, E ,Fq is conservative if Tt1X “ 1X m-a.e. for any t P p0,8q, and that pE ,Fq or
pX ,m, E ,Fq is irreducible if mpAqmpX zAq “ 0 for any A P BpX q that is E-invariant, i.e.,
satisfies Ttp1Afq “ 0 m-a.e. on X zA for any f P L2pX ,mq and any t P p0,8q.

We next introduce a few notions relevant to the global behavior of pTtqtą0.

Definition 2.9 (Extended Dirichlet space). We define the extended Dirichlet space Fe

of pX ,m, E ,Fq as the space of m-equivalence classes of functions f : X Ñ R such that
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limnÑ8 fn “ f m-a.e. on X for some tfnunPN Ă F with limk^lÑ8 Epfk ´ fl, fk ´ flq “ 0.
Then the limit Epf, fq :“ limnÑ8 Epfn, fnq P R exists and is independent of a choice of
such tfnunPN for each f P Fe, so that E is canonically extended to Fe ˆ Fe and satisfies
limnÑ8 Epf´fn, f´fnq “ 0 for any such pfnqnPN for each f P Fe, and F “ FeXL2pX ,mq;
see [CF, Definition 1.1.4 and Theorem 1.1.5].

We say that pE ,Fq or pX ,m, E ,Fq is transient if there exists g P L1pX ,mqXL8pX ,mq

that is strictly positive m-a.e. on X and satisfies

ż

X
|upxq|gpxqmpdxq ď Epu, uq

1{2 for every u P F .

By [CF, Theorem 2.1.5-(i)], pX ,m, E ,Fq is transient if and only if there exists g P

L1pX ,mq X L8pX ,mq that is strictly positive m-a.e. on X and satisfies

ż

X
gGg dm ă 8, where Gg :“ lim

NÑ8

ż N

0

Ttg dt m-a.e. (2.9)

The transience of pX ,m, E ,Fq is equivalent to tf P Fe | Epf, fq “ 0u “ t0u, in which
case pFe, Eq is a Hilbert space (see [CF, Theorem 2.1.9]). On the other hand, we say that
pE ,Fq or pX ,m, E ,Fq is recurrent if Gf P t0,8u m-a.e. on X for any f P L1pX ,mq with
f ě 0 m-a.e. on X , which is equivalent to the property that 1X P Fe and Ep1X ,1X q “ 0
(see [CF, Theorem 2.1.8]). By [CF, Proposition 2.1.3-(iii)], if pX ,m, E ,Fq is irreducible,
then pX ,m, E ,Fq is either transient or recurrent.

In the rest of this subsection, we assume that pX ,m, E ,Fq is a regular Dirichlet space.
As indispensable pieces of the theory of regular symmetric Dirichlet forms, we now recall
some potential-theoretic notions from [FOT, Section 2.1] and [CF, Sections 1.2, 1.3 and
2.3]. First, we define the 1-capacity Cap1pAq of A Ă X with respect to pX ,m, E ,Fq by

Cap1pAq :“ inf
␣

E1pf, fq
ˇ

ˇ f P F , f ě 1 m-a.e. on a neighborhood of A
(

, (2.10)

where E1 :“ E ` x¨, ¨yL2pX ,mq as defined before. Note that Cap1 is countably subadditive
by [FOT, Lemma 2.1.2 and Theorem A.1.2]. A subset N of X is said to be E-polar if
Cap1pN q “ 0. For A Ă X and a statement Spxq on x P A, we say that S holds E-quasi-
everywhere on A (E-q.e. on A for short), or Spxq holds for E-quasi-every x P A (E-q.e.
x P A for short), if Spxq holds for any x P AzN for some E-polar N Ă X . When A “ X ,
we often write just “E-q.e.” instead of “E-q.e. on X”. A non-decreasing sequence tFkukPN
of closed subsets of X is called an E-nest if limkÑ8 Cap1pKzFkq “ 0 for any compact
subset K of X , or equivalently (see [CF, Theorem 1.3.14-(ii)]), if

Ť

kPN FFk
is dense in

pF , E1q, where
FFk

:“ tf P F | f “ 0 m-a.e. on X zFku.

A function f : DzN Ñ r´8,8s, defined E-q.e. on an open subset D of X for some E-polar
N Ă X , is said to be E-quasi-continuous on D if there exists an E-nest tFkukPN such that
Fk X N “ H and f |DXFk

is an R-valued continuous function on D X Fk for any k P N
(again, when D “ X , we often omit “on X”). For each f P Fe, an E-quasi-continuous
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m-version rf of f exists by [FOT, Theorem 2.1.7] (see also [CF, Theorem 1.3.14-(iii)]) and
is unique E-q.e. by [FOT, Lemma 2.1.4].

According to the fundamental theorem of M. Fukushima [FOT, Theorem 7.2.1], the
assumption of the regularity of pX ,m, E ,Fq allows us to associate to pX ,m, E ,Fq an
m-symmetric Hunt process on X in the manner described below.

Let X “ pΩ,M, tXtutPr0,8s, tPxuxPXB
q be a Hunt process on X , i.e., a right-continuous

strong Markov process on pXB,BpXBqq which has the left limit Xt´pωq :“ limsÒtXspωq in
XB for any pt, ωq P p0,8q ˆ Ω and is quasi-left-continuous on p0,8q (see [CF, Definition
A.1.23-(ii) and Theorem A.1.24]), where XB “ X Y tBu denotes the one-point compacti-
fication of X . We always consider each function f : X Ñ r´8,8s as being defined also
at B by setting fpBq :“ 0. Let F˚ “ tFtutPr0,8s denote the minimum augmented admis-
sible filtration of X in Ω as defined in [CF, p. 397], so that F˚ is right-continuous, i.e.,
Ft “

Ş

sPpt,8q
Fs for any t P r0,8q by [CF, Theorem A.1.18]. Let ζ denote the life time of

X, i.e., a r0,8s-valued function on Ω satisfying tXt “ Bu “ tζ ď tu for any t P r0,8s, and
for each t P r0,8s let θt denote the shift operator of X by time t, i.e., a map θt : Ω Ñ Ω
satisfying Xs ˝ θt “ Xs`t for any s P r0,8s; the existence of ζ and θt is part of the
definition of X being a Hunt process on X . It then turns out (see, e.g., [CF, Exercise
A.1.20-(i)]) that the function XB Q x ÞÑ PxpAq is B˚pXBq-measurable for any A P F8

(recall Notation 1.7-(i),(j) for B˚pXBq), so that for each σ-finite Borel measure ν on XB a
σ-finite measure Pν on F8 is defined by PνpAq :“

ş

XB
PxpAq νpdxq. For each B Ă XB, we

define σB, 9σB, σ̂B : Ω Ñ r0,8s by

σBpωq :“ inftt P p0,8q | Xtpωq P Bu,

9σBpωq :“ inftt P r0,8q | Xtpωq P Bu,

σ̂Bpωq :“ inftt P p0,8q | Xt´pωq P Bu,

(2.11)

so that σB, 9σB, σ̂B are F˚-stopping times if B P BpXBq by [CF, Theorem A.1.19 and
Exercise A.1.26-(ii)] (see also [FOT, Theorem A.2.3]). A set B Ă XB is said to be X-nearly
Borel measurable if for any Borel probability measure ν on XB there exist B1, B2 P BpXBq

such that B1 Ă B Ă B2 and

Pνp 9σB2zB1ă8q“PνpXt P B2zB1 for some t P r0,8qq “ 0. (2.12)

Then BXpXBq :“ tB Ă X | B is X-nearly Borel measurableu is a σ-algebra in XB included
in B˚pXBq, and σB, 9σB, σ̂B are easily seen to be F˚-stopping times for any B P BXpXBq by
the definition of F˚ and [FOT, Theorem A.2.3]. A B˚pX q-measurable function u : X Ñ

r0,8s is said to be X-excessive if r0,8q Q t ÞÑ ExrupXtqs P r0,8s is non-increasing and
limtÓ0 ExrupXtqs “ upxq for any x P X .

We say that the Hunt process X on X is m-symmetric if its Markovian transition
function Ptpx, dyq :“ PxpXt P dyq, pt, xq P p0,8q ˆ X , is m-symmetric, i.e., if

ż

X
pPtfqpxqgpxqmpdxq “

ż

X
fpxqpPtgqpxqmpdxq (2.13)

for any Borel measurable functions f, g : X Ñ r0,8s for each t P p0,8q. In this case,
an X-nearly Borel measurable subset N of X is said to be properly exceptional for X if
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mpN q “ 0 and
Pxp 9σN ^ σ̂N “ 8q “ 1 for any x P X zN . (2.14)

For any such N , we define the restriction X|X zN of X to X zN by

ΩX zN :“ t 9σN ^ σ̂N “ 8u, X|X zN :“
`

ΩX zN ,F8|ΩX zN ,
␣

Xt|ΩX zN

(

tPr0,8s
, tPxuxPXBzN

˘

,

(2.15)
which is a Hunt process on X zN by [CF, Lemma A.1.27]. We sometimes assume the
following absolute continuity condition, abbreviated as AC:

Ptpx, ¨q ! m (as Borel measures on X ) for any pt, xq P p0,8q ˆ X . AC

If X is m-symmetric and satisfies AC, then by [BCM, Proof of Theorem 3.8] there exists
a unique Borel measurable function p “ ptpx, yq : p0,8q ˆ X ˆ X Ñ r0,8s such that for
any t, s P p0,8q and any x, y P X ,

Ptpx, dyq “ ptpx, zqmpdzq, ptpx, yq “ ptpy, xq, pt`spx, yq “

ż

X
ptpx, zqpspz, yqmpdzq.

(2.16)

If X is m-symmetric, then by [FOT, (1.4.13) and Lemma 1.4.3] the Markovian transi-
tion function Ptpx, dyq of X induces a strongly continuous contraction semigroup pTX

t qtą0

on L2pX ,mq such that TX
t f “ Ptf m-a.e. for any B˚pX q-measurable m-version of any

f P L2pX ,mq for each t P p0,8q, so that a symmetric Dirichlet form pE pXq,F pXqq on
L2pX ,mq, called the Dirichlet form of X, is defined by (2.8) with pTX

t qtą0 in place of
pTtqtą0. Fukushima’s theorem [FOT, Theorem 7.2.1] states that any regular symmetric
Dirichlet form on L2pX ,mq is realized in this manner, namely that any regular symmet-
ric Dirichlet form on L2pX ,mq is the Dirichlet form pE pXq,F pXqq of some m-symmetric
Hunt process X on X . Moreover, by [FOT, Theorem 4.2.8], such a Hunt process on X
is essentially unique for each given regular symmetric Dirichlet form on L2pX ,mq in the
following sense: if X and X 1 are m-symmetric Hunt processes on X whose Dirichlet forms
coincide and are regular, then there exists a common properly exceptional set for X and
X 1 outside which the Markovian transition functions of X and X 1 coincide.

In the rest of this subsection, we assume that pX ,m, E ,Fq is a regular Dirichlet space
and that X “ pΩ,M, tXtutPr0,8s, tPxuxPXB

q is a Hunt process on X whose Dirichlet form
is pE ,Fq. Then by [FOT, Theorems 4.2.1-(ii) and 4.1.1],

any properly exceptional set N Ă X for X is E-polar, and any E-polar
subset of X is included in some properly exceptional set N P BpX q for X.

(2.17)

Furthermore by [FOT, Theorem 4.2.3-(i)], for any r0,8s-valued Borel measurable f P

L2pX ,mq and any t P p0,8q, the Borel measurable function Ptf : X Ñ r0,8s given by

pPtfqpxq “

ż

X
fpyqPtpx, dyq “ ExrfpXtqs (2.18)

is an E-quasi-continuousm-version of Ttf . Note also that by [FOT, Theorem 4.5.3], pE ,Fq

is strongly local if and only if X is a diffusion with no killing inside for E-q.e. starting
point, i.e.,

Px

`

r0,8q Q t ÞÑ Xt P XB is continuous
˘

“ 1 (2.19)
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for E-a.e. x P X , and that by [FOT, Theorem 4.5.4-(iii)], if X satisfies AC, then pE ,Fq is
strongly local if and only if (2.19) holds for any x P X .

The rest of this subsection is devoted to discussions of the Dirichlet forms on open
subsets of X induced from pE ,Fq by assigning boundary conditions. We first consider
those resulting from Dirichlet boundary condition and their associated Hunt processes
given as follows.

Definition 2.10 (Part Dirichlet form and part process). Let D be an open subset of X .

(a) The part Dirichlet form pED,F0pDqq of pE ,Fq on D is defined by

F0
pDq :“ tf P F | rf “ 0 E-q.e. on X zDu and ED :“ E |F0pDqˆF0pDq. (2.20)

(b) The part process XD “ pΩ,F8, tX
D
t utPr0,8s, tPxuxPDB

q of X on D (killed upon exiting
D) is defined by

XD
t :“

#

Xt if t ă τD,

BD if t ě τD,
t P r0,8s (2.21)

and PBD :“ PB, where DB “ D Y tBDu denotes the one-point compactification of D
and τD :“ 9σXBzD “ inftt P r0,8q | Xt R Du.

Let D be a non-empty open subset of X . By [FOT, Theorem 4.4.3], pED,F0pDqq is
a regular symmetric Dirichlet form on L2pD,m|Dq, a subset N of D is ED-polar if and
only if N is E-polar, and a r´8,8s-valued function f defined E-q.e. on D is ED-quasi-
continuous on D if and only if f is E-quasi-continuous on D. By [CF, Theorem 3.4.9],
the extended Dirichlet space F0pDqe of pD,m|D, ED,F0pDqq is identified as

F0
pDqe “ tf P Fe | rf “ 0 E-q.e. on X zDu. (2.22)

Also, XD is an m|D-symmetric Hunt process on D by [FOT, Theorem A.2.10 and Lemma
4.1.3] (see also [CF, Exercise 3.3.7-(ii) and (3.3.4)]), and the Dirichlet form of XD is
pED,F0pDqq by [FOT, Theorem 4.4.2].

Assume that the part Dirichlet form pED,F0pDqq on D is transient, and let A Ă D.
We define the (0-order) capacity CapDpAq of A in D by

CapDpAq :“ inf
␣

Epf, fq
ˇ

ˇ f P F0
pDqe, f ě 1 m-a.e. on a neighborhood of A

(

, (2.23)

so that CapD is countably subadditive by [FOT, the 0-order version of Lemma 2.1.2 and
Theorem A.1.2]. Then CapDpAq “ 0 if and only if A is E-polar (i.e., Cap1pAq “ 0)
by [FOT, Theorems 2.1.6-(i) and 4.4.3-(ii)]. By [FOT, the 0-order version of Theorem
2.1.5-(i),(ii)], we have

CapDpAq “ inf
␣

Epf, fq
ˇ

ˇ f P F0
pDqe, rf ě 1 E-q.e. on A

(

(2.24)

and if CapDpAq ă 8 then there exists a unique function eA,D P F0pDqe, called the
equilibrium potential of A in D, that attains the infimum in (2.24). We describe the
corresponding equilibrium measures in the following lemma, assuming the strong locality
of pE ,Fq. The equality (2.27) below was claimed in [Fit, (2.7)] without a proof, and here
we provide a detailed proof of it since it plays an important role in this paper.
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Lemma 2.11. Assume that pX ,m, E ,Fq is strongly local, and let D be a non-empty open
subset of X such that the part Dirichlet form pED,F0pDqq on D is transient. Let A Ť D
be a relatively compact open subset of D.

(a) There exists a unique eA,D P F0pDqe and a unique Radon measure λ1A,D on X charging
no E-polar set (see Definition 2.30 below) such that

CapDpAq “ EpeA,D, eA,Dq, reA,D “ 1 E-q.e. on A, Epu, eA,Dq “

ż

X
ru dλ1A,D (2.25)

for all u P F0pDqe. Furthermore suppX rλ1A,Ds Ă BA and

λ1A,DpX q “ λ1A,DpBAq “ CapDpAq. (2.26)

(b) Assume in addition that D is relatively compact in X . Then there exists a unique
Radon measure λ0A,D on X charging no E-polar set such that

EpeA,D, uq “

ż

BA

ru dλ1A,D ´

ż

X
ru dλ0A,D (2.27)

for any u P Fe X L8pX ,mq, where λ1A,D is the measure in part (a). Furthermore
suppX rλ0A,Ds Ă BD and

λ0A,DpX q “ λ0A,DpBDq “ CapDpAq. (2.28)

Proof. (a) Note that pF0pDqe, Eq is a Hilbert space by [FOT, Theorem 1.5.3]. Since
A Ť D, the regularity of pE ,Fq along with [CF, Theorem 2.3.4] implies that the set

LA,D :“
␣

f P F0
pDqe

ˇ

ˇ rf ě 1 E-q.e. on A
(

is non-empty, closed, convex subset of the Hilbert space pF0pDqe, Eq. Hence there
exists a unique element reA,D P LA,D such that CapDpAq “ EpeA,D, eA,Dq. Since
1^eA,D P LA,D and Ep1^eA,D, 1^eA,Dq ď EpeA,D, eA,Dq, we conclude reA,D “ 1^reA,D

E-q.e. and hence reA,D “ 1 E-q.e. on A.
Let v P F0pDqe such that v ě 0 m-a.e. Then for any t ą 0, eA,D `tv P LA,D and hence
EpeA,D ` tv, eA,D ` tvq ě EpeA,D, eA,Dq or equivalently EpeA,D, vq ` pt{2qEpv, vq ě 0.
Letting t Ó 0, we conclude

EpeA,D, vq ě 0, for all v P F0pDqe such that v ě 0 m-a.e.

The existence of a Radon measure λ1A,D on D satisfying the last equality in (2.25) now
follows from by applying [FOT, Theorem 2.2.5 and Lemma 2.2.10] to the Dirichlet
form pED,F0pDqq. We also consider it as a Radon measure on X by setting λ1A,Dp¨q :“
λ1A,Dp¨ X Dq. This concludes the proof of all claims in (2.25).

By the strong locality and reA,D “ 1 E-q.e. on A, we conclude that eA,D is E-harmonic
on A. By the energy minimizing property of eA,D, we have that eA,D is E-harmonic
on DzA. Therefore any u P F X pCcpAq Y CcpDzAqq we have Epu, eA,Dq “ 0, which
implies that λ1A,DpAY pDzAqq “ 0, namely suppX rλ1A,Ds Ă BA. The proof of (2.26) is
contained in [BCM, Proof of Proposition 5.21].
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(b) Let ϕ P F X CcpX q satisfy suppX rϕs X A “ H and ϕ ď 0. Choose ψ P F X CcpX q so
that 0 ď ψ ď 1 and ψ

ˇ

ˇ

V
“ 1, where V is a neighborhood of suppX rϕs. Since eA,Dψ is

E-harmonic on pDczAq X V and reA,Dψ ´ preA,Dψ ` ϕq` “ 0 E-q.e. on ppDczAq X V qc,
we have EpeA,Dψ, eA,Dψq “ EpeA,Dψ, preA,Dψ ` ϕq`q and therefore

0 ď EppeA,Dψ ` ϕq
`

´ eA,Dψ, peA,Dψ ` ϕq
`

´ eA,Dψq

“ EppeA,Dψ ` ϕq
`, peA,Dψ ` ϕq

`
q ´ 2EppeA,Dψ ` ϕq

`, eA,Dψq ` EpeA,Dψ, eA,Dψq

“ EppeA,Dψ ` ϕq
`, peA,Dψ ` ϕq

`
q ´ EpeA,Dψ, eA,Dψq

ď EpeA,Dψ ` ϕ, eA,Dψ ` ϕq ´ EpeA,Dψ, eA,Dψq (by the Markov property)

“ Epϕ, ϕq ` 2EpeA,Dψ, ϕq “ Epϕ, ϕq ` 2EpeA,D, ϕq (by the strong locality).

By replacing ϕ with tϕ and letting t Ó 0, we obtain

EpeA,D, ϕq ě 0 for all ϕ P F X CcpX q such that ϕ ď 0 and suppX rϕs Ă Ac. (2.29)

It follows that there exists a Radon measure λ0A,D on Ac such that for all ϕ P FXCcpX q

with suppX rϕs Ă Ac, we have

Epϕ, eA,Dq “ ´

ż

Ac

ϕ dλ0A,D. (2.30)

Furthermore by the strong locality of pE ,Fq, the E-harmonicity of eA,D on DczA and
the compactness of BD, we have

λ0A,DpAc
q “ λ0A,DpBDq ă 8. (2.31)

We consider λ0A,D as a finite Borel measure on X by setting λ0A,Dp¨q :“ λ0A,Dp¨ X Acq,
and then the equality in (2.31) means that suppX rλ0A,Ds Ă BD.

As before, we can consider λ1A,D as a Borel measure on X such that

λ1A,DpX q “ λ1A,DpBAq ă 8. (2.32)

Now let ϕ P F XCcpX q and let ψ P F XCcpX q satisfy ψ
ˇ

ˇ

U
“ 1 for some neighborhood

U of A, 0 ď ψ ď 1 on X and suppX rψs Ă D. Then

Epϕ, eA,Dq “ Epϕ ´ ϕψ, eA,Dq ` Epϕψ, eA,Dq

“ ´

ż

BD

pϕ ´ ϕψq dλ0A,D `

ż

BA

ϕψ dλ1A,D

“ ´

ż

BD

ϕ dλ0A,D `

ż

BA

ϕ dλ1A,D (by (2.30),(2.31), (2.26),(2.32)). (2.33)

Also by [FOT, Theorem 4.4.3-(i),(ii) and Lemma 2.2.3], λ0A,D, λ
1
A,D charge no E-polar

set. Finally, for any u P FeXL8pX ,mq, by [FOT, Theorem 2.1.7 and Corollary 1.6.3],
there exists tununPN Ă F XCcpX q with ∥un∥sup ď ∥u∥L8pX ,mq

, un Ñ ru E-q.e. on X and

limnÑ8 Epu´un, u´unq “ 0. This along with (2.33) applied to the sequence tununPN,
λ0A,DpBDq ă 8, λ1A,DpBAq ă 8 and the dominated convergence theorem implies the
desired equality (2.27).
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We close this subsection by introducing the Dirichlet form induced by assigning re-
flected (Neumann) boundary condition, which requires the notion of E-energy measure
and the space of functions locally in F defined as follows. Note that fg P F for any
f, g P F X L8pX ,mq by [FOT, Theorem 1.4.2-(ii)], that tp´nq _ pf ^ nqu8

n“1 Ă F and
limnÑ8p´nq_pf^nq “ f in norm in pF , E1q for any f P F by [FOT, Theorem 1.4.2-(iii)],
and that these two claims with pF , E1q replaced by pFe, Eq hold by [FOT, Corollary 1.6.3].

Definition 2.12 (Energy measure; [FOT, (3.2.13), (3.2.14) and (3.2.15)]). The E-energy
measure Γpf, fq of f P Fe is defined, first for f P F X L8pX ,mq as the unique (r0,8s-
valued) Radon measure on X such that

ż

X
g dΓpf, fq “ Epf, fgq ´

1

2
Epf 2, gq for all g P F X CcpX q, (2.34)

next by Γpf, fqpAq :“ limnÑ8 Γ
`

p´nq _pf ^nq, p´nq _pf ^nq
˘

pAq for each A P BpX q for
f P F , and then by Γpf, fqpAq :“ limnÑ8 Γpfn, fnqpAq for each A P BpX q for f P Fe; here
tfnunPN Ă F is any sequence such that limk^lÑ8 Epfk ´fl, fk ´flq “ 0 and limnÑ8 fn “ f
m-a.e. on X (recall Definition 2.9). We remark that, if pE ,Fq is strongly local, then
Γpf, fqpX q “ Epf, fq for any f P Fe by [FOT, Lemma 3.2.3].

Definition 2.13 (Function locally in the form domain and its energy measure). Assume
that pX ,m, E ,Fq is strongly local, and let D be an open subset of X . We define the space
FlocpDq of functions on D locally in F as

FlocpDq :“

#

f

ˇ

ˇ

ˇ

ˇ

ˇ

f is anm-equivalence class of R-valued Borel measurable
functions on D such that f “ f# m-a.e. on V for some
f# P F for each relatively compact open subset V of D

+

, (2.35)

and define the E-energy measure ΓDpf, fq of f P FlocpDq as the unique Radon measure
on D such that ΓDpf, fqpAq “ Γpf#, f#qpAq for any relatively compact Borel subset A
of D and any V, f# as in (2.35) with A Ă V ; note that Γpf#, f#qpAq is independent of a
particular choice of such V, f# by [FOT, Corollary 3.2.1].

Now we can define the reflected Dirichlet form on an open set as follows.

Definition 2.14 (Reflected Dirichlet form). Assume that pX ,m, E ,Fq is strongly local,
and let D be an open subset of X . We define a linear subspace FpDq of L2pD,m|Dq by

FpDq :“

"

f P FlocpDq

ˇ

ˇ

ˇ

ˇ

ż

D

f 2 dm `

ż

D

1D dΓDpf, fq ă 8

*

, (2.36)

and a non-negative definite symmetric bilinear form E ref,D : FpDq ˆ FpDq Ñ R by

E ref,D
pf, gq :“

1

4

ˆ
ż

D

1D dΓDpf ` g, f ` gq ´

ż

D

1D dΓDpf ´ g, f ´ gq

˙

. (2.37)

We call pE ref,D,FpDqq the reflected Dirichlet form of pE ,Fq on D.

The form pE ref,D,FpDqq need not be a regular symmetric Dirichlet form on L2pD,m|Dq

in general. A sufficient condition for this to hold is provided in Theorem 2.16-(a) below.
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2.4 Sub-Gaussian heat kernel estimates

Let Ψ: r0,8q Ñ r0,8q be a homeomorphism such that

C´1
´R

r

¯β1

ď
ΨpRq

Ψprq
ď C

´R

r

¯β2

(2.38)

for all 0 ă r ď R for some C, β1, β2 P p1,8q with β1 ď β2. If necessary, we extend Ψ by
setting Ψp8q :“ 8. Such a function Ψ is termed a scale function. For such Ψ, we define
rΨ: r0,8q Ñ r0,8s by

rΨpsq “ sup
rPp0,8q

ˆ

s

r
´

1

Ψprq

˙

, (2.39)

so that rΨp0q “ 0 and rΨpsq P p0,8q for any s P p0,8q by [GT12, Remark 3.16]. For

example, if β P p1,8q and Ψprq “ rβ for any r P r0,8q, then rΨpsq “ β´
β

β´1 pβ ´ 1qs
β

β´1

for any s P r0,8q.

Definition 2.15 (HKEpΨq). Let pX ,m, E ,Fq be a regular Dirichlet space, and let pTtqtą0

denote its associated strongly continuous contraction semigroup. A family tptutą0 of
r0,8s-valued Borel measurable functions on XˆX is called the heat kernel of pX ,m, E ,Fq,
if pt is an integral kernel of the operator Tt for any t P p0,8q, that is, for any t P p0,8q

and any f P L2pX ,mq,

Ttfpxq “

ż

X

ptpx, yqfpyq dmpyq for m-a.e. x P X .

Assuming further that pX , d,m, E ,Fq is an MMD space, we say that pX , d,m, E ,Fq

satisfies the heat kernel estimates HKEpΨq, if there exist C1, c1, c2, c3, δ P p0,8q and a
heat kernel tptutą0 of pX ,m, E ,Fq such that for each t P p0,8q,

ptpx, yq ď
C1

m
`

Bpx,Ψ´1ptqq
˘ exp

ˆ

´c1trΨ

ˆ

c2
dpx, yq

t

˙˙

for m-a.e. x, y P X , (2.40)

ptpx, yq ě
c3

m
`

Bpx,Ψ´1ptqq
˘ for m-a.e. x, y P X with dpx, yq ď δΨ´1ptq, (2.41)

where rΨ is as defined in (2.39).

We recall the following results obtained by the second-named author in [Mur24] on
the regularity, heat kernel estimates, 1-capacity and descriptions of the domain and the
extended Dirichlet space for reflected Dirichlet forms on uniform domains.

Theorem 2.16. Let Ψ be a scale function, let pX , d,m, E ,Fq be an MMD space satisfying
VD and HKEpΨq, and let U be a uniform domain in pX , dq. Then the following hold:

(a) ([Mur24, Theorem 2.8]) pU, d,m|U , E ref,U ,FpUqq is an MMD space satisfying VD and
HKEpΨq, where FpUq is considered as a linear subspace of L2pU,m|Uq via (2.7).
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(b) ([Mur24, Proposition 5.11-(i)]) There exists C P p1,8q such that for any A Ă U ,

Capref,U
1 pAq ď Cap1pAq ď C Capref,U

1 pAq, (2.42)

where Capref,U
1 pAq denotes the 1-capacity of A with respect to pU,m|U , E ref,U ,FpUqq.

(c) (Cf. [Mur24, Proposition 5.11-(iii)]) For each u P FpUqe, let ru
ref,U denote an E ref,U -

quasi-continuous m|U -version of u. Then

␣

ruref,U
ˇ

ˇ u P FpUq
(

“
␣

ru|U

ˇ

ˇ u P F
(

, (2.43)
␣

ruref,U
ˇ

ˇ u P FpUqe
(

“
␣

ru|U

ˇ

ˇ u P Fe

(

(2.44)

with any two functions defined E-q.e. on U and equal E-q.e. on U identified.

(d) (Cf. [Mur24, Theorem 2.9]) Γpu, uqpBUq “ 0 for any u P Fe. In particular, if U “ X ,
then pE ref,U ,FpUqq “ pE ,Fq.

Proof. (a), (b) and (2.43) are proved in [Mur24, Theorem 2.8, Proposition 5.11-(i) and
Proof of Proposition 5.11-(iii)], respectively, and we also have Γpu, uqpBUq “ 0 for any
u P F by [Mur24, Theorem 2.9] and then for any u P Fe by the definition of Γpu, uq

presented in Definition 2.12. In particular, if U “ X , then FpUq “ F by ((b) and) (2.43),
and E ref,Upu, uq “ ΓUpu, uqpUq “ Γpu, uqpUq ` Γpu, uqpBUq “ Epu, uq for any u P F .

It thus remains to prove (2.44). If u P Fe, then ru|U is E ref,U -quasi-continuous since
tFk X Uukě1 is an E ref,U -nest for any E-nest tFkukě1 by the lower inequality in (2.42),
we see from Definitions 2.9, 2.13 and 2.14 that u|U P FpUqe, and therefore ru|U is an
E ref,U -quasi-continuous m|U -version of u|U P FpUqe by (2.7). If diampUq ă 8, then the
converse inclusion claimed in (2.44) follows from (2.43) and the fact that FpUqe “ FpUq

by (a), [KM23, Proof of Lemma 6.49] and [HiKu, Proof of Proposition 2.9].

Assume diampUq “ 8, let u P FpUqe and, recalling Definition 2.9, choose tununPN Ă

FpUq so that limk^lÑ8 E ref,Upuk ´ ul, uk ´ ulq “ 0 and limnÑ8 un “ u m-a.e. on U . Let
EQ : L2pU,m|Uq Ñ L2pX ,mq be the linear map defined by [Mur24, (5.4)] (see also [Mur24,
Lemma 5.6]), so that EQpfq|U “ f for any f P L2pU,m|Uq and by [Mur24, Proposition
5.8-(c)] and diampUq “ 8 there exists C1 P p1,8q such that

EQpfq P F and EpEQpfq, EQpfqq ď C1E ref,U
pf, fq for any f P FpUq. (2.45)

Moreover, since pX , d,m, E ,Fq satisfies the Poincaré inequality PIpΨq by [GHL15, Proof
of Theorem 1.2] or [Lie15, Proof of Theorem 3.2] (see also [KM20, Remark 2.9-(b)]), it
follows from limk^lÑ8 E ref,Upuk ´ ul, uk ´ ulq “ 0 and [KM23, Proof of Lemma 4.4, the
first paragraph] that for any px, rq P U ˆ p0,8q with Bpx, rq Ă U ,

u|Bpx,rq P L2
pBpx, rq,m|Bpx,rqq and lim

nÑ8

ż

Bpx,rq

pu ´ unq
2 dm “ 0. (2.46)

By (2.46), the definition [Mur24, (5.4)] of EQ and [Mur24, Proposition 3.2-(d)] we can
define an extension EQpuq of u to X by [Mur24, (5.4)] and obtain limnÑ8 EQpunqpxq “

EQpuqpxq P R for any x P X zU and hence for m-a.e. x P X , and tEQpunqunPN Ă F and
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limk^lÑ8 EpEQpukq´EQpulq, EQpukq´EQpulqq “ 0 by limk^lÑ8 E ref,Upuk ´ul, uk ´ulq “ 0
and (2.45). Thus EQpuq P Fe and limnÑ8 EpEQpunq, EQpunqq “ EpEQpuq, EQpuqq by
Definition 2.9, hence letting n Ñ 8 in the inequality (2.45) for f “ un yields the same

inequality with u in place of f , and ČEQpuq
ˇ

ˇ

U
is an E ref,U -quasi-continuous m|U -version of

EQpuq|U “ u P FpUqe by the first paragraph of this proof, whence ruref,U “ ČEQpuq
ˇ

ˇ

U
E-q.e.

on U by the E ref,U -q.e. uniqueness of ruref,U from [FOT, Lemma 2.1.4] and (2.42).

Remark 2.17. The above proof of (2.44) in Theorem 2.16-(c) has shown also the following
improvement on [Mur24, Proposition 5.8-(c)]:

If diampUq “ 8, then we can define an extension EQpfq of any f P FpUqe to X by
[Mur24, (5.4)] and obtain a linear map EQ : FpUqe Ñ Fe such that EQpFpUqq Ă F
and the inequality in (2.45) holds for any f P FpUqe for some C1 P p1,8q.

(2.47)

Note that the analogous statement is trivial when diampUq ă 8 since FpUqe “ FpUq in
this case as we have seen in the second paragraph of the above proof of Theorem 2.16.

As recalled in Subsection 2.3, the general results [FOT, Theorems 7.2.1 and 4.5.3] from
the theory of regular symmetric Dirichlet forms guarantee the existence of an associated
diffusion with no killing inside which is unique only up to a properly exceptional set
of starting points. On the other hand, under the assumption of VD and HKEpΨq, a
continuous heat kernel p “ ptpx, yq exists and gives a Markovian transition function with
the Feller and strong Feller properties, which allow us to define canonically an associated
diffusion starting from every x P X as we recall below. Recall from Notation 1.7-(j) that
C0pX q denotes the space of R-valued continuous functions on X vanishing at infinity.

Proposition 2.18. Let pX , d,m, E ,Fq be an MMD space satisfying VD and HKEpΨq for
some scale function Ψ. Then the following hold.

(a) X is connected and locally pathwise connected and pX ,m, E ,Fq is irreducible and
conservative.

(b) ([BGK12, Theorem 3.1]) A (unique) continuous heat kernel p “ ptpx, yq : p0,8qˆX ˆ

X Ñ r0,8q of pX ,m, E ,Fq exists.

(c) ([Lie15, Proposition 3.2]) The Markovian transition function pPtqtą0 on X defined by
Ptpx, dyq :“ ptpx, yqmpdyq, pt, xq P p0,8q ˆ X , has the Feller property: PtpC0pX qq Ă

C0pX q for any t P p0,8q and limtÓ0 ∥Ptf ´ f∥sup “ 0 for any f P C0pX q, and
the strong Feller property: Ptf P CpX q for any bounded Borel measurable function
f : X Ñ R. In particular, there exists a diffusion X “ pΩ,M, tXtutPr0,8s, tPxuxPXB

q

on X such that PxpXt P dyq “ ptpx, yqmpdyq for any pt, xq P p0,8q ˆ X , and X is
conservative, i.e., PxpXt P X q “ 1 for any pt, xq P p0,8q ˆ X .

(d) Let X be a diffusion on X as in (c), and let D be a non-empty open subset of X .
Then a (unique) continuous heat kernel pD “ pDt px, yq : p0,8q ˆ D ˆ D Ñ r0,8q of
pD,m|D, ED,F0pDqq exists, and the part process XD of X on D satisfies the strong
Feller property on D and PxpXD

t P dyq “ pDt px, yqm|Dpdyq for any pt, xq P p0,8qˆD.
Moreover, if D is connected, then pDt px, yq P p0,8q for any pt, x, yq P p0,8q ˆDˆD.
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Proof. (a) pX ,m, E ,Fq is irreducible by (2.41) from HKEpΨq, and X is connected and
pX ,m, E ,Fq is conservative by [GT12, Theorem 7.4 and Lemma 7.3-(a),(b)] and
[Lie15, Theorem 3.2]. Since pX , d,m, E ,Fq satisfies EHI by its VD and HKEpΨq as
noted in Remark 2.22 below, X is locally pathwise connected by [GH14, Proposition
5.6] and [BCM, Remark 5.3 and Lemma 5.2-(a)] (see also Lemma 2.28-(a) below).

(b) This is proved in [BGK12, Theorem 3.1].

(c) This is proved in [Lie15, Proposition 3.2].

(d) The first claim is proved in [BGK12, Theorem 3.1]. To show the stated properties
of XD, let pPD

t qtą0 denote the Markovian transition function of XD, which satisfies
AC since X satisfies AC, and define a Markovian transition function pQD

t qtą0 on D
by QD

t px, dyq :“ pDt px, yqm|Dpdyq, pt, xq ˆ p0,8q ˆD. Then since the Dirichlet form
of XD is pED,F0pDqq as mentioned after (2.22), we have QD

t pf |Dq “ PD
t pf |Dq ď Ptf

m-a.e. on D for any f P L2pX ,mq and any t P p0,8q, and hence pDt px, yq ď ptpx, yq

for any pt, x, yq P p0,8q ˆ D ˆ D, which together with VD and HKEpΨq easily
implies that pQD

t qtą0 has the strong Feller property on D. Now let f P CcpDq. Then
for any s, t P p0,8q and any x P D, by the Markov property of XD, PD

t f “ QD
t f

m-a.e. on D and PD
s px, ¨q ! m|D we obtain

PD
t pPD

s fqpxq “ pPD
t`sfqpxq “ PD

s pPD
t fqpxq “ PD

s pQD
t fqpxq,

and letting s Ó 0 yields
pPD

t fqpxq “ pQD
t fqpxq (2.48)

by the dominated convergence theorem since limsÓ0pP
D
s fqpyq “ fpyq for any y P D

and limsÓ0 P
D
s pQD

t fqpxq “ pQD
t fqpxq by the sample-path right-continuity of XD,

f P CcpDq, and QD
t f P CpDq implied by the strong Feller property of QD

t . We thus
conclude from the validity of (2.48) for any f P CcpDq that PD

t px, ¨q “ QD
t px, ¨q for

any pt, xq P p0,8q ˆD, which together with the strong Feller property of QD
t proves

the stated properties of XD.

Lastly, assume that D is connected, so that D is pathwise connected since X is
locally pathwise connected by (a). If diampDq ă 8, then pDt px, yq ą 0 for any
pt, x, yq P p0,8q ˆ D ˆ D by VD, (2.40) from HKEpΨq, the properties of XD just
shown above and [Kaj10, Proposition A.3-(2)]. If diampDq “ 8, then since D
is connected and locally pathwise connected, for any x, y P D we can choose a
pathwise connected open subset D0 of D with diampD0q ă 8 so that x, y P D0 and
thus pDt px, yq ě pD0

t px, yq ą 0 for any t P p0,8q, completing the proof.

In view of Proposition 2.18, we often impose the following assumption.

Assumption 2.19. Let Ψ be a scale function, and let pX , d,m, E ,Fq be an MMD space
satisfying VD and HKEpΨq. We assume that p “ ptpx, yq : p0,8q ˆ X ˆ X Ñ r0,8q

is the continuous heat kernel of pX ,m, E ,Fq as given in Proposition 2.18-(b), and that
X “ pΩ,M, tXtutPr0,8s, tPxuxPXB

q is a diffusion on X with minimum augmented admissible
filtration F˚ “ tFtutPr0,8s, life time ζ and shift operators tθtutPr0,8s such that PxpXt P dyq “

ptpx, yqmpdyq for any pt, xq P p0,8q ˆ X as given in Proposition 2.18-(c).
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2.5 Harmonic functions and the elliptic Harnack inequality

We recall the definition of harmonic functions and the elliptic Harnack inequality.

Definition 2.20 (Harmonic function). Let pX ,m, E ,Fq be a strongly local regular Dirich-
let space, and D an open subset of X . We say that a function h P FlocpDq is E-harmonic
on D if

Eph, vq “ 0 for every v P F X CcpDq. (2.49)

Here by the strong locality of pE ,Fq, we can unambiguously define Eph, vq :“ Eph#, vq

where h# P F and h “ h# m-a.e. on a neighborhood of suppmrvs.

Definition 2.21 (Elliptic Harnack inequality (EHI)). We say that an MMD space
pX , d,m, E ,Fq satisfies the (scale-invariant) elliptic Harnack inequality, abbrevi-
ated as EHI, if there exist CH P p1,8q and δ P p0, 1q such that for any px, rq P X ˆ p0,8q

and any h P FlocpBpx, rqq that is non-negative m-a.e. on Bpx, rq and E-harmonic on
Bpx, rq,

ess sup
Bpx,δrq

h ď CH ess inf
Bpx,δrq

h. EHI

There is a close relationship between the heat kernel estimates HKEpΨq and the elliptic
Harnack inequality EHI as we recall below.

Remark 2.22. If pX , d,m, E ,Fq is an MMD space satisfying the volume doubling prop-
erty VD and HKEpΨq, then it satisfies (the metric doubling property MD and) EHI by
[GHL15, Theorem 1.2] (see also [KM23, Theorem 4.5]). Conversely, if pX , d,m, E ,Fq is
an MMD space satisfying MD and EHI, then by [BCM, Theorem 7.9] (see also [BM18])
there exist a metric θ on X quasisymmetric to d and an E-smooth Radon measure ν on
X with full E-quasi-support (see Definitions 2.30 and 2.31 below) such that the time-

changed MMD space pX , θ, ν, Eν ,Fνq, where pEν ,Fνq :“ pqE , qFq is defined by (2.74) and
(2.75) below, satisfies VD and HKEpΨq for some scale function Ψ.

We are often interested in harmonic functions on an open set V with zero (or Dirichlet)
boundary condition “along the boundary of a larger open set U” as defined below.

Definition 2.23 (Function with Dirichlet boundary condition). Let pX ,m, E ,Fq be a
strongly local regular Dirichlet space, and let V Ă U be open subsets of X . We define

F0
locpU, V q :“

#

f

ˇ

ˇ

ˇ

ˇ

ˇ

f is anm-equivalence class of R-valued Borel measurable func-
tions on V such that f “ f# m-a.e. on A for some f# P F0pUq

for each open subset A of V withA compact andAXUzV “ H

+

,

(2.50)
so that F0

locpU, V q is a linear subspace of FlocpV q, and call each u P F0
locpU, V q a function on

V with Dirichlet boundary condition relative to U . Each u P F0
locpU, V q that is E-harmonic

on V (recall Definition 2.20) is called an E-harmonic function on V with Dirichlet boundary
condition relative to U .

The following lemma shows that harmonicity and Dirichlet boundary condition are
preserved under local uniform convergence.
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Lemma 2.24. Let pX ,m, E ,Fq be a strongly local regular Dirichlet space.

(a) Let U Ă X be open and let hn P FlocpUq, n ě 1 be a sequence of locally bounded
harmonic functions such that hn converges to h uniformly on any compact subset of
U . Then h P FlocpUq and h is E-harmonic on U .

(b) Let U, V be open subsets of X with V Ă U and let hn P F0
locpU, V q, n ě 1 be a sequence

of bounded harmonic functions on V such that hn converges to h uniformly on A for
any A Ă V relatively compact in U with A X UzV “ H. Then h P F0

locpU, V q and h
is E-harmonic on V .

Proof. (a) Let V be relatively compact open subset of U . Since X is locally compact
there is a compact neighborhood W of V such that V Ă W Ă U . Since pE ,Fq is a
regular Dirichlet form, there exists ϕ P F X CcpUq such that 0 ď ϕ ď 1, ϕ

ˇ

ˇ

V
” 1 and

ϕ
ˇ

ˇ

W c ” 0. Since hi is locally bounded and suppX rϕs is compact, by [FOT, Theorem
1.4.2-(ii)] we obtain hiϕ P F . Since hn Ñ h uniformly on compact subsets of U , we
have that ϕhn converges to ϕh in L2pX ,mq. We claim that ϕhn, n P N is an E1-Cauchy
sequence that converges to ϕh P F . To see this, note that by the Leibniz rule [FOT,
Lemma 3.2.5] for Γ and the E-harmonicity of hi ´ hj on U ,

Epϕphi ´ hjq, ϕphi ´ hjqq “

ż

W

phi ´ hjq
2 dΓpϕ, ϕq ` Ephi ´ hj, ϕ

2
phi ´ hjqq

“

ż

W

phi ´ hjq
2 dΓpϕ, ϕq. (2.51)

Since hi converges uniformly onW , we obtain that ϕhi is a E1-Cauchy sequence whose
limit is ϕhi. By (2.51) and limiÑ8 ϕhi “ h m-a.e. on V , we conclude that h P FlocpUq.

Let ψ P F XCcpUq. Let V be a relatively compact open subset of U with suppX rψs Ă

V . Then choosing ϕ as above, by strong locality and harmonicity of hi we obtain

Eph, ψq “ Epϕh, ψq “ lim
iÑ8

Epϕhi, ψq “ lim
iÑ8

Ephi, ψq “ 0.

Therefore h is E-harmonic on U .

(b) Let A Ă V be open such that A is relatively compact in U with AXUzV “ H. Since
X is locally compact, there exists a neighborhood W of A such that W is compact
and satisfies W X UzV “ H. Therefore, there exists ϕ P F X CcpX q such that ϕ is

r0, 1s-valued, ϕ
ˇ

ˇ

W
” 1 and suppX rϕsXUzV “ H. Let phi P F0pUq be such that hi “ phi

m-a.e. on A for all i P N. By replacing phi with p´Mi_
phiq^Mi, whereMi “ supA |hi|,

we may assume that phi P F0pUq XL8pX ,mq. Therefore ϕphi P F0pUq has an E-quasi-
continuousm-version which vanishes E-a.e. on V c for all i P N. Therefore ϕphi P F0pV q

for all i P N. Using the harmonicity of hi in V and the same argument as used in
(2.51), we conclude that the sequence ϕphi P F0pV q is E1-Cauchy and converges to
ϕh P F0pV q. Since ϕh “ h m-a.e. on A, we conclude that h P F0pU, V q. The
assertion that h is E-harmonic on V follows from (a).
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Remark 2.25. Let pX ,m, E ,Fq be a strongly local regular Dirichlet space. The argument
used in the above proof of Lemma 2.24 implies also the following facts.

(a) If U, hn, h are as in Lemma 2.24-(a), then for any ϕ P F X CcpUq, the sequence
ϕhn P F , n P N is E1-Cauchy and converges to ϕh P F .

(b) Let U, V, hn, h be as in Lemma 2.24-(b), and extend hn, h to VYU c by setting hn
ˇ

ˇ

Uc ” 0

for all n P N and h
ˇ

ˇ

Uc ” 0. Then for any ϕ P F XCcpX q such that suppX rϕs XUzV “

H, we have hnϕ P F for all n P N and hnϕ converges in E1-norm to hϕ P F .

Harnack inequalities are often used along a chain of balls. We recall the definition of
Harnack chain – see [JK, Section 3]. For a ball B “ Bpx, rq in a metric space pX , dq and
ε P p0,8q, we let εB denote the ball Bpx, εrq.

Definition 2.26 (Harnack chain; relatively ball connected). Let pX , dq be a metric space.

(a) Let D be an open subset of X and M P p1,8q. For x, y P D, an M-Harnack chain
from x to y in D is a sequence of balls B1, B2, . . . , Bn each contained in D such
that x P M´1B1, y P M´1Bn and M´1Bi X M´1Bi`1 ‰ H for i “ 1, 2, . . . , n ´ 1.
The number n of balls in a Harnack chain is called the length of the Harnack chain.
The infimum of the lengths of all M -Harnack chains from x to y in D is denoted by
NDpx, y;Mq.

(b) ([BCM, Definition 5.1-(i)]) Let K P p1,8q. We say that pX , dq is K-relatively
ball connected if for each ε P p0, 1q there exists N “ Npεq P N such that for any
px0, Rq P X ˆ p0,8q and any x, y P Bpx0, Rq :“ tz P X | dpx0, zq ď Ru there exist
tziu

N
i“0 Ă X such that z0 “ x, zN “ y, Bpzi, εRq Ă Bpx0, KRq for any i P t0, . . . , Nu

and dpzi´1, ziq ă εR for any i P t1, . . . , Nu.

If K P p1,8q and a metric space pX , dq is K-relatively ball connected, then for any
ε P p0, 1q, any px0, rq P X ˆ p0,8q and any x, y P Bpx0, rq, by the triangle inequality we
have

NBpx0,2Krqpx, y; ε
´1

q ď Npεq, (2.52)

where Npεq is as given in Definition 2.26-(b).

Remark 2.27. Let pX , d,m, E ,Fq be an MMD space satisfying EHI with constants CH

and δ. If u is a r0,8q-valued continuous E-harmonic function on an open subset D of X ,
then for any x1, x2 P D,

C
´NDpx1,x2;δ´1q

H upx1q ď upx2q ď C
NDpx1,x2;δ´1q

H upx1q. (2.53)

The following lemma lists some useful estimates on the lengths of Harnack chains.

Lemma 2.28. (a) ([BCM, Theorem 5.4]) Let pX , d,m, E ,Fq be an MMD space satisfying
MD and EHI. Then pX , dq is K-relatively ball connected for some K P p1,8q.
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(b) Let pX , dq be a metric space satisfying the metric doubling property MD, and let U be a
pcU , CUq-uniform domain in pX , dq. Then for each M P p1,8q there exists C P p0,8q,
depending only on cU , CU and M , such that for any x, y P U ,

NUpx, y;Mq ď C log

ˆ

dpx, yq

mintδUpxq, δUpyqu
` 1

˙

` C. (2.54)

Proof. The conclusion in (a) is contained in [BCM, Theorem 5.4].

To see (b), let γ be a pcU , CUq-uniform curve between x, y P U . Without loss of
generality, we may assume δUpxq ď δUpyq. Since

δUpzq ě max pcU mintdpx, zq, dpy, zqu, δUpxq ´ dpx, zq, δUpyq ´ dpy, zqq for any z P γ,

we have
δUpzq ě cUδUpxq{2. (2.55)

If dpx, yq ď 4δUpxq, we choose a maximal M´1cUδUpxq{2 subset of γ. Observing that
γ Ă Bpx, 2CUdpx, yqq Ă Bpx, 8CUδUpxqq and using the metric doubling property we obtain
the desired upper bound.

For i P N, choose zi P γ such that dpx, ziq “ 2´idpx, yq and such that zi`1 lies on the
subcurve from x to zi. Note that

dpzi, zi`1q ď 2´i`1dpx, yq, δUpziq ě cU2
´idpx, yq for all i ě 1.

First we show that
NUpzi, zi`1;Mq À 1 for all i ě 1.

To see this, we choose a maximal M´1c2U2
´i´2dpx, yq subset Ni of a pcU , CUq-uniform

curve γi from zi to zi`1. Since the balls tBpn,M´1c2U2
´i´2dpx, yqq : n P Niu cover γi

and diampγiq ď CU2
´i`1dpx, yq, and are contained in U by (2.55), the metric doubling

property [Hei, Exercise 10.17] implies that

NUpzi, zi`1;Mq À #Ni À 1 for all i ě 1. (2.56)

Let k P N be the smallest number such that zk`1 P Bpx,M´1δUpxqq, so that k —

1 ` log
´

dpx,yq

δU pxq
` 1

¯

. By joining M -Harnack chains of length NUpzi, zi`1;Mq from zi to

zi`1 successively and using the ball Bpx,M´1δUpxqq, we obtain a M -Harnack chain from
x to z1 they yields the estimate

NUpx, z1;Mq ď 1 `

k
ÿ

i“1

NUpzi, zi`1;Mq À log

ˆ

dpx, yq

δUpxq
` 1

˙

` 1. (2.57)

Similarly for i P N, choose wi P γ such that dpy, wiq “ 2´idpx, yq and such that wi`1

lies on the subcurve from wi to y. Similar to (2.57), we obtain

NUpy, w1;Mq ď 1 `

k
ÿ

i“1

NUpwi, wi`1;Mq À log

ˆ

dpx, yq

δUpyq
` 1

˙

` 1. (2.58)
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Since δUpz1q ^ δUpw1q ě cUdpx, yq{2 and dpz1, w1q ď 2dpx, yq, by the same argument as
(2.56), we have

NUpz1, w1;Mq À 1. (2.59)

By (2.57), (2.58) and (2.59), we conclude (2.54).

We record a few more consequences of Harnack chaining.

Lemma 2.29. Let pX , d,m, E ,Fq be an MMD space satisfying MD and EHI, and let
U be a uniform domain in pX , dq. Then there exist A0, A1, C1 P p1,8q and γ P p0,8q

such that for any ξ P BU , any 0 ă r ă R ă diampUq{A1 and any continuous function
h : UXBpξ, A0Rq Ñ p0,8q that is E-harmonic on UXBpξ, A0Rq, with ξR, ξr as in Lemma
2.6,

C´1
1

´ r

R

¯γ

hpξrq ď hpξRq ď C1

´R

r

¯γ

hpξrq. (2.60)

Furthermore if ξR, ξ
1
R P U are two points that satisfy the conclusion of Lemma 2.6, that is

dpξ, ξRq “ dpξ, ξ1
Rq “ R and δUpξRq ^ δUpξ1

Rq ą
cUR

2
,

then
C´1

1 hpξ1
Rq ď hpξRq ď C1hpξ1

Rq. (2.61)

Proof. Let δ P p0, 1q denote the constant in EHI. By Lemma 2.28-(b), for any ξ P BU
and any 0 ă r ă R we have NUpξr, ξR; δ

´1q ď C1, where C1 depends only on δ and the
constants associated to the uniformity of U . By Lemma 2.6 and the proof of Lemma
2.28-(b), there exist A0, A1 P p1,8q depending only on δ and the constants associated to
the uniformity of U such that for all ξ P BU and all 0 ă r ă R ă diampUq,

NUpξr, ξR; δ
´1

q ď NUXBpξ,A0Rqpξr, ξR; δ
´1

q ď C1p1 ` logpR{rqq. (2.62)

The estimate (2.60) now follows from (2.62) and Remark 2.27. The estimate (2.61) also
follows from the same argument.

2.6 Trace Dirichlet form

Throughout this subsection, we assume that pX ,m, E ,Fq is a regular Dirichlet space.
Recall that the 1-capacity Cap1pAq of A Ă X with respect to pX ,m, E ,Fq is defined by
(2.10).

Definition 2.30 (Smooth measure). A Radon measure ν on X , i.e., a Borel measure ν
on X which is finite on any compact subset of X , is said to be E-smooth if ν charges no
E-polar set (that is, νpAq “ 0 for any A P BpX q with Cap1pAq “ 0).

For example, the E-energy measure Γpf, fq of any f P Fe is E-smooth by [FOT,
Lemma 3.2.4]. An essential feature of an E-smooth Radon measure ν on X is that the
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ν-equivalence class of each f P Fe is canonically determined by considering an E-quasi-
continuous m-version rf of f , which is E-q.e. unique by [FOT, Lemma 2.1.4] and thus
indeed ν-a.e. unique.

We say that a subset D of X is E-quasi-open if there exists an E-nest tFkukPN such
that D X Fk is an open subset of Fk in the relative topology of Fk inherited from X for
each k P N. The complement in X of an E-quasi-open set is said to be E-quasi-closed.
Now we recall the definition of an E-quasi-support of an E-smooth Radon measure.

Definition 2.31 (Quasi-support; [FOT, (4.6.3) and (4.6.4)], [CF, Definition 3.3.4]). Let
ν be an E-smooth Radon measure on X . A subset F of X is said to be an E-quasi-support
of ν if the following two conditions hold:

(a) F is E-quasi-closed and νpX zF q “ 0.

(b) If rF Ă X is E-quasi-closed and νpX z rF q “ 0, then Cap1pF z rF q “ 0.

By definition, an E-quasi-support of ν is unique up to E-q.e. equivalence; that is, if F1 and
F2 are E-quasi-supports of ν, then Cap1ppF1zF2q Y pF2zF1qq “ 0. Furthermore by [FOT,
Theorem 4.6.3], an E-quasi-support of ν indeed exists.

The E-quasi-support of an E-smooth Radon measure can be described more explicitly
in terms of the corresponding positive continuous additive functional (PCAF) of a Hunt
process X associated with pE ,Fq, as we recall below from [CF, Sections A.3 and 4.1]
and [FOT, Section 5.1]. In the rest of this section, we fix an m-symmetric Hunt process
X “ pΩ,M, tXtutPr0,8s, tPxuxPXB

q on X whose Dirichlet form is pE ,Fq, with minimum
augmented admissible filtration F˚ “ tFtutPr0,8s, life time ζ and shift operators tθtutPr0,8s.

A collection A “ tAtutPr0,8q of r0,8s-valued random variables on Ω is called a positive
continuous additive functional (PCAF for short) of X, if the following three conditions
hold:

(i) At is Ft-measurable for any t P r0,8q.

(ii) There exist Λ P F8 and a properly exceptional set N Ă X for X such that PxpΛq “ 1
for any x P X zN and θtpΛq Ă Λ for any t P r0,8q.

(iii) For any ω P Λ, r0,8q Q t ÞÑ Atpωq is a r0,8s-valued continuous function with
A0pωq “ 0 such that for any s, t P r0,8q, Atpωq ă 8 if t ă ζpωq, Atpωq “ Aζpωqpωq

if t ě ζpωq, and At`spωq “ Atpωq ` Aspθtpωqq.

The sets Λ and N are referred to as a defining set and an exceptional set, respectively, of
the PCAF A. Note that then Λ X t 9σN ^ σ̂N “ 8u is easily seen to be a defining set of A
and belongs to F0, and recall that N Ă N1 for some properly exceptional set N1 P BpX q

for X by (2.17). Thus by replacing N with such N1 and then Λ with ΛXt 9σN1 ^ σ̂N1 “ 8u,
we can always choose a defining set Λ and an exceptional set N of a given PCAF of X
so that Λ P F0, N P BpX q and Λ Ă t 9σN ^ σ̂N “ 8u. If N can be taken to be the empty
set H, then we say that A is a PCAF in the strict sense of X.
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By [CF, Theorem A.3.5-(i) and Theorem 4.1.1-(i)] (see also [CF, Theorem 4.1.1-(iii)]
and [FOT, Theorem 5.1.3]), for each PCAF A of X there exists a unique Borel measure
ν on X , called the Revuz measure of A, such that

ż

X
f dν “ lim

tÓ0

1

t
Em

„
ż t

0

fpXsq dAs

ȷ

(2.63)

for any Borel measurable function f : X Ñ r0,8s, and then this measure ν charges no
E-polar set and satisfies νpFkq ă 8 for any k P N for some E-nest tFkukPN. Conversely,
by [FOT, Lemma 5.1.8 and Theorem 5.1.3] (see also [CF, Theorem 4.1.1-(ii)]), given an
E-smooth Radon measure ν on X , there exists a PCAF A of X whose Revuz measure
is ν, and any two such PCAFs A “ tAtutPr0,8q, A

1 “ tA1
tutPr0,8q of X are equivalent, i.e.,

have a common defining set Λ and a common exceptional set N such that Atpωq “ A1
tpωq

for any pt, ωq P r0,8q ˆΛ. Moreover, if X satisfies AC, then PCAFs in the strict sense of
X satisfy a pointwise analogue of (2.63) as in the following proposition.

Proposition 2.32. Assume that X satisfies AC, let A “ tAtutPr0,8q be a PCAF in the
strict sense of X, let ν be the Revuz measure of A, and let D be an open subset of X .
Then for any pt, xq P p0,8s ˆ D and any Borel measurable function f : D Ñ r0,8s,

Ex

„
ż t^τD

0

fpXsq dAs

ȷ

“

ż t

0

ż

D

pDs px, yqfpyq νpdyq ds (2.64)

(note that ν is σ-finite), where pD denotes the unique Borel measurable function pD “

pDt px, yq : p0,8q ˆ D ˆ D Ñ r0,8s satisfying (2.16) for the part process XD of X on D
(recall that XD is an m|D-symmetric Hunt process on D and satisfies AC).

Proof. Let pPD
s qsą0 denote the Markovian transition function of XD. Then we obtain

Ex

„
ż t^τD

0

fpXsq dAs

ȷ

“ lim
δÓ0

Ex

„
ż t^τD

δ^τD

fpXsq dAs

ȷ

“ lim
δÓ0

EpDδ px,¨q¨m|D

„
ż pt´δq^τD

0

fpXsq dAs

ȷ

(by the Markov property of X and AC)

“ lim
δÓ0

ż t´δ

0

ż

D

`

PD
s p

D
δ px, ¨q

˘

pyqfpyq νpdyq ds (by [CF, (4.1.25)])

“ lim
δÓ0

ż t

δ

ż

D

pDs px, yqfpyq νpdyq ds “

ż t

0

ż

D

pDs px, yqfpyq νpdyq ds.

Now let ν be an E-smooth Radon measure on X and letA “ tAtutPr0,8q be a PCAF ofX
whose Revuz measure is ν with a defining set Λ P F0 and an exceptional setN P BpX q such
that Λ Ă t 9σN ^ σ̂N “ 8u. Since tAt1ΛutPr0,8q is easily seen to be a PCAF equivalent to A
with defining set ΛY tζ “ 0u P F0 and exceptional set N , we may and do assume without
loss of generality that Atpωq “ 0 for any pt, ωq P r0,8q ˆ pΩzΛq and that tζ “ 0u Ă Λ.
Then the support F of A defined by

F :“ tx P X zN | PxpR “ 0q “ 1u, where R :“ inftt P p0,8q | At ą 0u, (2.65)
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isX-nearly Borel measurable and E-quasi-closed as shown in [CF, the paragraph of (5.2.1)]
and in fact an E-quasi-support of ν by [FOT, Theorem 5.1.5] or [CF, Theorem 5.2.1-(i)].

Moreover, the time-changed process qX “
`

qΩ, qM, t qXtutPr0,8s, tPxuxPFB

˘

of X by the
PCAF A, defined for pt, ωq P r0,8s ˆ Ω by

τtpωq :“ infts P p0,8q | Aspωq ą tu, qXtpωq :“ Xτtpωqpωq, qζpωq :“ A8pωq :“ lim
sÑ8

Aspωq,

qΩ :“ Λ X
␣

qXs P FB for any s P r0,8q
(

, qM :“ F8|
qΩ,

qθtpωq :“ θτtpωqpωq, (2.66)

is a ν-symmetric right-continuous strong Markov process on pFB,B
˚pFBqq with life time qζ

and shift operators
␣

qθt
(

tPr0,8s
by [CF, Theorems A.3.9 and 5.2.1-(ii)], where FB :“ FYtBu.

More precisely, from [CF, Proposition A.3.8-(iv),(vi)] we easily obtain

␣

qXs P FB for any s P r0,8q
(

P F0, Px

`

qXs P FB for any s P r0,8q
˘

“ 1 for any x P XB,
(2.67)

τt is an F˚-stopping time and qXt is Fτt{B
˚pXBq-measurable for any t P r0,8s by [CF,

Proposition A.3.8-(i) and Exercise A.1.20-(ii)], the family qF˚ :“
␣

qFt

(

tPr0,8s
defined by

qFt :“ Fτt , t P r0,8s, (2.68)

is a right-continuous filtration in Ω by [CF, Proposition A.3.8-(iii)], and qX is strong

Markov with respect to qF˚ by [CF, Theorem A.3.9].

In this situation, it turns out that the Dirichlet form of the time-changed process qX
is identified as the trace Dirichlet form of pE ,Fq on L2pF, νq, whose definition given in
Definition 2.35 below involves the hitting distribution of X to F defined as follows.

Definition 2.33 (Hitting distribution; harmonic measure). Let F be an X-nearly Borel
measurable E-quasi-closed subset of X . Recalling the F˚-stopping time σF from (2.11),
we define the (0-order) hitting distribution HF of X to F by

HF px,Aq :“ PxpXσF
P A, σF ă 8q, x P X , A P BpX q. (2.69)

Then by [CF, Theorem 3.4.8], letting ru denote any E-quasi-continuousm-version of u P Fe,
we can define an E-q.e. defined, E-quasi-continuous function HF ru P Fe by

HF rupxq :“ ExrrupXσF
q1tσF ă8us, (2.70)

which is independent of ru|X zF for E-q.e. x P X since PxpXσF
P XBzF , σF ă 8q “ 0 for

E-q.e. x P X by [CF, Theorem 3.3.3-(i)] and [FOT, Lemma A.2.7], and HF ru is E-harmonic
on X zF , i.e., satisfies

EpHF ru, fq “ 0 for any f P Fe with rf “ 0 E-q.e. on F . (2.71)

Moreover, since PxpσF “ 0q “ 1 for E-q.e. x P F by [FOT, Theorems A.2.6-(i), 4.1.3 and
4.2.1-(ii)], it follows from (2.70) and (2.71) that

HF ru “ ru E-q.e. on F and EpHF ru,HF ruq ď Epu, uq. (2.72)
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Lastly, for an open subset D of X , we define the E-harmonic measure ωD
x of D with

base point x P D by

ωD
x pAq :“ HX zDpx,Aq for each A P BpX q. (2.73)

Before starting our discussion of trace Dirichlet forms, we recall some basic properties
of the harmonic measure in the following lemma.

Lemma 2.34. Let an MMD space pX , d,m, E ,Fq and a diffusion X on X satisfy As-
sumption 2.19. Let D be a non-empty open subset of X .

(a) ([Lie15, Lemma 3.2]) For any x P D, the measure ωD
x charges no E-polar set and

suppX rωD
x s Ă BD.

(b) ([Lie15, Lemma 3.2]) For any bounded Borel measurable function f : BD Ñ R, the
function h : D Ñ R defined by

hpxq :“

ż

BD

fpyqωD
x pdyq

belongs to FlocpDq and is continuous on D and E-harmonic on D.

(c) If D is connected, then ωD
x ! ωD

y for any x, y P D.

(d) If D is relatively compact in X and X zD is not E-polar, then ωD
x pBDq “ 1 for any

x P D.

(e) Let U be a uniform domain in pX , dq and Xref “
`

Ωref ,Mref , tXref
t utPr0,8s, tPref

x uxPUYtBu

˘

be a diffusion on U as in Assumption 2.19 for the MMD space pU, d,m|U , E ref,U ,FpUqq

(recall Theorem 2.16-(a)). Then for any x P U , the E ref,U -harmonic measure of U
with base point x coincides with ωU

x

ˇ

ˇ

U
, and BU is an E ref,U -quasi-support of ωU

x

ˇ

ˇ

U
.

Proof. (a,b) We have suppX rωD
x s Ă BD by the sample-path continuity (2.19) of X, which

holds for any x P X by AC of X. The remaining properties are proved in [Lie15,
Lemma 3.2]. Although [Lie15, Lemma 3.2] assumes that D is a relatively compact
open subset of X , the proofs presented there work for an arbitrary open subset.

(c) Let A P BpBDq satisfy ωD
y pAq “ 0. By (b), the function hApzq :“

ş

BD
1ApξqωD

z pdξq “

ωD
z pAq on D is continuous, non-negative, E-harmonic on D and belongs to FlocpDq.

Since hApyq “ ωD
y pAq “ 0, we conclude from EHI (recall Remark 2.22) and the

connectedness of D that h´1
A p0q is non-empty, both closed and open in D and thus

coincides with D. In particular, ωD
x pAq “ hApxq “ 0 and hence ωD

x ! ωD
y .

(d) We have PxpτD ă 8q “ 1 for E-q.e. x P D by [BCM, Proposition 3.2] and the
irreducibility of pX ,m, E ,Fq from Proposition 2.18-(a), hence PxpτD ă 8q “ 1 for
any x P D by AC of XD and the Markov property of X, and therefore ωD

x pBDq “

PxpτD ă 8q “ 1 for any x P D by the sample-path continuity (2.19) and AC of X.

(e) We see from [FOT, Exercise 1.4.1 and Theorem 1.4.2-(ii)] that FpUq X CcpUq “

F0pUq X CcpUq, from [FOT, Corollary 3.2.1] that E ref,Upf, gq “ EUpf, gq for any
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f, g P F0pUq X CcpUq, and thus from the denseness of FpUq X CcpUq “ F0pUq X

CcpUq in
`

FpUq, E ref,U ` x¨, ¨yL2pU,m|U q

˘

and in
`

F0pUq, EU ` x¨, ¨yL2pU,m|U q

˘

that the

part Dirichlet form of pE ref,U ,FpUqq on U coincides with pEU ,F0pUqq. Namely, the
Dirichlet form of the part process pXrefqU of Xref on U coincides with that of XU ,
which together with Proposition 2.18-(d) implies that pXrefqU and XU have the
same Markovian transition function on U . It then follows by the Markov property
of pXrefqU and XU that for any x P U , the law of tpXrefqUt utPr0,8q under Pref

x and that
of tXU

t utPr0,8q under Px as CBpr0,8q, UBq-valued random variables coincide, where

CBpr0,8q, UBq :“

"

γ : r0,8q Ñ UB

ˇ

ˇ

ˇ

ˇ

γ is continuous, γptq “ BU for any
t P r0,8q with t ě inf γ´1pBUq

*

,

equipped with the σ-algebra generated by its subsets of the form tγ P CBpr0,8q, UBq |

γptq P Au for some t P r0,8q and A P BpUBq. In particular, for any x P U , any
f P CpXBq with ∥f∥sup ă 8 and any ε P p0,8q, we have

Eref
x

“

fpXref
pτU´εq`q1tτUă8u

‰

“ Ex

“

fpXpτU´εq`q1tτUă8u

‰

,

and letting ε Ó 0 yields Eref
x

“

fpXref
τU

q1tτUă8u

‰

“ Ex

“

fpXτU q1tτUă8u

‰

by (2.19) and the
dominated convergence theorem, whence Pref

x pXref
τU

P dyq “ PxpXτU P dyq “ ωU
x pdyq,

i.e., the E ref,U -harmonic measure of U with base point x coincides with ωU
x

ˇ

ˇ

U
.

Next, let x P U and, to see that BU is an E ref,U -quasi-support of ωU
x

ˇ

ˇ

U
, define the

1-order hitting distribution H1
BU of Xref to BU by

H1
BUpy,Bq :“ Eref

y

“

e´σBU1BpXref
σBU

q1tσBUă8u

‰

, σBU “ inftt P p0,8q | Xref
t P BUu

for y P U and B P BpBUq. Then by the result of the previous paragraph and (c) we
have H1

BUpy, ¨q ! ωU
x

ˇ

ˇ

U
for any y P U , which implies by [FOT, Exercise 4.6.1] that

BU is an E ref,U -quasi-support of ωU
x

ˇ

ˇ

U
since mpBUq “ 0 by Lemma 2.8.

The rest of this subsection is devoted to a discussion of trace Dirichlet forms, which are
the Dirichlet forms of the time-changed processes given by (2.66) and defined as follows.

Definition 2.35 (Trace Dirichlet form). Let ν be an E-smooth Radon measure on X ,
set F ˚ :“ suppX rνs, and let F be an X-nearly Borel measurable E-quasi-support of ν.
Since Cap1pF zF ˚q “ 0 by Definition 2.31-(a),(b), replacing F with F zN for an arbitrary
X-nearly Borel measurable E-polar set N Ă X including F zF ˚, we may and do assume
that F Ă F ˚. We define

qF :“

"

ru|F

ˇ

ˇ

ˇ

ˇ

u P Fe,

ż

F

ru2 dν ă 8

*

, (2.74)

where we identify functions that coincide E-q.e. on F ; since, for each u, v P Fe, ru “ rv
E-q.e. on F if and only if ru “ rv ν-a.e. on X by [CF, Theorem 3.3.5], and since νpX zF q “ 0
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and F Ă F ˚, we can canonically consider qF as a linear subspace of L2pF ˚, νq. Then we

further define a non-negative definite symmetric bilinear form qE : qF ˆ qF Ñ R by

qEpru|F , rv|F q :“ EpHF ru,HFrvq for u, v P Fe with ru|F , rv|F P qF , (2.75)

and call pqE , qFq the trace Dirichlet form of pE ,Fq on L2pF ˚, νq.

Let ν, F ˚, F, qF , qE be as in Definition 2.35, and assume that νpX q ą 0, or equivalently,

Cap1pF q ą 0. Then pqE , qFq is indeed a regular symmetric Dirichlet form on L2pF ˚, νq and

F ˚zF is qE-polar by [CF, Theorem 5.2.13-(i)], a subset N1 of F is qE-polar if and only if

N1 is E-polar by [CF, Theorem 5.2.8 and Proof of Theorem 5.2.13-(ii)], and f |F zN1 is qE-
quasi-continuous on F ˚ for any E-quasi-continuous function f : X zN1 Ñ r´8,8s defined
E-q.e. for some E-polar N1 Ă X by [CF, Theorem 5.2.6 and Proof of Theorem 5.2.13-(ii)].

Furthermore by [CF, Theorem 5.2.15], the extended Dirichlet space qFe of pF ˚, ν, qE , qFq

and the values of qE on qFe ˆ qFe are identified as

qFe “ tru|F | u P Feu and qEpru|F , rv|F q “ EpHF ru,HFrvq for any u, v P Fe. (2.76)

In probabilistic terms, for the time-changed process qX of X by a PCAF A of X with
Revuz measure ν, which is a ν-symmetric right-continuous strong Markov process on
pFB,B

˚pFBqq defined by (2.66), its Dirichlet form is pqE , qFq by [CF, Theorem 5.2.2]; here,
since the support FA of A defined by (2.65) is an X-nearly Borel measurable E-quasi-
support of ν, as the sets F and N in Definition 2.35 we can choose FA and an exceptional
set NA of A including F zF ˚, respectively, and therefore we may and do assume that F
in Definition 2.35 is the support of A, on which we can define the time-changed process
qX by (2.66).

In order to analyze the trace Dirichlet form pqE , qFq, it is desirable to compute its
Beurling–Deny decomposition [FOT, Theorems 3.2.1 and 4.5.2] (see also [CF, Theorem
4.3.3]). For the regular Dirichlet space pX ,m, E ,Fq, this decomposition can be stated as
follows: there exists a unique triple pE pcq, J, κq of a strongly local non-negative definite
symmetric bilinear form E pcq : Fe ˆ Fe Ñ R, a symmetric Radon measure J on X 2

od and
a Radon measure κ on X , such that JppX ˆ N1q X X 2

odq “ 0 “ κpN1q for any E-polar
N1 P BpX q and

Epu, vq “ E pcq
pu, vq`

1

2

ż

X 2
od

prupxq´rupyqqprvpxq´rvpyqq Jpdx dyq`

ż

X
rupxqrvpxqκpdxq (2.77)

for any u, v P Fe, where ru, rv denote E-quasi-continuous m-versions of u, v respectively.
We call E pcq, J, κ the strongly local part, the jumping measure and the killing measure,
respectively, of pX ,m, E ,Fq. Moreover, we can define the strongly local part Γcpu, uq of the
E-energy measure Γpu, uq of u P Fe by replacing E with E pcq in the argument in Definition
2.12 on the basis of [FOT, (3.2.19), (3.2.20) and (3.2.21)], and Γcpu, uqpX q “ E pcqpu, uq

for any u P Fe by [FOT, Lemma 3.2.3].

An identification of the Beurling–Deny decomposition of the trace Dirichlet form pqE , qFq

is given in [CF, Theorems 5.6.2 and 5.6.3]. In the following proposition, we provide a new

simple proof of the result for the strongly local part of pqE , qFq in [CF, Theorem 5.6.2].
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Proposition 2.36 ([CF, Theorem 5.6.2]). Let pX ,m, E ,Fq be a regular Dirichlet space,
ν an E-smooth Radon measure on X with νpX q ą 0, set F ˚ :“ suppX rνs, let F be an E-
quasi-support of ν satisfying F Ă F ˚, and let pqE , qFq be the trace Dirichlet form of pE ,Fq

on L2pF ˚, νq defined by (2.74) and (2.75). Let Γc denote the strongly local part of the

E-energy measures, and qΓc the strongly local part of the qE-energy measures. Then

qΓcpru|F , ru|F qpBq “ Γcpu, uqpB X F q for any u P Fe and any B P BpF ˚
q. (2.78)

In particular, the strongly local part qE pcq of pF ˚, ν, qE , qFq is given by

qE pcq
pru|F , ru|F q “ Γcpu, uqpF q for any u P Fe. (2.79)

Proof. Since F is E-quasi-closed, we can choose an E-nest tFkukPN so that F X
Ť

kPN Fk P

BpX q, and therefore by replacing F with F X
Ť

kPN Fk we may and do assume that

F P BpX q. For any u P Fe, (2.79) follows from (2.78) with B “ F ˚ and qE pcqpru|F , ru|F q “

qΓcpru|F , ru|F qpF ˚q, and qΓcpru|F , ru|F qpF ˚zF q “ 0 since qΓcpru|F , ru|F q charges no qE-polar set by
[FOT, Lemma 3.2.4] and F ˚zF is qE-polar. It thus suffices to prove (2.78) for B P BpF q.
Our simple proof of (2.78) is based on Mosco’s proof of the domination principle in [Mosco,
p. 389, Proof of Proposition] and goes as follows. Let u P F X CcpX q.

We write Epvq :“ Epv, vq, Γcpvq :“ Γcpv, vq, qEprv|F q :“ qEprv|F , rv|F q and qΓcprv|F q :“
qEprv|F , rv|F q for v P Fe in this proof. Let f P F X CcpX q and λ P p0,8q. Computing both
sides of the inequality (recall the second half of (2.72) and (2.75))

qEpf cospλuq|F q ` qEpf sinpλuq|F q ď Epf cospλuqq ` Epf sinpλuqq

on the basis of the chain rule [FOT, Theorem 3.2.2] as in Mosco’s argument in [Mosco,
p. 389], dividing the resulting inequality by λ2 and letting λ Ñ 8 via the dominated
convergence theorem, we obtain

ż

F˚

f 2 dqΓcpu|F , u|F q ď

ż

X
f 2 dΓcpu, uq. (2.80)

Then for any compact subset K of F and any open subset G of X with K Ă G, by [FOT,
Exercise 1.4.1] we can choose f P F X CcpX q so that 1K ď f ď 1G, thus from (2.80) we
obtain

qΓcpu|F , u|F qpKq ď Γcpu, uqpGq.

Since Γcpu, uq and qΓcpu|F , u|F q are outer and inner regular by [Rud, Theorem 2.18], taking
the infimum over the open subsets G of X with K Ă G yields

qΓcpu|F , u|F qpKq ď Γcpu, uqpKq,

and now for any B P BpF q, taking the supremum over the compact subsets K of B shows

qΓcpu|F , u|F qpBq ď Γcpu, uqpBq. (2.81)
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Next, we show the lower bound matching the upper bound (2.81). Let K be any
compact subset of F , G any open subset of X with K Ă G, and choose f P F X CcpX q

so that 1K ď f ď 1G. For any λ P p0,8q, since
∣∣ΓcpvqpBq1{2 ´ ΓcpgqpBq1{2

∣∣ ď Γcpv ´

gqpBq1{2 “ 0 for any v, g P Fe and any B P BpX q with B Ă prv´rgq´1p0q by [CF, Theorem
4.3.8], we see from the first half of (2.72), K Ă F , (2.77) and (2.75) that

Γcpf cospλuqqpKq ` Γcpf sinpλuqqpKq

“ Γc

`

HF pf cospλuqq
˘

pKq ` Γc

`

HF pf sinpλuqq
˘

pKq

ď E
`

HF pf cospλuqq
˘

` E
`

HF pf sinpλuqq
˘

“ qEpf cospλuq|F q ` qEpf sinpλuq|F q, (2.82)

and applying Mosco’s argument in [Mosco, p. 389] to (2.82) in the same way as the above
proof of (2.80), we obtain

Γcpu, uqpKq “

ż

K

f 2 dΓcpu, uq ď

ż

F˚

f 2 dqΓcpu|F , u|F q ď qΓcpu|F , u|F qpG X F ˚
q.

Now since Γcpu, uq and qΓcpu|F , u|F q are outer and inner regular by [Rud, Theorem 2.18],
by taking the infimum over the open subsets G of X with K Ă G and then the supremum
over the compact subsets K of any given B P BpF q, we obtain

Γcpu, uqpBq ď qΓcpu|F , u|F qpBq,

which together with (2.81) proves (2.78) for u P F X CcpX q.

Lastly, for any u P Fe, by [FOT, Theorem 2.1.7] we can choose tununPN Ă F X CcpX q

so that limnÑ8 Epu´unq “ 0, hence limnÑ8
qEpru|F ´un|F q “ 0 by the second half of (2.72)

and (2.76), and then (2.78) for u follows by letting n Ñ 8 in (2.78) for un on the basis of

the triangle inequalities for Γcp¨qpB X F q1{2 and qΓcp¨qpBq1{2, Γcpu ´ unqpX q ď Epu ´ unq

and qΓcpru|F ´ un|F qpF ˚q ď qEpru|F ´ un|F q.

We will use the following proposition to show that the killing measure of the boundary
trace form is zero. This could alternatively be deduced from [CF, Theorem 5.6.3], but we
give a new self-contained proof that does not rely on the notion of supplementary Feller
measure.

Proposition 2.37. Let pX ,m, E ,Fq be a regular Dirichlet space, ν an E-smooth Radon
measure on X with νpX q ą 0, set F ˚ :“ suppX rνs, let F be an E-quasi-support of ν

satisfying F Ă F ˚, and let pqE , qFq be the trace Dirichlet form of pE ,Fq on L2pF ˚, νq

defined by (2.74) and (2.75). Let κ denote the killing measure of pX ,m, E ,Fq, and qκ the

killing measure of pF ˚, ν, qE , qFq. If κpX q “ 0 and

PxpσF ă 8q “ 1 for E-q.e. x P X , (2.83)

then qκpF ˚q “ 0.
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Proof. By [FOT, Exercise 1.4.1], we can choose tfnunPN Ă F X CcpX q so that for any
x P X we have 0 ď fnpxq ď fn`1pxq ď 1 for any n P N and limnÑ8 fnpxq “ 1. Let
u P F X CcpX q. Then by (2.34), [FOT, (3.2.23), Lemma 3.2.3] and (2.77) applied to

pF ˚, ν, qE , qFq and the monotone convergence theorem, we have

qEpu|F , fnu|F q ´
1

2
qEpu2|F , fn|F q

nÑ8
ÝÝÝÑ qEpu|F , u|F q ´

1

2

ż

F˚

u2 dqκ. (2.84)

On the other hand, for any n P N, by (2.75), the first half of (2.72) and (2.71) applied
to HFu,HFfn, and the extension of (2.34) to E-quasi-continuous m-versions of functions
in Fe X L8pX ,mq proved in [CF, Proof of Theorem 4.3.11], we obtain

qEpu|F , fnu|F q ´
1

2
qEpu2|F , fn|F q “ EpHFu,HF pfnuqq ´

1

2
EpHF pu2q, HFfnq

“ EpHFu, pHFfnqpHFuqq ´
1

2
EppHFuq

2, HFfnq

“

ż

X
HFfn dΓpHFu,HFuq. (2.85)

Since PxpXσF
“ B, σF ă 8q “ 0 for any x P X , tHFfnpxqunPN Ă r0, 1s is non-decreasing

and converges to PxpσF ă 8q “ 1 for E-q.e. x P X by (2.70) and (2.83), and hence

ż

X
HFfn dΓpHFu,HFuq

nÑ8
ÝÝÝÑ ΓpHFu,HFuqpX q

“ EpHFu,HFuq ´
1

2

ż

X
pHFuq

2 dκ “ qEpu|F , u|F q (2.86)

by the monotone convergence theorem and the fact that ΓpHFu,HFuq charges no E-polar
set by [FOT, Lemma 3.2.4]. Here the second equality in (2.86) follows from (2.75) and
κpX q “ 0, and the first one in (2.86) is a special case of the following general equality

Γpv, vqpX q “ Epv, vq ´
1

2

ż

X
rv2 dκ for any v P Fe (2.87)

(which holds for any regular Dirichlet space pX ,m, E ,Fq); we can verify (2.87) first for
v P F X CcpX q in the same way as (2.84) above, and for general v P Fe by using [FOT,
Theorem 2.1.7] to choose tvnunPN Ă F X CcpX q so that limnÑ8 Epv ´ vn, v ´ vnq “ 0
and then by letting n Ñ 8 in (2.87) for vn on the basis of the triangle inequalities for
Γp¨, ¨qpX q1{2, Ep¨, ¨q1{2, ∥¨∥L2pX ,κq

and
ş

X prv ´ vnq2 dκ ď Epv ´ vn, v ´ vnq implied by (2.77).

It thus follows from (2.84), (2.85) and (2.86) that

ż

F˚

u2dqκ “ 0 for any u P F X CcpX q,

and hence qκpF ˚q “ limnÑ8

ş

F˚ f
2
n dκ “ 0.
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2.7 Stable-like heat kernel estimates

We recall a generalization of scale function considered in Subsection 2.4 from [BCM,
Defintion 7.2] (see also [BM18, Definition 5.4]).

Definition 2.38. Let pX , dq be a metric space. We say that a function Φ: X ˆ r0,8q Ñ

r0,8q is a regular scale function on pX , dq with threshold MΦ P p0,8s if Φpx, ¨q : r0,8q Ñ

r0,8q is a homeomorphism for all x P X , diampX q ď MΦ and there exist C1, β1, β2 P p0,8q

such that for all x, y P X and all s, r P p0,8q with s ď r ď MΦ,

C´1
1

ˆ

r

dpx, yq _ r

˙β2
ˆ

dpx, yq _ r

s

˙β1

ď
Φpx, rq

Φpy, sq
ď C1

ˆ

r

dpx, yq _ r

˙β1
ˆ

dpx, yq _ r

s

˙β2

.

(2.88)

The definition in [BCM, Defintion 7.2] does not state that Φpx, ¨q : r0,8q Ñ r0,8q is
a homeomorphism but this condition can be achieved by replacing Φ with a comparable
function if necessary as we will see in the proof of Lemma 5.2.

Definition 2.39. Let pX , d,m, E ,Fq be a NLMMD space, and let Φ: X ˆr0,8q Ñ r0,8q

be a regular scale function on pX , dq with threshold MΦ.

(a) (Jump kernel estimate) We say that pX , d,m, E ,Fq satisfies the jump kernel estimate
JpΦq if there exist a symmetric Borel measurable function j : X 2

od Ñ p0,8q and C P

p1,8q such that

C´1

m
`

Bpx, dpx, yqq
˘

Φpx, dpx, yqq
ď jpx, yq ď

C

m
`

Bpx, dpx, yqq
˘

Φpx, dpx, yqq
(2.89)

for all px, yq P X 2
od and

Epu, uq “
1

2

ż

X

ż

X
pupxq ´ upyqq

2jpx, yqmpdxqmpdyq (2.90)

for all u P F .

(b) (Exit time estimate) We say that pX , d,m, E ,Fq satisfies the exit time lower estimate
EpΦqě, if there exist C,A P p1,8q such that an m-symmetric Hunt process X “

pΩ,M, tXtutPr0,8s, tPxuxPXB
q on X whose Dirichlet form is pE ,Fq satisfies

ExrτBpx,rqs ě C´1Φpx, rq (2.91)

for all x P X zN and all r P p0, diampX q{Aq for some properly exceptional set N Ă X
for X. We denote the corresponding upper estimate and the two-sided estimate by
EpΦqď and EpΦq, respectively.

(c) (Stable-like heat kernel estimates) We say that pX , d,m, E ,Fq satisfies the stable-
like heat kernel estimates SHKpΦq if there exist C1 P p1,8q and a heat kernel
tptutą0 of pX ,m, E ,Fq such that for each t P p0,8q,

ptpx, yq ď C1

ˆ

1

m
`

Bpx,Φ´1px, tqq
˘ ^

t

m
`

Bpx, dpx, yqq
˘

Φpx, dpx, yqq

˙

(2.92)
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and

ptpx, yq ě C´1
1

ˆ

1

m
`

Bpx,Φ´1px, tqq
˘ ^

t

m
`

Bpx, dpx, yqq
˘

Φpx, dpx, yqq

˙

(2.93)

for m-a.e. x, y P X , where Φ´1px, ¨q denotes the inverse of the homeomorphism
Φpx, ¨q : r0,8q Ñ r0,8q and Bpx, 0q :“ H.

The following result plays a key role in our proof of heat kernel estimates for the
boundary trace process. It characterizes stable-like heat kernel estimates SHKpΦq by the
conjunction of the jump kernel estimate JpΦq and exit time lower estimate EpΦqě stated
above. If X is unbounded then this characterization is essentially contained in [CKW]. It
is a slight modification of the equivalence between (1) and (2) in [CKW, Theorem 1.15].
If X is bounded, we argue using results in [GHH23]. In Theorem 2.40, we assume that
pX ,m, E ,Fq is a regular Dirichlet space of pure jump type, i.e., the strongly local part
E pcq and the killing measure κ of pX ,m, E ,Fq in its Beurling–Deny decomposition (2.77)
are identically zero, or in other words, there exists a symmetric Radon measure J on X 2

od

such that

Epf, gq “
1

2

ż

X 2
od

p rfpxq ´ rfpyqqprgpxq ´ rgpyqq Jpdx dyq (2.94)

for all f, g P Fe, where rf, rg denote E-quasi-continuous m-versions of f, g respectively.

Theorem 2.40. Let pX , d,m, E ,Fq be a NLMMD space of pure jump type satisfying VD,
and assume that pX , dq is uniformly perfect. Let Φ: X ˆr0,8q Ñ r0,8q be a regular scale
function on pX , dq with threshold MΦ. Then the following are equivalent:

(1) pX , d,m, E ,Fq satisfies SHKpΦq.

(2) pX , d,m, E ,Fq satisfies JpΦq and EpΦqě.

Furthermore, either of the above conditions implies that the following hold:

(a) pX ,m, E ,Fq is irreducible and conservative.

(b) A (unique) continuous heat kernel p “ ptpx, yq : p0,8q ˆ X ˆ X Ñ r0,8q of
pX ,m, E ,Fq exists and satisfies (2.92) and (2.93) for any pt, x, yq P p0,8q ˆ X ˆ X
for some C1 P p1,8q.

(c) Proposition 2.18-(c) with “Hunt process” in place of “diffusion” holds.

(d) Let j : X 2
od Ñ p0,8q be as given in JpΦq. Then

F “

"

u P L2
pX ,mq

ˇ

ˇ

ˇ

ˇ

ż

X

ż

X
pupxq ´ upyqq

2jpx, yqmpdxqmpdyq ă 8

*

. (2.95)

Proof. We note that uniform perfectness implies the reverse volume doubling property by
Lemma 2.4. By a quasisymmetric change of metric as given in [BM18, Proposition 5.2]
and [BM18, (5.7), Proof of Lemma 5.7], it suffices to consider the case Φpx, rq “ rβ for
all x P X , r ą 0, where β ą 0 (see also [Kig12] where this kind of metric change first
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appeared). Therefore we will assume without loss of generality that Φpx, rq “ rβ for all
x P X , r ą 0, for some β ą 0.

The implication from (1) to (2) follows from the same argument as [CKW, Proof of
(1) ñ (2) of Theorem 1.15] regardless of whether or not X is bounded.

For the converse implication from (2) to (1), the proof splits into two cases depending
on whether or not X is bounded.
Case 1: X is unbounded. By [CKW, Theorem 1.15], it suffices to show the exit time
upper bound EpΦqď. The exit time upper estimate EpΦqď follows from the Faber–Krahn
inequality shown in [CKW, Section 4.1] along with [CKW, Lemma 4.14].

Case 2: X is bounded. The exit time upper estimate EpΦqď stated in the unbounded
case also holds in the bounded case with almost the same proof. Since the proof of the
Faber–Krahn inequality relies on the reverse volume doubling property, the statement
of the Faber–Krahn inequality has to be modified so that it holds for all balls of radii
r P p0, cdiampX qq, where c P p0,8q as given in [GHH23, Definition 2.4].

Once the on-diagonal upper bound in the conclusion of [CKW, Theorem 4.25] is ob-
tained, then the two-sided estimates on the jump kernel JpΦq and exit time EpΦq imply
the stable-like heat kernel estimates SHKpΦq by the arguments in [CKW, Chapter 5] with
minor modifications to take into account that X is bounded. Therefore it is enough to
prove the on-diagonal upper bound.

In order to show the on-diagonal bound, by [GHH23, Theorems 2.10 and 2.12], it
suffices to show the condition (Gcap) in [GHH23, Definition 2.3], which in turn follows
from [GHH23+, Proposition 13.4 and Lemma 13.5] or [GHH23+, Theorem 14.1] along
with the two-sided exit time estimate EpΦq, completing the proof that (2) implies (1).

We next assume (1) (and (2)) and prove (a), (b), (c) and (d).

(a) The irreducibility of pX ,m, E ,Fq is immediate by (2.93) from SHKpΦq or by JpΦq

and Lemma 2.42 below. For the conservativeness of pE ,Fq, we consider two cases
depending on whether or not pX , dq is bounded. If pX , dq is bounded, then 1X P F by
the compactness of X and [FOT, Exercise 1.4.1], Ep1X ,1X q “ 0 by (2.94) and thus
pX ,m, E ,Fq is conservative. If pX , dq is unbounded, then (2.93) from SHKpΦq implies
that there exists c0 P p0,8q such that Tt1X pxq ě c0 m-a.e. on X for each t P p0,8q.
This along with [CKW, Proposition 3.1-(1)] implies that pX ,m, E ,Fq is conservative.

(b) The existence of a continuous heat kernel p “ ptpx, yq of pX ,m, E ,Fq follows from
[CKW, Lemma 5.6], and the validity of (2.92) and (2.93) for any pt, x, yq P p0,8q ˆ

X ˆ X is immediate from SHKpΦq, VD and (2.88).

(c) This is proved in the same way as [Lie15, Proposition 3.2] on the basis of VD, (b)
and the conservativeness of pX ,m, E ,Fq from (a).

(d) Using (2.8) and the conservativeness of pX ,m, E ,Fq, we obtain

F “

"

u P L2
pX ,mq

ˇ

ˇ

ˇ

ˇ

lim
tÓ0

1

2t

ż

X

ż

X
pupxq ´ upyqq

2ptpx, yqmpdxqmpdyq ă 8

*

, (2.96)

where tptutą0 denotes a heat kernel of pX ,m, E ,Fq. We then see from SHKpΦq and
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JpΦq that there exists C1 P p0,8q such that for each t P p0,8q we have

jpx, yq ď C1
ptpx, yq

t
for m-a.e. x, y P X with dpx, yq ě t1{β (2.97)

and
ptpx, yq

t
ď C1jpx, yq for m-a.e. x, y P X . (2.98)

The conclusion (2.95) now follows from (2.96), (2.97), (2.98) and the monotone con-
vergence theorem.

Remark 2.41. If pX , dq is unbounded, the on-diagonal upper bound in the proof of the
implication from (2) to (1) above follows from [CKW, Theorem 4.25]. However, the proof
there does not directly generalize to the case when X is bounded. This is because [CKW,
Proof of Theorem 4.25] relies on [CKW, Proposition 4.23] which in turn uses [CKW,
Lemma 4.18] on a sequence of radii going to infinity. However, the generalization of
[CKW, Lemma 4.18], which relies on the Faber–Krahn inequality, requires the radii to
satisfy r ă cdiampX q for some c P p0,8q, which seems insufficient for the argument in
[CKW, Proof of Proposition 4.23]. See [CC24b, Remark 8.3] for a more direct argument
to extend the main results of [CKW] to the case where the state space is bounded.

We also give a simple sufficient condition for the irreducibility of a pure-jump Dirichlet
form, which in particular applies to any NLMMD space pX , d,m, E ,Fq satisfying JpΦq for
some regular scale function Φ on pX , dq.

Lemma 2.42. Let pX ,m, E ,Fq be a regular Dirichlet space satisfying (2.90) for any u P F
for some symmetric Borel measurable function j : X 2

od Ñ p0,8q. Then pX ,m, E ,Fq is
irreducible.

Proof. Let A P BpX q be E-invariant. Then for any u, v P F , by [FOT, Theorem 1.6.1],
we have 1Au,1Av,1X zAu,1X zAv P F and

0 “ Ep1Au,1X zAvq ` Ep1X zAu,1Avq. (2.99)

Let K1 Ă A and K2 Ă X zA be arbitrary compact subsets. By the regularity of pE ,Fq

there exist u, v P F X CcpX q such that u, v are r0, 1s-valued, u|K1 ” 1 and v|K2 ” 1. By
using (2.99), we have

0 “

ż

A

ż

B

upxqvpyqjpx, yqmpdyqmpdxq ě

ż

K1

ż

K2

jpx, yqmpdyqmpdxq, (2.100)

which together with the strict positivity of j shows thatmpK1qmpK2q “ 0 for any compact
sets K1, K2 with K1 Ă A and K2 Ă X zA. By the inner regularity of m (see, e.g.,
[Rud, Theorem 2.18]), we conclude mpAqmpX zAq “ 0, which means the irreducibility of
pE ,Fq.
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2.8 Capacity good measures and their corresponding PCAFs

To define a trace process, we need an E-smooth measure and need to identify the support
of the corresponding positive continuous additive functional (PCAF). To this end, in this
subsection, we provide a general sufficient condition for a measure to be E-smooth in the
strict sense and for its support to coincide with the support of the corresponding PCAF
in the strict sense of X. We remark that the former notion of support can be larger by a
non-E-polar set than the latter for a general E-smooth Radon measure in the strict sense;
see [FOT, Example 5.1.2] for such an example, which is originally due to Sturm [Stu92,
Section 9].

The class of measures we consider in this subsection are capacity good measures. The
following definition is a slight variant of [BM18, Definition 4.1] and [BCM, Definition 6.2].

Definition 2.43 (Capacity good measure). Let pX , d,m, E ,Fq be an MMD space that
satisfies Assumption 2.19. Let ν be a Borel measure on X and let F :“ suppX rνs denote
its support. We say that ν is E-capacity good if νpX q ą 0 and there exist C0, A0, A1 P

p1,8q and a regular scale function Φ: F ˆ r0,8q Ñ r0,8q on pF, dq with threshold
MΦ P p0, diampX qs (in the sense of Definition 2.38) such that

C´1
0 Φpx, rq ď

νpBpx, rqq

CapBpx,A0rqpBpx, rqq
ď C0Φpx, rq for all px, rq P F ˆ p0,MΦ{A1q.

(2.101)
By [BCM, Lemmas 5.22 and 5.23], by changing C0, A1 P p1,8q if necessary, we may
assume that A0 “ 2 in (2.101).

We make the following assumption for the remainder of this subsection.

Assumption 2.44. Let a scale function Ψ, an MMD space pX , d,m, E ,Fq and a diffusion
X “ pΩ,M, tXtutPr0,8s, tPxuxPXB

q on X satisfy Assumption 2.19. Let ν be an E-capacity
good Borel measure on X with support F :“ suppX rνs and with a regular scale function
Φ: F ˆ r0,8q Ñ r0,8q on pF, dq with threshold MΦ P p0, diampX qs as given in Definition
2.43.

If ν is as given in Assumption 2.44, then pF, d, νq satisfies VD by [BCM, Lemma 5.23].
In particular by (2.1), there exist C P p1,8q and β P p0,8q such that

νpBpξ, Rqq

νpBpξ, rqq
ď C

ˆ

R

r

˙β

for all ξ P F and all 0 ă r ď R. (2.102)

The following lemma is an upper bound on the integral of the heat kernel with respect
to an E-capacity good measure ν. This upper bound is later used to show that any E-
capacity good measure is E-smooth in the strict sense (Lemma 2.46) and to identify the
support of the corresponding PCAF in the strict sense as the topological support of ν
(Proposition 2.49).
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Lemma 2.45. Let Ψ, pX , d,m, E ,Fq, ν, F be as in Assumption 2.44. Then there exists
C P p1,8q such that for any pt, xq P p0,8q ˆ X ,

ż

F

ptpx, yq νpdyq ď C
ν pBpξx,Ψ

´1ptqqq

mpBpξx,Ψ´1ptqq
, (2.103)

where ξx P F is any point such that distpx, F q “ dpx, ξxq.

Proof. By HKEpΨq, [GT12, Lemma 3.19] and (2.38), there exist C1 P p1,8q, c2 P p0, 1q

and 0 ă α1 ă α2 ă 8 such that for all x, y P X , we have

ptpx, yq “ ptpy, xq ď
C1

mpBpx,Ψ´1ptqqq
exp

ˆ

´c2min

"ˆ

dpx, yq

Ψ´1ptq

˙α1

,

ˆ

dpx, yq

Ψ´1ptq

˙α2
*˙

.

(2.104)
If ξx P F satisfies distpx, F q “ dpx, ξxq, then

dpξx, yq ď dpx, yq ` dpx, ξxq ď 2dpx, yq for all y P F . (2.105)

By (2.104), (2.105) and (2.1), there exist C2 P p1,8q and c3 P p0, 1q such that for all x P X
and all y, ξx P F with distpx, F q “ dpx, ξxq, we have

ptpx, yq ď
C1

mpBpy,Ψ´1ptqqq
exp

ˆ

´c3min

"ˆ

dpξx, yq

Ψ´1ptq

˙α1

,

ˆ

dpξx, yq

Ψ´1ptq

˙α2
*˙

ď
C2

mpBpξx,Ψ´1ptqqq
exp

ˆ

´
c3
2
min

"ˆ

dpξx, yq

Ψ´1ptq

˙α1

,

ˆ

dpξx, yq

Ψ´1ptq

˙α2
*˙

. (2.106)

Now for all pt, xq P p0,8q ˆ X and all ξx P F with distpx, F q “ dpx, ξxq, using (2.106)
and (2.1), we obtain

ż

F

ptpx, yq νpdyq

“

ż

Bpξx,Ψ´1ptqq

ptpx, ¨q dν `

8
ÿ

k“1

ż

Bpξx,2kΨ´1ptqqzBpξx,2k´1Ψ´1ptqq

ptpx, ¨q dν

(2.106)

À
νpBpx,Ψ´1ptqqq

mpBpξx,Ψ´1ptqq
`

8
ÿ

k“1

νpBpξx, 2
kΨ´1ptqqq

mpBpξx,Ψ´1ptqq
expp´c2α1kq

À
νpBpξx,Ψ

´1ptqqq

mpBpξx,Ψ´1ptqq
`

8
ÿ

k“1

νpBpξx, 2
kΨ´1ptqqq

mpBpξx,Ψ´1ptqq
expp´c2α1kq

À
νpBpξx,Ψ

´1ptqqq

mpBpξx,Ψ´1ptqq

«

1 `

8
ÿ

k“1

2kβ expp´c2α3kq

ff

(by (2.102)) (2.107)

À
νpBpξx,Ψ

´1ptqqq

mpBpξx,Ψ´1ptqq
.

Next, we show that ν is an E-smooth measure in the strict sense as defined in [FOT,
p. 238].
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Lemma 2.46. Let Ψ, pX , d,m, E ,Fq, ν, F be as in Assumption 2.44. Then ν is E-smooth
in the strict sense.

Proof. Let Φ,MΦ, A1 be as in Assumption 2.44 and Definition 2.43. By [GHL15, Theorem
1.2] and [BCM, Lemmas 5.22 and 5.23], there exists C0 P p1,8q such that

C´1mpBpx, rqq

Ψprq
ď CapBpx,2rqpBpx, rqq ď C

mpBpx, rqq

Ψprq
for all x P X and all r P p0,8q.

(2.108)

For ξ P F and r P p0,MΦ{A1q, we consider the measure νξ,rp¨q :“ νp¨ X Bpξ, rqq. By
the same argument as for (2.104) there exist C1 P p1,8q, c2 P p0, 1q and 0 ă α1 ă α2 ă 8

such that for all x, y, z P X with dpx, yq ď dpx, zq, we have

ptpx, zq ď
C1

mpBpy,Ψ´1ptqqq
exp

ˆ

´c1min

"ˆ

dpx, yq

Ψ´1ptq

˙α1

,

ˆ

dpx, yq

Ψ´1ptq

˙α2
*˙

. (2.109)

Note that for any x P X zBpξ, 2rq and z P Bpξ, rq, we have dpx, zq ě dpξ, zq. Hence by
(2.109) and the same argument as (2.107), we obtain

ż

F

pspx, ¨q dνξ,r À
νpBpξ,Ψ´1psqqq

mpBpξ,Ψ´1psqq
for all x P X zBpξ, 2rq. (2.110)

If x P Bpξ, 2rq, then by Lemma 2.45,

ż

F

pspx, yqνξ,rpdyq ď

ż

F

pspx, yqνpdyq À
νpBpξx,Ψ

´1psqqq

mpBpξx,Ψ´1psqq
, (2.111)

where ξx P Bpξ, 3rq X F satisfies distpx, F q “ dpx, ξxq. For all η P F using the doubling
property of m and ν, we have

ż 1

0

e´sνpBpη,Ψ´1psqqq

mpBpη,Ψ´1psqq
ds “

8
ÿ

k“0

ż 2´k`1

2´k

e´sνpBpη,Ψ´1psqqq

mpBpη,Ψ´1psqq
ds

—

8
ÿ

k“0

νpBpη,Ψ´1p2´kqqq

mpBpη,Ψ´1p2´kqq
2´k

—

8
ÿ

k“0

Φpη,Ψ´1
p2´k

qq (by (2.101) and (2.108))

— Φpη,Ψ´1
p1qq (by (2.88) and [GT12, Lemma 3.19]),

(2.112)

and
ż 8

1

e´sνpBpη,Ψ´1psqqq

mpBpη,Ψ´1psqq
ds “

8
ÿ

k“1

ż 2k

2k´1

e´sνpBpη,Ψ´1psqqq

mpBpη,Ψ´1psqq
ds

À

8
ÿ

k“1

νpBpη,Ψ´1p2kqqq

mpBpη,Ψ´1p2kqq
2ke´2k´1
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—

8
ÿ

k“0

Φpη,Ψ´1
p2kqqe´2k´1

(by (2.108) and (2.101))

(2.88)

À

8
ÿ

k“0

Φpη,Ψ´1
p1qq2kβ2e´2k´1

À Φpη,Ψ´1
p1qq. (2.113)

Combining (2.110), (2.111), (2.112), (2.113) and using (2.88), we obtain

ż

F

ż 8

0

e´tptpx, yq dt νξ,rpdyq À sup
ηPFXBpξ,3rq

Φpη,Ψ´1
p1qq À Φpξ, rq (2.114)

for all x P X . Since νξ,r is a finite measure such that the corresponding 1-potential
x ÞÑ

ş

F

ş8

0
e´tptpx, yq dt νξ,rpdyq is bounded, we conclude from [FOT, Exercise 4.2.2] that

νξ,r is of finite energy integral for all ξ P F and all r P p0,MΦ{A1q. By covering the set
Bpξ, Rq X F with finitely many balls centered at F and of radii less than MΦ{A1, we
conclude that νξ,Rp¨q “ νp¨ XBpξ, Rqq is a finite measure of finite energy integral and that
the corresponding 1-potential x ÞÑ

ş

F

ş8

0
e´tptpx, yq dt νξ,Rpdyq is bounded for all ξ P F

and all R P p0,8q. Therefore ν is E-smooth in the strict sense.

We record another upper bound on an integral of heat kernel with respect to ν similar
to Lemma 2.45.

Lemma 2.47. Let Ψ, pX , d,m, E ,Fq, ν, F,Φ,MΦ be as in Assumption 2.44. Then there
exist C P p1,8q and A P p4,8q such that for all pξ, rq P F ˆp0,MΦ{Aq and all x P Bpξ, rq,

ż

FXBpξ,rq

ż 8

0

p
Bpξ,rq

t px, yq dt νpdyq ď CΦpξ, rq, (2.115)

where pBpξ,rq “ p
Bpξ,rq

t px, yq : p0,8q ˆ Bpξ, rq ˆ Bpξ, rq Ñ r0,8q denotes the continuous
heat kernel of

`

Bpξ, rq,m|Bpξ,rq, EBpξ,rq,F0pBpξ, rqq
˘

as given in Proposition 2.18-(d).

Proof. By Fubini’s theorem and Lemma 2.45, there exists A1 P p1,8q such that for all
pξ, rq P F ˆ p0,MΦ{A1q and all x P Bpξ, rq we have

ż

FXBpξ,rq

ż Ψprq

0

p
Bpξ,rq

t px, yq dt νpdyq

ď

ż

F

ż Ψprq

0

ptpx, yq dt νpdyq (since pBpξ,rqp¨, ¨q ď pp¨, ¨q)

À

ż Ψprq

0

ν
`

Bpξx,Ψ
´1ptqq

˘

m
`

Bpξx,Ψ´1ptq
˘ dt “

8
ÿ

k“0

ż Ψp2´pk´1qrq

Ψp2´krq

ν
`

Bpξx,Ψ
´1ptqq

˘

m
`

Bpξx,Ψ´1ptq
˘ dt (by (2.103))

À

8
ÿ

k“0

νpBpξx, 2
´krqq

mpBpξx, 2´krqq
Ψp2´krq

(2.101),(2.108)
—

8
ÿ

k“0

Φpξx, 2
´krq

(2.88)
— Φpξx, rq

(2.88)
— Φpξ, rq,

(2.116)

where ξx P F is chosen as in Lemma 2.45.
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By [HS, Proof of Theorem 2.5], there exist C1, A1 P p1,8q such that for all px, rq P

X ˆ p0, diampX q{A1q, the first Dirichlet eigenvalue

λ0pBpx, rqq :“ inf

"

Epf, fq
ş

Bpx,rq
f 2 dm

ˇ

ˇ

ˇ

ˇ

f P F0
pBpx, rqq

*

satisfies
C´1

1

Ψprq
ď λ0pBpx, rqq ď

C1

Ψprq
. (2.117)

Hence by [HS, Proof of Lemma 3.9-(3)] and (2.117), there exist C2, A1 P p1,8q and
c1 P p0,8q such that for all px, rq P X ˆ p0, diampX q{A1q, all y, z P Bpx, rq and all
t P rΨprq,8q, we have

p
Bpx,rq

t py, zq ď
C2

mpBpx, rqq
exp

ˆ

´
c1t

Ψprq

˙

. (2.118)

Therefore for all pξ, rq P F ˆ p0,MΦ{A1q and all x P Bpξ, rq we have
ż

FXBpξ,rq

ż 8

Ψprq

p
Bpξ,rq

t px, yq dt νpdyq

ď

ż

FXBpξ,rq

ż 8

Ψprq

C2

mpBpξ, rq
exp

ˆ

´
c1t

Ψprq

˙

dt νpdyq (by (2.118))

À

ż

FXBpξ,rq

Ψprq

mpBpξ, rq
νpdyq —

νpBpξ, rqqΨprq

mpBpξ, rq

(5.4)
— Φpξ, rq. (2.119)

By (2.116) and (2.119), we obtain the desired upper bound (2.115).

Since ν is an E-smooth measure in the strict sense as proved in Lemma 2.46, it defines
a PCAF in the strict sense due to the Revuz correspondence by [CF, Theorem 4.1.11] or
[FOT, Theorem 5.1.7].

Definition 2.48. Let pX , d,m, E ,Fq, X, ν be as in Assumption 2.44. We let Apνq “

tA
pνq

t utPr0,8q denote a positive continuous additive functional (PCAF) in the strict sense

of X whose Revuz measure is ν, with a defining set Λ P F0 such that A
pνq

t pωq “ 0 for any
pt, ωq P r0,8q ˆ pΩzΛq and tζ “ 0u Ă Λ; the existence of such Apνq follows from Lemma
2.46 and [FOT, Theorem 5.1.7].

The state space of the time-changed process qX of X by the PCAF Apνq is the support
of Apνq (recall (2.65), (2.66) and (2.67)). We now identify the support of Apνq as F in the
following proposition.

Proposition 2.49. Let pX , d,m, E ,Fq, X, ν, F be as in Assumption 2.44. Then the sup-
port of the PCAF Apνq is F , i.e.,

F “
␣

x P X
ˇ

ˇ Px

`

A
pνq

t ą 0 for any t P p0,8q
˘

“ 1
(

. (2.120)

In particular, the topological support F of ν is an E-quasi-support of ν.
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Remark 2.50. In the proofs of Propositions 2.49 and 2.51 given below we will use some
basic properties of the Green functions of pE ,Fq from Proposition 3.1 and Lemma 3.3;
we are indeed allowed to do so, because the proofs of the latter results are independent
of the former ones and their proofs below.

Proof of Proposition 2.49. Set

R :“ inftt P p0,8q | A
pνq

t ą 0u, Spνq :“ tx P X | PxpR “ 0q “ 1u.

First we show that
PxpR ě σF q “ 1 for all x P X zF . (2.121)

Indeed, for all x P X zF , we see from (2.64) with D “ X zF and f “ 1X zF and νpX zF q “ 0

that Ex

“

A
pνq
τX zF

‰

“ 0, therefore Px

`

A
pνq
τX zF “ 0

˘

“ 1 and we thus obtain (2.121). By the
sample-path right-continuity of X, PxpτX zF ą 0q “ 1 for all x P X zF , and hence by
(2.121) we conclude

F Ą
␣

x P X
ˇ

ˇ Px

`

A
pνq

t ą 0 for any t P p0,8q
˘

“ 1
(

. (2.122)

Note that by [CF, (A.3.12) in Proposition A.3.6], we have

PxpR “ σSpνqq “ 1 for any x P X . (2.123)

Therefore in order to obtain (2.120), by (2.122) and (2.123) it suffices to prove that

PxpσSpνq “ 0q “ 1 for any x P F . (2.124)

We adapt [BCM, Proof of Proposition 6.16] to obtain (2.124). Let Φ,MΦ be as in
Assumption 2.44. We collect a few preliminary estimates on the Green functions. By
Lemma 2.47, there exist C1, A1 P p1,8q such that for all pξ, rq P F ˆ p0,MΦ{A1q,

ż

Bpξ,rq

gBpξ,rqpy, zq νpdzq ď C1Φpξ, rq for all y P Bpξ, rq. (2.125)

By increasing A1 if necessary and by [BCM, Lemmas 5.10, 5.22 and 5.23], there exist
C2, A0 P p1,8q such that for all x P X and all r P p0, diampX q{A1q, we have

C´1
2 CapBpx,2rqpBpx, rqq

´1
ď gBpx,rqpx,A

´1
0 rq ď C2CapBpx,2rqpBpx, rqq

´1. (2.126)

We also recall the following inequality for capacity ([FOT, p. 441, Solution to Exercise
2.2.2]; see also [FOT, the 0-order version of Exercise 4.2.2] and [BCM, Proof of Proposition
5.21]): for any pξ, rq P F ˆ p0,MΦ{A1q, any K P BpBpξ, rqq and any Borel measure µ on
Bpξ, rq with µpBpξ, rqq ă 8 and

ş

Bpξ,rq
gBpξ,rqp¨, zqµpdzq ď 1 E-q.e. on Bpξ, rq,

CapBpξ,rqpKq ě µpKq, (2.127)

which is applicable to the measure µ :“ pC1Φpξ, rqq´1ν|Bpξ,rq by (2.125) and yields

CapBpξ,rqpKq ě C´1
1

νpKq

Φpξ, rq
. (2.128)
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Next we show that
PxpσXBztxu “ 0q “ 1 for all x P X . (2.129)

Indeed, for any x P X and any t P p0,8q, since pX , d,mq satisfies RVD by VD, Proposition
2.18-(a) and Lemma 2.4, we have mptxuq “ 0, hence PxpXt “ xq “ 0 by AC of X from
Assumption 2.19, thus PxpσXBztxu ď tq “ 1, and letting t Ó 0 yields (2.129).

Now fix any ξ P F , and let t, ε P p0,8q be arbitrary. By (2.129), we have

PξpT ă tq ą 1 ´ ε, where T “ τBpξ,rq, (2.130)

for some r “ rpξ, t, εq P p0,8q. By decreasing r “ rpξ, t, εq if necessary, we may assume
that r P p0,MΦ{A1q, where A1 P p1,8q is as above. Fixing r “ rpξ, t, εq as above, we
define

K :“ Bpξ, A´1
0 rq X Spνq.

We show that there exists a constant c0 P p0, 1q that depends only on the constants
involved in the assumption such that

PξpσK ă T q ě c0. (2.131)

Let e denote the equilibrium measure for K such that epKq “ CapBpKq, where B :“
Bpξ, rq. To prove (2.131), we observe that

PzpσK ă τBq “

ż

K

gBpz, yq epdyq for all z P B. (2.132)

To see (2.132), we use [FOT, Theorem 4.3.3 and the 0-order version of Exercise 4.2.2]
to conclude that both sides of (2.132) are E-quasi-continuous versions of the 0-order
equilibrium potential for K with respect to the part Dirichlet form pEB,F0pBqq on B.
Since both sides of (2.132) are XB-excessive by [CF, Lemma A.2.4-(ii)] and Lemma 3.3,
respectively, we obtain (2.132) by AC of XB from Proposition 2.18-(d) and [CF, Theorem
A.2.17-(iii)]. Then by (2.132) and the maximum principle (3.2),

PξpσK ă T q “

ż

K

gBpξ, yq epdyq ě gBpξ, A´1
0 rqCapBpKq. (2.133)

Recalling that Spνq is an E-quasi-support of the Revuz measure ν of Apνq by [FOT,
Theorem 5.1.5] or [CF, Theorem 5.2.1-(i)], we have νpX zSpνqq “ 0 and hence

νpKq “ ν
`

Bpξ, A´1
0 rq

˘

. (2.134)

Now (2.131) follows by estimating PξpσK ă T q as

PξpσK ă T q
(2.133)

ě gBpξ, A´1
0 rqCapBpKq

(2.128),(2.134)

ě C´1
1

gBpξ, A´1
0 rqν

`

Bpξ, A´1
0 rq

˘

Φpξ, rq

(2.126)

ě pC1C2q
´1 ν

`

Bpξ, A´1
0 rq

˘

CapBpξ,2rqpBpξ, rqqΦpξ, rq

(2.101)

Á
ν
`

Bpξ, A´1
0 rq

˘

νpBpξ, rqq

(2.102)

Á 1.
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Then by choosing ε “ 1
2
c0 and using tσK ă T u Ă tσSpνq ď tu Y tT ě tu, we obtain

PξpσSpνq ď tq ě PξpσK ă T q ´ PξpT ě tq
(2.130),(2.131)

ą c0 ´ ε “ 1
2
c0,

hence PξpσSpνq “ 0q ą 1
2
c0 ą 0 since t P p0,8q is arbitrary, and thus PξpσSpνq “ 0q “ 1 by

the Blumenthal 0-1 law [CF, Lemma A.2.5], proving (2.124) and thereby (2.120).

Lastly by (2.120) and [FOT, Theorem 5.1.5], F is an E-quasi-support of ν.

It turns out that the time-changed process qX of X by the PCAF Apνq is a Hunt process
on F and satisfies AC with respect to ν and the occupation density formula in (2.136)

below. The latter formula means that the Green function of qX is the same as that of the
diffusion X, and we will use it in the proof of the exit time lower estimate EpΦqě for the
boundary trace process (Proposition 5.12). Note that the relative topology of FB “ FYtBu

inherited from XB coincides with its topology as the one-point compactification of F .

Proposition 2.51. Let pX , d,m, E ,Fq, X, ν, F be as in Assumption 2.44, and let qX “
`

qΩ, qM, t qXtutPr0,8s, tPxuxPFB

˘

be the time-changed process of X by the PCAF Apνq defined

by (2.66) with Apνq “ tA
pνq

t utPr0,8q in place of A “ tAtutPr0,8q. Then the following hold:

(a) The subset qΩ0 of qΩ defined by

qΩ0 :“ qΩ X

´

␣

qζ P t0,8u
(

Y

!

lim
sÑ8

Xs “ B

)¯

(2.135)

satisfies qΩ0 P F0, PxpqΩ0q “ 1 for any x P XB and qθtpqΩ0q Ă qΩ0 for any t P r0,8s, and

the time-changed process qX with qΩ in (2.66) replaced by qΩ0 is a ν-symmetric Hunt

process on F with life time qζ and shift operators
␣

qθt
(

tPr0,8s
whose Dirichlet form is

the regular symmetric Dirichlet form pqE , qFq on L2pF, νq defined by (2.74) and (2.75).

Moreover, qX satisfies AC, i.e., Pxp qXt P dyq ! νpdyq for any pt, xq P p0,8q ˆ F .

(b) Let B be a closed subset of F such that the part Dirichlet form pEX zB,F0pX zBqq of
pE ,Fq on X zB is transient. Then for any x P X zB and any B˚pF zBq-measurable

function f : F zB Ñ r0,8s,
ş

qτF zB

0
fp qXsq ds is F8-measurable and

Ex

„
ż

qτF zB

0

fp qXsq ds

ȷ

“

ż

F zB

gX zBpx, yqfpyq νpdyq, (2.136)

where qτF zB :“ inf
␣

t P r0,8q
ˇ

ˇ qXt R F zB
(

and gX zBpx, yq :“
ş8

0
p
X zB
t px, yq dt for

the continuous heat kernel pX zB “ p
X zB
t px, yq : p0,8q ˆ pX zBq ˆ pX zBq Ñ r0,8q of

`

X zB,m|X zB, EX zB,F0pX zBq
˘

as given in Proposition 2.18-(d).

Remark 2.52. A weaker version of (2.136) with every x replaced with E-quasi-every
x can be obtained by following [FOT, Proof of Lemma 6.2.2] (see in particular [FOT,
(6.2.10) and (6.2.11)]).
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Proof of Proposition 2.51. (b) Note that qτF zB is an qF˚-stopping time by [CF, Proof of
Proposition A.3.8-(vi)] (recall (2.68)). Set D :“ X zB and let pPD

t qtą0 denote the
Markovian transition function of XD. We easily see from (2.67), the sample path
properties (iii) of Apνq, the strong Markov property of X (see, e.g., [CF, Theorem
A.1.21]), B Ă F and (2.120) that

Px

`

qτF zB “ Apνq
τD

˘

“ 1 for any x P X . (2.137)

Let x P D, let u : F zB Ñ r0,8s be Borel measurable, and extend u to X by setting

u|X zpF zBq :“ 0. Then since
“

0, A
pνq
τD

˘

“ ts P r0,8q | τs ă τDu on Ω, we obtain

Ex

„
ż

qτF zB

0

up qXsq ds

ȷ

“ Ex

„
ż A

pνq
τD

0

upXτsq ds

ȷ

(by (2.137))

“ Ex

„
ż 8

0

1r0,τDqpτsqupXτsq ds

ȷ

“ Ex

„
ż τD

0

upXsq dA
pνq
s

ȷ

(by [CF, Lemma A.3.7-(i)])

“

ż 8

0

ż

F zB

pDs px, yqupyq νpdyq ds (by (2.64) and νpX zF q “ 0)

“

ż

F zB

ˆ
ż 8

0

pDs px, yq ds

˙

upyq νpdyq “

ż

F zB

gDpx, yqupyq νpdyq.

(2.138)

Now let f : F zB Ñ r0,8s be B˚pF zBq-measurable. Then
ş

qτF zB

0
fp qXsq ds is F8-

measurable by [BlGe, Chapter 0, Exercise 3.3] and Fubini’s theorem (see also [CF,
Proof of Theorem A.1.22]), and there exist Borel measurable functions f1, f2 : F zB Ñ

r0,8s such that f1 ď f ď f2 on F zB and f1 “ f2 ν-a.e. on F zB. It follows from

(2.138) for u “ 1tyPF zB|f1pyqăf2pyqu and Fubini’s theorem that f1p qXsq “ f2p qXsq “ fp qXsq

for a.e. s P r0, qτF zBq Px-a.s. and hence that
ş

qτF zB

0
fp qXsq ds “

ş

qτF zB

0
f1p qXsq ds Px-a.s.,

which, together with (2.138) for u “ f1 and f1 “ f ν-a.e. on F zB, shows (2.136).

(a) We first prove that for any t P r0,8q and any A P BpF q,

the function F Q x ÞÑ Pxp qXt P Aq is Borel measurable, (2.139)

which for t “ 0 is immediate from (2.120). If txu is E-polar for any x P F , then txu

is also qE-polar for any x P F by [CF, Theorem 5.2.6] and (2.120), hence any function

defined qE-q.e. on F and qE-quasi-continuous on F is an R-valued Borel measurable
function on F , and (2.139) holds since the function in (2.139) is qE-quasi-continuous
on F for any t P p0,8q and any A P BpF q with νpAq ă 8 by [FOT, Theorem
6.2.1-(iv)] or the conjunction of [CF, Theorem 5.2.7] and (2.120).

Thus we may and do assume that tx0u is E-polar for some x0 P F . Note that then
X ztx0u is connected. Indeed, if X ztx0u were not connected, then it would easily follow
from [FOT, Exercise 1.4.1, Theorems 1.4.2-(ii) and 1.6.1] and the regularity and strong

61



locality of pX ztx0u,m|X ztx0u, EX ztx0u,F0pX ztx0uqq that this Dirichlet space would not
be irreducible. This would contradict the fact that pEX ztx0u,F0pX ztx0uqq coincides
with pE ,Fq as symmetric Dirichlet forms on L2pX ,mq by (2.20) and Cap1ptx0uq “ 0
and is hence irreducible by the irreducibility of pX ,m, E ,Fq from Proposition 2.18-(a).

To show (2.139), let x1 P F ztx0u and, recalling that X is locally pathwise connected
by Proposition 2.18-(a), let D1 be a pathwise connected open neighborhood of x1 in
X with x0 R D1. Then noting that νpF X Bpx0, rqq “ νpBpx0, rqq P p0,8q for any
r P p0,8q by (2.102) and x0 P F “ suppX rνs and that limrÓ0 νpBpx0, rqq “ νptx0uq “ 0
by Cap1ptx0uq “ 0 and Lemma 2.46, we can choose x2 P F zpD1 Y tx0uq, and see from
X ztx0u being connected and locally pathwise connected that D1 Y tx2u Ă D for some
pathwise connected open subset D of X with x0 R D.

Let r P p0,8q satisfy Bpx0, rq X D “ H, set B :“ Br :“ F X Bpx0, rq, and let qτF zB

be as in (b). We claim that for any t P r0,8q and any A P BpDq,

the function X zB Q x ÞÑ Pxp qXt P A, t ă qτF zBq is Borel measurable. (2.140)

To see (2.140), for each α P r0,8q and each B˚pX q-measurable function f : X Ñ

r0,8s, noting that
ş

qτF zB

0
e´αsfp qXsq ds is F8-measurable by [BlGe, Chapter 0, Exercise

3.3] and Fubini’s theorem, define qR
F zB
α f : X Ñ r0,8s by

qRF zB
α fpxq :“ Ex

„
ż

qτF zB

0

e´αsfp qXsq ds

ȷ

, (2.141)

so that qR
F zB
α f is B˚pX q-measurable by [CF, Exercise A.1.20-(i)]. Then for any B˚pX q-

measurable function f : X Ñ r0,8s, any α, β P r0,8q with α ă β and any x P X , we
easily see from (2.141) that

qRF zB
α fpxq “ 0 if and only if qR

F zB
β fpxq “ 0, (2.142)

and from the strong Markov property of X (see, e.g., [CF, Theorem A.1.21]) and
Fubini’s theorem that

qRF zB
α fpxq “ qR

F zB
β fpxq ` pβ ´ αq qRF zB

α p qR
F zB
β fqpxq. (2.143)

Choose δ P p0, dpx1, x2q{2q so that Bpx1, δq YBpx2, δq Ă D, and define fB : X Ñ r0, 1s

by fB :“ minjPt1,2u
qR
F zB
1 p1Bpxj ,δqq. Note that Cap1pBq ą 0 by νpBq ą 0 and Lemma

2.46 and thus that pX zB,m|X zB, EX zB,F0pX zBqq is transient by the irreducibility of
pX ,m, E ,Fq from Proposition 2.18-(a) and [BCM, Proposition 2.1]. Therefore for any
x P X zB, by (2.143), (2.136) from (b), Bpx1, δq Y Bpx2, δq Ă D Ă X zB, (2.102) and
the finiteness and continuity of gX zB|pX zBq2od

from Lemma 3.3 we have

qR
F zB
0 fBpxq ď min

jPt1,2u

qR
F zB
0 p1Bpxj ,δqqpxq “ min

jPt1,2u

ż

FXBpxj ,δq

gX zBpx, yq νpdyq ă 8,

(2.144)
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and hence by (2.143) and (2.136) from (b), for any α P p0,8q, any B˚pX q-measurable
function f : X Ñ r0,8s and any n P N,

qRF zB
α pf ^ pnfBqqpxq “ qR

F zB
0 pf ^ pnfBqqpxq ´ α qR

F zB
0

`

qRF zB
α pf ^ pnfBqq

˘

pxq

“

ż

F zB

gX zBpx, yqpf ^ pnfBqqpyq νpdyq ´ α

ż

F zB

gX zBpx, yq qRF zB
α pf ^ pnfBqqpyq νpdyq,

which, as well as its limit qR
F zB
α pf1tyPX |fBpyqą0uqpxq as n Ñ 8, is Borel measurable

in x P X zB by the Borel measurability of gX zB and Fubini’s theorem. Moreover,
since D is a connected open subset of X zB, gX zB|DˆD is p0,8s-valued by Proposition
2.18-(d), and we obtain fBpxq ą 0 for any x P D by combining the strict positivity of
gX zB|DˆD with the equality in (2.144), Bpx1, δqYBpx2, δq Ă D, x1, x2 P F “ suppX rνs

and (2.142). Thus for each r0,8q-valued f P CcpX q with suppX rf s Ă D, p qR
F zB
α fq|X zB

is Borel measurable for any α P p0,8q, and the right-hand side of (2.141) with the
function e´αp¨q replaced by any r0,8q-valued φ P C0pr0,8qq is also Borel measurable in
x P X zB by the Stone–Weierstrass theorem (see, e.g., [Con, Corollary V.8.3]) applied
to the subalgebra of C0pr0,8qq generated by te´αp¨q | α P p0,8qu. The same holds also
when e´αp¨q in (2.141) is replaced by ε´11pt,t`εq for any t, ε P r0,8q with ε ą 0, and

letting ε Ó 0 shows the Borel measurability of X zB Q x ÞÑ Ex

“

fp qXtq1ttăqτF zBu

‰

by the

sample-path right-continuity of tfp qXsq1tsăqτF zBuusPr0,8q and dominated convergence,
whence (2.140) follows since f P CcpX q with suppX rf s Ă D is arbitrary.

Now (2.139) follows from (2.140). Indeed, with r as above, set τn :“ τX zBr{n
and qτn :“

qτF zBr{n
for each n P N, τ :“ supnPN τn and qτ :“ supnPN qτn, so that tτnunPN is a non-

decreasing sequence of F˚-stopping times and tqτnunPN is a non-decreasing sequence of
qF˚-stopping times. Then by the sample-path right-continuity of X, qX, for any n P N
we have Xτn P Br{nYtBu on Ω, Xτ

qτn
“ qX

qτn P Br{nYtBu on qΩ, hence τn ď τ
qτn on qΩ and

τ ď τ
qτ on qΩ. Now let x P X ztx0u. Since Pxp 9σtx0u “ 8q “ 1 by [FOT, Theorems 4.2.4

and 4.1.2] (or [CF, Theorem A.2.17-(i),(ii)]), AC of X, Cap1ptx0uq “ 0 and (2.17), the
quasi-left-continuity on p0, ζq of X as in [CF, Definition A.1.23 and Theorem A.1.24]
(or the sample-path continuity (2.19) of X along with AC of X) yields Pxpτ ě ζq “ 1.

Thus, recalling (2.67), we have 1 “ Pxpτ ě ζq ď Pxpτ
qτ ě ζq ď Pxpqτ ě A

pνq
8 “ qζq ď 1,

and therefore for any t P r0,8q and any A P BpDq,

lim
nÑ8

Pxp qXt P A, t ă qτF zBr{n
q “ Pxp qXt P A, t ă qζq “ Pxp qXt P Aq, (2.145)

so that X Q x ÞÑ Pxp qXt P Aq is Borel measurable by (2.140), which proves (2.139) since

Pxp qXt “ x0q “ 0 for any x P X ztx0u by Pxp 9σtx0u “ 8q “ 1 and F ztx0u Ă
Ť

kPNDk for
some sequence tDkukPN of pathwise connected open subsets of X with x0 R

Ť

kPNDk.

We next prove the stated properties of qΩ0. It is clear that qθtpqΩ0q Ă qΩ0 for any

t P r0,8s, and qΩ0 P F8 by Λ P F0, (2.66), (2.67), (2.135) and the sample-path right-
continuity ofX. Since pX ,m, E ,Fq is irreducible by Proposition 2.18-(a), pX ,m, E ,Fq

is either transient or recurrent by [CF, Proposition 2.1.3-(iii)] or [FOT, Lemma 1.6.4-
(iii)]. If pX ,m, E ,Fq is transient, then PxplimsÑ8 Xs “ Bq “ 1 for any x P XB by [CF,
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Theorem 3.5.2] combined with AC and the conservativeness of X from Proposition
2.18-(c). Otherwise pX ,m, E ,Fq is irreducible and recurrent, so the function X Q x ÞÑ

1 ´ Ex

“

e´A
pνq
8

‰

, which is X-excessive as noted in [Kaj12, Proof of Proposition 3.5], is
constant on X by [CF, Lemma 3.5.5-(ii) and Theorem A.2.17-(i),(iii)] and AC of X.

Its constant value is actually 1 and thus Pxpqζ “ A
pνq
8 “ 8q “ 1 for any x P X ; indeed,

since 1X P Fe and Ep1X ,1X q “ 0 by the recurrence of pX ,m, E ,Fq, we have 1F P qFe

and qEp1F ,1F q “ 0 by (2.76) and (2.72), namely the Dirichlet form pqE , qFq of qX on
L2pF, νq is recurrent, and hence conservative by [CF, Proposition 2.1.10] or [FOT,

Lemma 1.6.5], so that Pxpqζ “ A
pνq
8 “ 8q “ limtÑ8 Pxpt ă qζq “ 1 and Ex

“

e´A
pνq
8

‰

“ 0
for ν-a.e. x P F and in particular for some x P F by νpF q ą 0. By these observations,

PBpqζ “ 0q “ 1 and (2.67) we obtain PxpqΩ0q “ 1 for any x P XB and thus qΩ0 P F0.

For any pt, ωq P p0,8q ˆ qΩ0, the left limit qXt´pωq :“ limsÒt
qXspωq in FB exists; indeed,

setting τt´pωq :“ limsÒt τspωq and recalling (2.66) and (2.135), we have limsÒt
qXspωq “

Xτt´pωq´pωq P FB if either t “ qζpωq and τt´pωq ă 8 or t ă qζpωq, limsÒt
qXspωq “

limsÑ8 Xspωq “ B if t “ qζpωq and τt´pωq “ 8, and limsÒt
qXspωq “ B if t ą qζpωq.

To see the quasi-left-continuity on p0,8q of qX, recalling (2.68), let tσnunPN be a non-

decreasing sequence of qF˚-stopping times, set σ :“ limnÑ8 σn, and let µ be a finite
Borel measure on XB. Then tτσnunPN is a non-decreasing sequence of F˚-stopping
times by [CF, Proposition A.3.8-(v)] and, setting τ :“ limnÑ8 τσn , we see from the
quasi-left-continuity on p0,8q (or the sample-path continuity (2.19) and AC) of X
that

Pµ

´

lim
nÑ8

qXσn “ Xτ P FB, τ ă 8

¯

“ Pµpτ ă 8q. (2.146)

On the other hand, by [CF, Lemma A.3.7-(ii)] and A
pνq

ζ “ A
pνq
8 “ qζ we have

Apνq
τ “ lim

nÑ8
Apνq

τσn
“ lim

nÑ8
σn “ σ on tσ ď qζu, (2.147)

tσ ă qζu Ă tτ ă ζu “ tXτ P X u Ă
č

nPN

tσn ă qζu Ă tσ ď qζu, (2.148)

and it further follows from (2.146), (2.120), the strong Markov property of X at time
τ (see, e.g., [CF, Theorem A.1.21]) and the sample path properties (iii) of Apνq that
Pµ

`

τ
A

pνq
τ

“ τ ă ζ
˘

“ Pµpτ ă ζq, which together with (2.148) and (2.147) yields

Pµpτσ “ τ ă ζq “ Pµpτ ă ζq. (2.149)

By the first inclusion in (2.148), we also obtain

tτ ě ζu Ă tσ ě qζu and hence Xτ “ B “ qXσ on tτ ě ζu. (2.150)

Combining (2.146), (2.149) and (2.150), we conclude that

Pµ

´

lim
nÑ8

qXσn “ qXσ, τ ă 8

¯

“ Pµpτ ă 8q. (2.151)
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Moreover, on tσ ă 8 “ τu, which is equal to tqζ ď σ ă 8 “ τu by (2.150), we have

Pµ

´

lim
nÑ8

qXσn “ qXσ, σ ă 8 “ τ
¯

“ Pµpσ ă 8 “ τq; (2.152)

indeed, clearly limnÑ8
qXσn “ B “ qXσ on tσ ą qζu Y tσ “ qζ “ 0u, PµpΩzqΩ0q “ 0, and

on qΩ0 X t0 ă σ “ qζ ă 8 “ τu we have limsÑ8 Xs “ B by (2.135) and qζ P p0,8q

and therefore qXσn “ Xτσn

nÑ8
ÝÝÝÑ B “ qXσ by limnÑ8 τσn “ τ “ 8 and σ “ qζ. Now

(2.151) and (2.152) together imply (2.151) with σ in place of τ , i.e., that qX is quasi-

left-continuous on p0,8q with respect to qF˚. Thus qX with qΩ replaced by qΩ0 is a Hunt

process on F , and the other stated properties of qX except AC have been already
noted in the paragraphs of (2.66) and (2.76).

Lastly, to see AC of qX, we first apply the same argument as (2.138) above to show

the absolute continuity of the Markovian resolvent kernel of qX. Let x P F , α P p0,8q,
and let B P BpF q satisfy νpBq “ 0. Then

Ex

„
ż 8

0

e´αs1Bp qXsq ds

ȷ

“ Ex

„
ż 8

0

e´αs1BpXτsq ds

ȷ

“ Ex

„
ż 8

0

e´αA
pνq
s 1BpXsq dA

pνq
s

ȷ

(by [CF, Lemma A.3.7-(i)])

ď Ex

„
ż 8

0

1BpXsq dA
pνq
s

ȷ

“ 0 (by (2.64) with D “ X and νpBq “ 0).

(2.153)

Given (2.153) and the fact that qX is a ν-symmetric Hunt process on F whose Dirichlet

form pqE , qFq on L2pF, νq is regular, we obtain AC of qX from [FOT, Theorem 4.2.4] or
[CF, Proposition 3.1.11].

3 Green function, Martin kernel, and Näım kernel

3.1 Properties of Green function

The elliptic Harnack inequality implies the existence of Green functions as shown in [BCM,
Theorem 4.4], which we recall below.

Proposition 3.1. Let pX , d,m, E ,Fq be an MMD space satisfying EHI, and let X be an
m-symmetric diffusion on X whose Dirichlet form is pE ,Fq. Let D be a non-empty open
subset of X such that the part Dirichlet form pED,F0pDqq on D is transient. Then there
exist a Borel measurable function gD : D ˆ D Ñ r0,8s and a Borel properly exceptional
set N for X such that the following hold:

(i) (Symmetry) gDpx, yq “ gDpy, xq for all px, yq P D ˆ D.

(ii) (Continuity) gD|D2
od

is r0,8q-valued and continuous.
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(iii) (Occupation density formula) For any Borel measurable function f : D Ñ r0,8s,

Ex

„
ż τD

0

fpXsqds

ȷ

“

ż

D

gDpx, yqfpyqmpdyq for every x P DzN . (3.1)

(iv) (Excessiveness) For each y P D, x ÞÑ gDpx, yq is XD|DzN -excessive.

(v) (Harmonicity) For any fixed y P D, the function Dztyu Q x ÞÑ gDpx, yq belongs to
FlocpDztyuq and is E-harmonic on Dztyu, and gDpx, yq “ PxrgDpXD

τV
, yqs for any

open subset V of D with y R V and any x P DzN , where we adopt the convention
that gDpx, BDq “ gDpBD, xq “ 0 for all x P D.

(vi) (Maximum principles) If V is a relatively compact open subset of D and x0 P V ,
then

inf
V ztx0u

gDpx0, ¨q “ inf
BV
gDpx0, ¨q, sup

DzV

gDpx0, ¨q “ sup
BV

gDpx0, ¨q. (3.2)

We call gD the Green function of pE ,Fq on D.

Proof. All parts except (v) follows from [BCM, Theorem 4.4].

The claims that x ÞÑ gDpx, yq belongs to FlocpDztyuq and is harmonic in Dztyu follow
from [BCM, Remark 2.7-(ii), Proposition 2.9-(iii) and Theorem 4.4]. The remaining claims
in (v) are proved in [BCM, Proof of Theorem 4.4].

Definition 3.2. Let pX , d,m, E ,Fq be an MMD space satisfying EHI, andD a non-empty
open subset of X such that the part Dirichlet form pED,F0pDqq on D is transient. For a
Borel measurable function f : D Ñ r0,8s, we define

GDfpxq :“

#

ş

D
gDpx, yqfpyqmpdyq if x P D,

0 if x R D.

By [FOT, Theorem 4.2.6], if f : D Ñ r0,8s is Borel measurable and
ş

D
fGDf dm ă 8,

then GDf is an E-quasi-continuous m-version of the Green operator defined in (2.9) for
the part Dirichlet form pED,F0pDqq on D and GDf P F0pDqe.

We see that the exceptional set N in Proposition 3.1 can be taken to be the empty set
if the diffusion process is defined from every starting point as given in Proposition 2.18.

Lemma 3.3. Let an MMD space pX , d,m, E ,Fq and a diffusion X on X satisfy Assump-
tion 2.19, and let D be a non-empty open subset of X such that the part Dirichlet form
pED,F0pDqq on D is transient. Define gpD : D ˆ D Ñ r0,8s by

gpDpx, yq :“

ż 8

0

pDt px, yq dt, x, y P D, (3.3)

where pDt p¨, ¨q is the continuous heat kernel of pD,m|D, ED,F0pDqq as given in Proposition
2.18-(d), and let gDp¨, ¨q denote the Green function on D from Proposition 3.1, which is
applicable by Remark 2.22. Then, with N as in Proposition 3.1,

gpDpx, yq “ gDpx, yq for all px, yq P pD ˆ DqzNdiag, (3.4)
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and Proposition 3.1-(i),(ii),(iii),(iv),(v),(vi) with gpD,H in place of gD,N hold. Moreover,
if D is connected, then gpDpx, yq P p0,8s for any x, y P D.

Proof. The occupation density formula (3.1) for gpD follows from Fubini’s theorem as

Ex

„
ż τD

0

fpXsqds

ȷ

“

ż 8

0

ż

D

fpyqpDt px, yqfpyqmpdyq dt “

ż

D

fpyqgpDpx, yqfpyqmpdyq.

By the transience of XD, we have

gpDpx, yq ă 8 for m-a.e. x, y P D. (3.5)

By the heat kernel estimate HKEpΨq, the function

px, yq ÞÑ

ż 8

δ

pDt px, yq dt

converges uniformly on compact subsets of D2
od as δ Ó 0. Therefore it suffices to show

that for each δ ą 0 and px0, y0q P D2
od, the function px, yq ÞÑ

ş8

δ
pDt px, yq dt is continuous

at px0, y0q. Indeed, by the parabolic Harnack inequality [BGK12, Theorem 3.1], we can
choose disjoint open neighborhoods B1 and B2 of x0, y0 and constants C1, C2 ą 0 such
that

sup
px,yqPB1ˆB2

pDt px, yq ď C1 inf
px,yqPB1ˆB2

pD
C´1

2 t
px, yq ď C1p

D
C´1

2 t
px1, y1

q for all t ě δ,

where px1, y1q P B1 ˆ B2 is chosen using (3.5) such that gpDpx1, y1q ă 8. Combining the
above estimate with the transience of XD, and the dominated convergence theorem, we
conclude that px, yq ÞÑ

ş8

δ
pDt px, yq dt is continuous at px0, y0q.

The equality (3.4) for px, yq P D2
od follows from the continuity of gpD, gD along with

(3.1) for gpD, gD. The equality gDpx, yq “ ExrgDpXD
τV
, yqs for any x, y P D and any open

subset V of D with y R V follows from Proposition 3.1-(v), the continuity of gpD, gD and
the continuity of V Q z ÞÑ EzrgDpXD

τV
, yqs from Lemma 2.34-(b). The XD-excessiveness of

gpDp¨, yq for y P D follows easily from (3.3) and (2.16) for pD, and then for each y P DzN ,
sincemptyuq “ 0 as observed in the paragraph of (2.129) and gpDp¨, yq|DzN , gDp¨, yq|DzN are
XD|DzN -excessive by Proposition 3.1-(iv) and equal on pDzN qztyu, we have gpDpy, yq “

gDpy, yq by AC of XD and [CF, Theorem A.2.17-(i),(iii)]. Lastly, if D is connected, then
gpD is p0,8s-valued by (3.3) and the last claim in Proposition 2.18-(d).

Due to Lemma 3.3, if an MMD space pX , d,m, E ,Fq and a diffusion X on X satisfy
Assumption 2.19 and D is a non-empty open subset of X such that the part Dirichlet
form pED,F0pDqq on D is transient, we adopt the convention to redefine the gDp¨, ¨q
from Proposition 3.1 to be equal to gpDp¨, ¨q from Lemma 3.3. In particular, gDpx, ¨q is
XD-excessive for all x P D.

In the next lemma, we show that the Green function has Dirichlet boundary condition
in the sense of Definition 2.23.
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Lemma 3.4 (Dirichlet boundary condition of Green function). Let pX , d,m, E ,Fq be
an MMD space satisfying EHI, and D a non-empty open subset of X such that the part
Dirichlet form pED,F0pDqq on D is transient. Then for any y0 P D, the function Dzty0u Q

x ÞÑ gDpx, y0q belongs to F0
locpD,Dz ty0uq and is E-harmonic on Dz ty0u.

Proof. The following argument is a variant of [BM19, Proof of Lemma 4.10].

By [FOT, Theorems 1.5.4-(i) and 4.2.6], there exists a p0,8q-valued function f0 “

fD,0 P L1pD,m|Dq such that
ş

D
f0GDf0 dm ă 8 and GDf0 P F0pDqe. Let us adopt the

convention that f0 is extended to X by setting f0 :“ 0 on X zD, and similarly for GDf
for any Borel measurable function f : D Ñ r0,8s.

Let y0 P D, and let K be any compact subset of X such that y0 R K. Choose ϕ so
that ϕ P F X CcpX q, ϕ is r0, 1s-valued, ϕ “ 1 on K, and y0 R suppX rϕs. For each r ą 0
with Bpy0, 2rq Ă D and r ă distpy0, suppX rϕsq, consider the function

gr :“ ϕmint1{r,GDpfrqu, where fr :“

ˆ
ż

Bpy0,rq

f0 dm

˙´1

1Bpy0,rqf0. (3.6)

Then GDpfrq is an element of F0pDqe E-quasi-continuous on D by [FOT, Corollary 1.5.1
and Theorem 4.2.6], and hence is E-quasi-continuous on X by [CF, Theorem 3.4.9], [FOT,
Theorem 4.4.3] and our convention that gr “ 0 on X zD. Since F0pDqe X L2pX ,mq “

F0pDq, it follows that gr P F0pDq. Also, GDpfrq and gr are continuous on DzBpy0, rq
by the continuity of Green’s function gD on D and dominated convergence. Note that
for any r0 ą 0 such that Bpy0, 2r0q Ă D and r0 ă distpy0, suppX rϕsq, the function
px, yq ÞÑ gDpx, yq stays bounded for x P DzBpy0, 2r0q and y P Bpy0, r0q by the latter
of the maximum principles (3.2) and the joint continuity of gD. Therefore, there exists
δ P p0,8q such that Bpy0, 2δq Ă D, δ ă distpy0, suppX rϕsq and for any r P p0, δq we have

gr “ ϕmint1{r,GDpfrqu “ ϕGDpfrq P F0
pDq X L8

pX ,mq.

Thus for all r, s P p0, δq, by [FOT, Theorem 1.4.2-(ii)] and (2.20) we have ϕ2pGDpfrq ´

GDpfsqq P F0pDq, and hence by [FOT, (1.5.9)]

E
`

GDpfrq ´ GDpfsq, ϕ
2
pGDpfrq ´ GDpfsqq

˘

“

ż

X
pfr ´ fsqϕ

2
pGDpfrq ´ GDpfsqq dm “ 0.

(3.7)

Now, as r Ó 0, gr “ ϕGDpfrq converges pointwise on X to ϕgDp¨, y0q (and uniformly
on any compact subset of Dzty0u) by the joint continuity of gD, and it thus remains to
prove that this convergence takes place also in pF , E1q. The convergence in L2pX ,mq

is clear by dominated convergence because these functions are uniformly bounded and
supported on suppX rϕs. These functions form an E-Cauchy family as r Ó 0 since we can
apply dominated convergence to the right-hand side of the equality

Epgr ´ gs, gr ´ gsq “

ż

suppX rϕs

pGDpfrq ´ GDpfsqq
2dΓpϕ, ϕq,

which is implied by the Leibniz rule [FOT, Lemma 3.2.5] for Γ, (3.7) and the same
calculation as in (2.51). ([FOT, Lemma 3.2.5] is stated only for functions in FXL8pX ,mq,

68



but can be easily verified also for ones in Fe X L8pX ,mq by extending [FOT, Corollary
3.2.1] from u P F to u P Fe on the basis of [FOT, Exercise 1.4.1, Lemma 2.1.4 and Theorem
2.3.3-(i)] and applying it together with [FOT, Exercise 1.4.1] and FeXL2pX ,mq “ F .)

The following Dynkin–Hunt type formula is a basic ingredient in comparing the Green
function on two domains.

Lemma 3.5 (Dynkin–Hunt formula). Let pX , d,m, E ,Fq be an MMD space satisfying
EHI, and let X be an m-symmetric diffusion on X whose Dirichlet form is pE ,Fq. Let
D1 Ă D2 be open subsets of X such that the part Dirichlet form pED2 ,F0pD2qq on D2

is transient. Then there exists a properly exceptional set ND2 for XD2 such that for all
px, yq P pD1q

2
od with x R ND2,

gD2px, yq “ gD1px, yq ` Ex

“

1tXτD1
PD2ugD2pXτD1

, yq
‰

. (3.8)

In addition, if the MMD space pX , d,m, E ,Fq and the diffusion X on X satisfy Assump-
tion 2.19, then (3.8) holds for all px, yq P pD1q

2
od.

Proof. By the occupation density formula (Proposition 3.1-(iii)) and [BCM, Lemma 4.5],
there exists a Borel properly exceptional set ND2 for XD2 such that for all Borel measur-
able function f : D2 Ñ r0,8s and all x P D1zND2 we have

Ex

„
ż τDi

0

fpXsqds

ȷ

“

ż

Di

gDi
px, yqfpyqmpdyq, for i “ 1, 2. (3.9)

Therefore for any such f and x, we have

ż

D2

gD2px, zqfpzqmpdzq

(3.9)
“ Ex

„
ż τD2

0

fpXsq ds

ȷ

“ Ex

„
ż τD1

0

fpXsq ds

ȷ

` Ex

„
ż τD2

τD1

fpXsq ds

ȷ

(3.9)
“

ż

D1

gD1px, zqfpzqmpdzq ` Ex

„

1tXτD1
PD2uEXτD1

„
ż τD2

0

fpXsq ds

ȷȷ

(3.9)
“

ż

D1

gD1px, zqfpzqmpdzq `

ż

D2

Ex

“

1tXτD1
PD2ugD2pXτD1

, zq
‰

fpzqmpdzq, (3.10)

where we used the strong Markov property [CF, Theorem A.1.21] of X and Fubini’s
theorem in the third and fourth lines, respectively. Now for any y P D1ztxu, setting
f :“ pmpBpy, rqqq´11Bpy,rq and letting r Ó 0 in (3.10), we obtain (3.8) by the continuity
of gD1 , gD2 , the maximum principle for gD2 (Proposition 3.1-(ii),(vi)) and the dominated
convergence theorem.

If pX , d,m, E ,Fq and X satisfy Assumption 2.19, then we have (3.9) for any x P D1

by Lemma 3.3, so that the above argument shows (3.8) for any px, yq P pD1q
2
od.
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For a MMD space pX , d,m, E ,Fq satisfying EHI, and for a non-empty open subset
D Ă X such that the part Dirichlet form pED,F0pDqq on D is transient, we define (by a
slight abuse of notation)

gDpx, rq :“ inf
yPSpx,rq

gDpx, yq for x P D and r P p0, δDpxqq, (3.11)

where Spx, rq :“ BBpx, rq as defined in Notation 1.7-(l).

We collect various useful estimates on the Green function from [BCM].

Lemma 3.6. Let pX , d,m, E ,Fq be an MMD space satisfying MD and EHI, and let X be
an m-symmetric diffusion on X whose Dirichlet form is pE ,Fq. Let D be a non-empty
open subset of X such that the part Dirichlet form pED,F0pDqq on D is transient. Then
there exist C0, C1, C2, A0, θ P p1,8q depending only on the constants associated with the
assumptions MD and EHI such that the following hold:

(a) For all x P D and all r P p0, δDpxq{A0q,

sup
yPSpx,rq

gDpx, yq ď C1 inf
yPSpx,rq

gDpx, yq, gDpx, rq ď CapDpBpx, rqq
´1

ď C1gDpx, rq.

(3.12)
Furthermore,

gDpx,Rq ď gDpx, rq ď C2

ˆ

R

r

˙θ

gDpx,Rq for all x P D and 0 ă r ă R ď δDpxq{A1.

(3.13)

(b) For each y P D and each R P p0, δDpyq{A0q,

C´1
0

gDpx, yq

gDpy,Rq
ď Px

`

σBpy,Rq
ă σDc

˘

ď C0
gDpx, yq

gDpy,Rq
for E-q.e. x P DzBpy,Rq. (3.14)

If pX , d,m, E ,Fq and X satisfy Assumption 2.19, then (3.14) holds for all x P

DzBpy,Rq.

Proof. (a) The estimate (3.12) follows from [BCM, Lemma 5.10 and Proposition 5.7] and
(3.13) follows from [BCM, Corollary 5.15] and the maximum principle (Proposition
3.1-(vi)).

(b) By Lemma 2.28-(a), we can choose K P p1,8q so that pX , dq is K-relatively ball
connected. Let A1 P p1,8q be as given in (a). By [BCM, Lemma 5.10] and (a), there
exist A1 P pK,8q and C1 P p1,8q such that

gDpy,Rq ď CapDpBpy,Rqq
´1

ď C1gDpy,Rq, gDpy,Rq ď gDpy, zq ď C1gDpy,Rq

(3.15)
for all y P D, all R P p0, A´1

1 δDpyqq and all z P Spy,Rq. Let y P D, R P p0, A´1
1 δDpyqq,

and let ν denote the equilibrium measure on Spy,Rq corresponding to CapDpBpy,Rqq.
Case 1, dpx, yq ě 2KR: In this case, gDpx, ¨q is E-harmonic on Bpy, 2KRq and hence
by (2.53) and (2.52), there exists C2 P p1,8q such that

C´1
2 gDpx, yq ď gDpx, zq ď C2gDpx, yq for all z P Spy,Rq. (3.16)
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Therefore by [FOT, Theorem 4.3.3], for E-q.e. x P DzBpy,KRq,

Px

`

σBpy,Rq
ă σDc

˘

“

ż

Spy,Rq

gDpx, zq νpdyq
(3.16)

ď C2gDpx, yqCapDpBpy,Rqq

(3.15)

ď C2
gDpx, yq

gDpy,Rq
, (3.17)

Px

`

σBpy,Rq
ă σDc

˘

“

ż

Spy,Rq

gDpx, zq νpdyq
(3.16)

ě C´1
2 gDpx, yqCapDpBpy,Rqq

(3.15)

ě C´1
2 C´1

1

gDpx, yq

gDpy,Rq
. (3.18)

Case 2, R ď dpx, yq ă 2KR: By [FOT, Theorem 4.3.3], for E-q.e. x P D with
R ď dpx, yq ď KR,

Px

`

σBpy,Rq
ă σDc

˘

ě PxpσBpy,R{p2Kqq ă σDcq
(3.18)

ě C´1
2 C´1

1

gDpx, yq

gDpy,R{p2Kqq

(3.13)

ě C´1
2 C´1

1 c1p2Kq
´θ gDpx, yq

gDpy,Rq
, (3.19)

Px

`

σBpy,Rq
ă σDc

˘

ď 1
(3.13)

ď c´1
1 Kθ gDpx, yq

gDpy,Rq
. (3.20)

By (3.17), (3.18), (3.19), and (3.20), we obtain (3.14).

If the MMD space pX , d,m, E ,Fq and the associated diffusion X satisfies Assumption
2.19, then by Lemma 2.34-(b) we obtain (3.14) for all x P DzBpy,Rq.

3.2 Boundary Harnack principle

In this work, we need to understand the behavior of Green function near the boundary of
a uniform domain. The following scale-invariant boundary Harnack principle is useful to
describe the behavior of Green function near the boundary of a uniform domain. Boundary
Harnack principle has been obtained in increasing generality over a long period of time
[Kem, Anc78, Dah, Wu, JK, Aik01, GyS, Lie15, BM19].

Definition 3.7 (Boundary Harnack principle (BHP)). Let pX , d,m, E ,Fq be an MMD
space and let U be an open subset of X . We say that U satisfies the (scale-invariant)
boundary Harnack principle, abbreviated as BHP, if there exist A0, A1, C1 P p1,8q

such that for all ξ P BU , all r P p0, diampUq{A1q and for any two non-negative E-harmonic
functions u, v on U XBpξ, A0rq with Dirichlet boundary condition relative to U such that
v ą 0 m-a.e. on U X Bpξ, rq, we have

ess sup
xPUXBpξ,rq

upxq

vpxq
ď C1 ess inf

xPUXBpξ,rq

upxq

vpxq
. BHP
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The elliptic Harnack inequality implies the boundary Harnack principle for uniform
domains on any doubling metric space as shown in a recent work [Che]. This recent work
[Che] along with earlier works in more restrictive settings in [GyS, Lie15, BM19] use an
approach due to Aikawa [Aik01].

Theorem 3.8 (Boundary Harnack principle for uniform domains; [Che, Theorem 1.1]).
Let pX , d,m, E ,Fq be an MMD space satisfying MD and EHI, and let U be a uniform
domain in pX , dq. Then U satisfies BHP.

Remark 3.9. Note that BU “ H and diampUq P p0,8s in the setting of Theorem 3.8;
indeed, otherwise U would be both open and closed in X and satisfy H “ U “ X , which
is impossible since X is connected by Lemma 2.28-(a) and [BCM, Lemma 5.2-(a)].

The following oscillation lemma is a standard consequence of the boundary Harnack
principle and follows from [Aik01, Proof of Theorem 2]. It is an analogue of Moser’s
oscillation lemma for the elliptic Harnack inequality [Mos61, §5] and has a similar proof.

Lemma 3.10. Let pX , d,m, E ,Fq be an MMD space and let U be an open subset of X
satisfying BHP. Then there exist A0, A1, C0 P p1,8q and γ P p0,8q such that for all
ξ P BU , all 0 ă r ă R ă diampUq{A1 and for any two non-negative continuous E-
harmonic functions u, v on U X Bpξ, A0Rq with Dirichlet boundary condition relative to
U such that vpxq ą 0 for any x P U X Bpξ, Rq, we have

osc
UXBpξ,rq

u

v
ď C0

´ r

R

¯γ

osc
UXBpξ,Rq

u

v
. (3.21)

Another important consequence of the boundary Harnack principle is the Carleson
estimate. The proof is a variant of [Aik08, Proof of Theorem 2] where we use estimates
on Green function from [BM18, BCM] instead of known estimates of the Euclidean space.
The basic idea is that Carleson estimate for one harmonic function with Dirichlet bound-
ary condition (say, the Green function at a suitably chosen point) along with boundary
Harnack principle implies Carleson estimate in general. The Carleson estimate for Green
function can be obtained by using the maximum principle and comparison estimates for
the Green function obtained in [BM18, BCM]. This is a modification of the argument in
[GyS, Proof of (4.28)].

Proposition 3.11 (Carleson estimate). Let pX , d,m, E ,Fq be an MMD space satisfying
MD and EHI, and let U be a uniform domain in pX , dq. Then there exist A0, A1, C0 P

p1,8q such that for all ξ P BU , all R P p0, diampUq{A1q and any non-negative continuous
E-harmonic function u on U XBpξ, A0Rq with Dirichlet boundary condition relative to U ,

sup
xPBpξ,Rq

upxq ď CupξR{2q. (3.22)

Proof. Let u be an E-harmonic function as in the statement of the proposition. Noting
that U satisfies BHP by Theorem 3.8, let us chooseA0, A1, C1 as the constants in Definition
3.7. First, we note that there exist C2, A3 P p1,8q and A4 P pA1,8q such that

sup
UXBpξ,Rq

gUXBpξ,A3Rqpξ2A0R, ¨q ď C2gUXBpξ,A3Rqpξ2A0R, ξR{2q, (3.23)
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for all ξ P BU and all R P p0, A´1
4 diampUqq. This follows from the chaining using EHI

by a similar argument as given in the proof of Lemma 2.28-(b), the maximum principle
(Proposition 3.1-(vi)) and the comparison of Green functions in [BCM, Corollary 5.8].
Then by BHP (Definition 3.7) from Theorem 3.8, we have

sup
Bpξ,Rq

up¨q

gUXBpξ,A3Rqpξ2A0R, ¨q
ď C1

upξR{2q

gUXBpξ,A3Rqpξ2A0R, ξR{2q
(3.24)

for all ξ P BU and all R P p0, A´1
4 diampUqq. Therefore by (3.23) and (3.24), we conclude

that for all ξ P BU , all R P p0, A´1
4 diampUqq and any non-negative continuous E-harmonic

function u on U X Bpξ, A0Rq with Dirichlet boundary condition relative to U , we have

sup
Bpξ,Rq

up¨q ď C1

upξR{2q

gUXBpξ,A3Rqpξ2A0R, ξR{2q
sup

Bpξ,Rq

gUXBpξ,A3Rqpξ2A0R, ¨q ď C1C2upξR{2q.

3.3 Näım kernel

We introduce the Näım kernel and study some of its properties. For the remainder of the
section we make the following running assumption.

Assumption 3.12. Let pX , d,m, E ,Fq be an MMD space satisfying MD and EHI, and
let U be a uniform domain in pX , dq such that the part Dirichlet form pEU ,F0pUqq on U
is transient. Note that U satisfies BHP by Theorem 3.8 and that BU “ H and diampUq P

p0,8s by Remark 3.9.

Recalling that gU |U2
od

is p0,8q-valued by Remark 2.22 and Lemma 3.3, for each x0 P U

we define ΘU
x0
: pUztx0uq2od Ñ p0,8q by

ΘU
x0

px, yq :“
gUpx, yq

gUpx0, xqgUpx0, yq
. (3.25)

The function ΘU
x0

satisfies the following local Hölder regularity and bounds. The proofs
are variants of Moser’s oscillation inequality [Mos61, §5].

Lemma 3.13. Let an MMD space pX , d,m, E ,Fq and a uniform domain U in pX , dq

satisfy Assumption 3.12. Then there exist A,C1, C2, C3 P p1,8q and γ P p0,8q such that
the following estimates hold for any x0 P U :

(a) For any η P BU , z P Uztx0u and any 0 ă r ă R ă p2Aq´1pdpη, x0q ^ dpz, x0q ^ δUpzqq,

osc
pBpη,rqXpUztx0uqqˆpBpz,rqXpUztx0uqq

ΘU
x0

ď A
´ r

R

¯γ

osc
pBpη,RqXpUztx0uqqˆpBpz,RqXpUztx0uqq

ΘU
x0
.

(b) For any pη, ξq P pBUq2od and any 0 ă r ă R ă p2Aq´1 pdpη, x0q ^ dpη, ξq ^ dpξ, x0qq,

osc
pBpη,rqXpUztx0uqqˆpBpξ,rqXpUztx0uqq

ΘU
x0

ď A
´ r

R

¯γ

osc
pBpη,RqXpUztx0uqqˆpBpξ,RqXpUztx0uqq

ΘU
x0
.
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(c) For any η P BU , any z P Uztx0u and any 0 ă R ă p2Aq´1pdpη, x0q ^dpz, x0q ^ δUpzqq,

sup
pBpη,RqXpUztx0uqqˆpBpz,RqXpUztx0uqq

ΘU
x0

ď C1

gUpz, ηR{2q

gUpx0, zqgUpx0, ηR{2q

and

inf
pBpη,RqXpUztx0uqqˆpBpz,RqXpUztx0uqq

ΘU
x0

ě C´1
1

gUpz, ηR{2q

gUpx0, zqgUpx0, ηR{2q
.

(d) For any pη, ξq P pBUq2od and any 0 ă R ă p2Aq´1
`

dpη, x0q ^ dpη, ξq ^ dpξ, x0q
˘

,

sup
pBpη,RqXpUztx0uqqˆpBpξ,RqXpUztx0uqq

ΘU
x0

ď C2

gUpηR{2, ξR{2q

gUpx0, ηR{2qgUpx0, ξR{2q
,

and

inf
pBpη,RqXpUztx0uqqˆpBpξ,RqXpUztx0uqq

ΘU
x0

ě C´1
2

gUpηR{2, ξR{2q

gUpx0, ηR{2qgUpx0, ξR{2q
.

(e) For any px, ξq P pUztx0uq ˆ BU with dpξ, x0q ď dpξ, xq and any 0 ă r ă R ă

A´1dpξ, x0q,

sup
yPUXBpξ,Rq

ΘU
x0

px, yq ď C3Θ
U
x0

px, ξR{2q, inf
yPUXBpξ,Rq

ΘU
x0

px, yq ě C´1
3 ΘU

x0
px, ξR{2q,

(3.26)
and

osc
yPUXBpξ,rq

ΘU
x0

px, yq ď C3

´ r

R

¯γ

ΘU
x0

px, ξR{2q. (3.27)

Proof. Let A P p1,8q be the maximum of the constants δ´1 in EHI, A0 and A1 in Defini-
tion 3.7. Let CEHI and CBHP denote the corresponding constants CH and C1, respectively.
We will use EHI and BHP several times in this proof with these constants A,CEHI, CBHP.

(a) For any 0 ă r ă p2Aq´1
`

dpη, x0q ^ dpz, x0q ^ δUpzq
˘

, define

Mprq :“ sup
pBpη,rqXpUztx0uqqˆpBpz,rqXpUztx0uqq

ΘU
x0
,

mprq :“ inf
pBpη,rqXpUztx0uqqˆpBpz,rqXpUztx0uqq

ΘU
x0
.

For any px1, y1q, px2, y2q P pBpη,R{Aq X pUztx0uqq ˆ pBpz,R{Aq X pUztx0uqq, we have

MpRqgUpx0, x1qgUpx0, y1q ´ gUpx1, y1q

gUpx0, x1qgUpx0, y1q

ď CBHP
MpRqgUpx0, x2qgUpx0, y1q ´ gUpx2, y1q

gUpx0, x2qgUpx0, y1q

ď CBHPC
2
EHI

MpRqgUpx0, x2qgUpx0, y2q ´ gUpx1, y2q

gUpx0, x2qgUpx0, y2q
; (3.28)
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here, for the first inequality we apply BHP to the functionsMpRqgUpx0, ¨qgUpx0, y1q´

gUp¨, y1q, gUpx0, ¨qgUpx0, y1q P F0
locpU,Bpη, Arq X Uq, which are non-negative and

E-harmonic on Bpξ, Arq X U , and for the second inequality we apply EHI to
MpRqgUpx0, x2qgUpx0, ¨q´gUpx2, ¨q, gUpx0, x2qgUpx0, ¨q P FlocpBpz,Rqq, which are non-
negative and E-harmonic on Bpz,Rq.

Taking supremum over px1, y1q and infimum over px2, y2q in (3.28), we obtain

MpRq ´ mpR{Aq ď CBHPC
2
EHIpMpRq ´ MpR{Aqq. (3.29)

By considering px, yq ÞÑ ΘU
x0

px, yq ´ mpRq “
gU px,yq´mpRqgU px0,xqgU px0,yq

gU px0,xqgU px0,yq
and using a

similar argument as the proof of (3.29), we obtain

MpR{Aq ´ mpRq ď CBHPC
2
EHIpmpR{Aq ´ mpRqq. (3.30)

Combining (3.29) and (3.30), we obtain

MpR{Aq ´ mpR{Aq ď
CBHPC

2
EHI ´ 1

CBHPC2
EHI ` 1

pMpRq ´ mpRqq .

Iterating the above estimate, we obtain (a) with γ “ plogAq´1 log
CBHPC

2
EHI`1

CBHPC
2
EHI´1

.

(b) For any 0 ă r ă p2Aq´1
`

dpη, x0q ^ dpξ, x0q ^ dpη, ξq
˘

, define

Mprq :“ sup
pBpη,rqXpUztx0uqqˆpBpξ,rqXpUztx0uqq

ΘU
x0
,

mprq :“ inf
pBpη,rqXpUztx0uqqˆpBpξ,rqXpUztx0uqq

ΘU
x0
.

For any px1, y1q, px2, y2q P pBpη,R{Aq X pUztx0uqq ˆ pBpξ, R{Aq X pUztx0uqq, we have

MpRqgUpx0, x1qgUpx0, y1q ´ gUpx1, y1q

gUpx0, x1qgUpx0, y1q

ď CBHP
MpRqgUpx0, x2qgUpx0, y1q ´ gUpx2, y1q

gUpx0, x2qgUpx0, y1q

ď C2
BHP

MpRqgUpx0, x2qgUpx0, y2q ´ gUpx1, y2q

gUpx0, x2qgUpx0, y2q
; (3.31)

here, for the first line we apply BHP to the functions MpRqgUpx0, ¨qgUpx0, y1q ´

gUp¨, y1q, gUpx0, ¨qgUpx0, y1q P F0
locpU,Bpη, Arq X Uq, which are non-negative and

E-harmonic on Bpξ, Arq X U , and for the second inequality we apply BHP to
MpRqgUpx0, x2qgUpx0, ¨q ´ gUpx2, ¨q, gUpx0, x2qgUpx0, ¨q P F0

locpU,U X Bpξ, Rqq, which
are non-negative and E-harmonic on U X Bpξ, Rq.

Taking supremum over px1, y1q and infimum over px2, y2q in (3.28), we obtain

MpRq ´ mpR{Aq ď C2
BHPpMpRq ´ MpR{Aqq. (3.32)
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By considering px, yq ÞÑ ΘU
x0

px, yq ´ mpRq “
gU px,yq´mpRqgU px0,xqgU px0,yq

gU px0,xqgU px0,yq
and using a

similar argument as the proof of (3.29), we obtain

MpR{Aq ´ mpRq ď C2
BHPpmpR{Aq ´ mpRqq. (3.33)

Combining (3.29) and (3.30), we obtain

MpR{Aq ´ mpR{Aq ď
C2

BHP ´ 1

C2
BHP ` 1

pMpRq ´ mpRqq.

Iterating the above estimate, we obtain (a) with γ “ plogAq´1 log
C2

BHP`1

C2
BHP´1

.

(c) Let px, yq P pBpη,Rq X pUztx0uqq ˆ pBpz,Rq X pUztx0uqq, where η, z, R are as given
in the statement of the lemma. Then by applying BHP to the E-harmonic functions
gUp¨, yq and gUpx0, ¨q on UXBpη, ARq and EHI to the E-harmonic functions gUpηR{2, ¨q
and gUpx0, ¨q on Bpz, ARq, we obtain

ΘU
x0

px, yq ď CBHP

gUpηR{2, yq

gUpx0, ηR{2qgUpx0, yq
ď CBHPC

2
EHI

gUpηR{2, zq

gUpx0, ηR{2qgUpx0, zq
.

This proves the first estimate, and the second one also follows from a similar argument.

(d) Let px, yq P pBpη,RqXpUztx0uqqˆpBpξ, RqXpUztx0uqq, where η, ξ, R as given. Then
by using BHP for the E-harmonic functions gUp¨, yq and gUpx0, ¨q on U X Bpη, ARq

and for the E-harmonic functions gUpηR{2, ¨q and gUpx0, ¨q on UXBpξ, ARq, we deduce

ΘU
x0

px, yq ď CBHP

gUpηR{2, yq

gUpx0, ηR{2qgUpx0, yq
ď C2

BHP

gUpηR{2, ξR{2q

gUpx0, ηR{2qgUpx0, ξR{2q

and

ΘU
x0

px, yq ě C´1
BHP

gUpηR{2, yq

gUpx0, ηR{2qgUpx0, yq
ě C´2

BHP

gUpηR{2, ξR{2q

gUpx0, ηR{2qgUpx0, ξR{2q
.

(e) By BHP applied to the E-harmonic functions gUpx, ¨q and gUpx0, xqgUpx0, ¨q on U X

Bpξ, ARq we obtain (3.26). By Lemma 3.10, we have

osc
yPUXBpξ,rq

ΘU
x0

px, yq ď C0

´ r

R

¯γ

osc
yPUXBpξ,Rq

ΘU
x0

px, yq ď C0

´ r

R

¯γ

sup
yPUXBpξ,Rq

ΘU
x0

px, yq,

which together with (3.26) yields (3.27).

Thanks to the Hölder regularity estimates obtained in Lemma 3.13, we can extended
ΘU

x0
to pUztx0uq2od as shown below.

Proposition 3.14. Let an MMD space pX , d,m, E ,Fq and a uniform domain U in pX , dq

satisfy Assumption 3.12. Let x0 P U . Then the function ΘU
x0

p¨, ¨q defined in (3.25) has a

continuous extension to pUztx0uq2od, which is again denoted by ΘU
x0
: pUztx0uq2od Ñ r0,8q,
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and there exist C1, C2, A1 P p1,8q, c0 P p0, 1{4q and γ P p0,8q depending only on the
constants associated with Assumption 3.12 such that the following hold:

C´1
1

gUpξr, ηrq

gUpx0, ξrqgUpx0, ηrq
ď ΘU

x0
pξ, ηq ď C1

gUpξr, ηrq

gUpx0, ξrqgUpx0, ηrq
(3.34)

for all pξ, ηq P pBUq2od and all 0 ă r ď c0pdpx0, ξq ^ dpx0, ηq ^ dpξ, ηqq, and

∣∣ΘU
x0

pξ, ηq ´ ΘU
x0

px, yq
∣∣ ď C2Θ

U
x0

pξ, ηq

ˆ

dpξ, xqγ

Rγ
`
dpη, yqγ

Rγ

˙

(3.35)

for all pξ, ηq P pBUq2od, 0 ă R ă p2A1q
´1pdpx0, ξq ^dpx0, ηq ^dpξ, ηqq, x P U XBpξ, Rq and

y P U X Bpη,Rq. Furthermore ΘU
x0

pξ, ηq “ ΘU
x0

pη, ξq for all pξ, ηq P pUztx0uq2od.

Proof. The existence of a continuous extension to pUztx0uq2od of the function defined in
(3.25) follows from Lemma 3.13. More precisely, the existence of a continuous extension
at all points in BU ˆ pUztx0uq and pUztx0uq ˆ BU follows from Lemma 3.13(a,c) along
with the symmetry of Green function. On the other hand, the existence of a continuous
extension at all points in pBUq2od follows from Lemma 3.13(b,d).

The estimates (3.34) and (3.35) are direct consequences of Lemma 3.13(b,d). The
symmetry of ΘU

x0
follows from the symmetry of gU and the continuity of ΘU

x0
.

Definition 3.15. Let an MMD space pX , d,m, E ,Fq and a uniform domain U in pX , dq

satisfy Assumption 3.12. The function ΘU
x0
: pUztx0uq2od Ñ r0,8q defined as the continuous

extension of (3.25) is called the Näım kernel of the domain U with base point x0 P U .

This function is essentially same as the one introduced by L. Näım in [Näı] where she
extends to function considered in (3.25) to the Martin boundary instead of the topological
boundary as considered above. Another difference from [Näı] is the use of Martin topology
and fine topology of H. Cartan instead of the topology arising from the metric.

3.4 Martin kernel

We recall the definition of the closely related Martin kernel introduced by R. S. Martin
[Mar].

Definition 3.16. Let an MMD space pX , d,m, E ,Fq and a uniform domain U in pX , dq

satisfy Assumption 3.12. Let x0 P U . We define KU
x0
: U ˆ pUztx0uqzUdiag Ñ r0,8q by

KU
x0

px, ξq :“

$

’

’

&

’

’

%

gUpx, ξq

gUpx0, ξq
if ξ P Uztx0, xu,

lim
UQyÑξ

gUpx, yq

gUpx0, yq
if ξ P BU ,

(3.36)

where the limit in the second case exists by BHP and Lemmas 3.4 and 3.10. The function
KU

x0
is called the Martin kernel of U with base point x0.
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The following oscillation lemma is an analogue of Lemma 3.13.

Lemma 3.17. Let an MMD space pX , d,m, E ,Fq and a uniform domain U in pX , dq

satisfy Assumption 3.12. Then there exist C,A P p1,8q and γ P p0,8q such that the
following estimates hold for any x0 P U :

(a) For any z P U , any ξ P BU and any 0 ă r ă R ă p2Aq´1pδUpzq ^ dpx0, ξqq,

osc
pUXBpz,rqqˆpUXBpξ,rqq

KU
x0

p¨, ¨q ď C
´ r

R

¯γ

osc
pUXBpz,RqqˆpUXBpξ,Rqq

KU
x0

p¨, ¨q. (3.37)

(b) For any z P U , any ξ P BU and any 0 ă r ă R ă p2Aq´1pδUpzq ^ dpx0, ξqq,

sup
pUXBpz,RqqˆpUXBpξ,Rqq

KU
x0

p¨, ¨q ď CKU
x0

pz, ξR{2q. (3.38)

(c) For any pη, ξq P pBUq2od and any 0 ă r ă R ă p2Aq´1pdpξ, x0q ^ dpη, x0q ^ dpξ, ηqq,

sup
xPUXBpη,Rq

osc
yPUXBpξ,rq

KU
x0

px, yq ď C
´ r

R

¯γ

KU
x0

pηR{2, ξR{2q. (3.39)

Proof. We omit the proofs of (a) and (b) as they are similar to that of Lemma 3.10.
Both estimates follow from applying EHI and BHP to the first and second arguments
respectively of the Martin kernel.

(c) By Lemma 3.10

osc
yPUXBpξ,rq

KU
x0

px, yq À

´ r

R

¯γ

osc
yPUXBpξ,Rq

KU
x0

px, yq À

´ r

R

¯γ

KU
x0

px, ξR{2q

for all x P U X Bpη,Rq. By Carleson’s estimate (Proposition 3.11), we have

sup
xPUXBpη,Rq

KU
x0

px, ξR{2q À KU
x0

pηR{2, ξR{2q.

Combining the above two estimates, we obtain the desired result.

We discuss the E-harmonicity and Dirichlet boundary condition of the Martin kernel
KU

x0
p¨, ξq, where ξ P BU .

Lemma 3.18. Let an MMD space pX , d,m, E ,Fq and a uniform domain U in pX , dq

satisfy Assumption 3.12. For all ξ P BU , the function Kx0p¨, ξq : U Ñ r0,8q belongs
to FlocpUq and is E-harmonic on U . Furthermore Kx0p¨, ξq satisfies Dirichlet boundary
condition relative to U off ξ in the following sense: for any open subset V of U such that
ξ R V , Kx0p¨, ξq P F0

locpU, V q.

Proof. Let yn P U be a sequence with limnÑ8 yn “ ξ. Define hn : Uztynu Ñ r0,8q as
hn :“ KU

x0
p¨, ynq for all n ě 1.
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If K Ă U is compact then K Ă Uztynu for all but finitely many n. By Lemma 3.17-
(a),(b), the sequence hn converges uniformly on compact subsets of U and is bounded
on compact sets. Therefore by Proposition 3.1-(v) and Lemma 2.24, the function
KU

x0
p¨, ξq : U Ñ r0,8q belongs to FlocpUq and is E-harmonic in U .

Let V be an open subset of U such that ξ R V and let A Ă V be relatively compact
in U with A X UzV “ H. Then by Lemma 3.17-(c), hn converges uniformly to KU

x0
p¨, ξq

on A. Therefore by Lemma 2.24-(b), KU
x0

p¨, ξq P F0
locpU, V q.

Next, we relate the Martin and Näım kernels. Due to Lemma 3.18 and the continuity
of ΘU

x0
, the Näım kernel can be expressed in terms of the Martin kernel as

ΘU
x0

px, yq “

$

’

’

’

&

’

’

’

%

KU
x0

px, yq

gUpx0, xq
if x P U ,

lim
UQzÑx

KU
x0

pz, yq

gUpx0, zq
if x P BU ,

(3.40)

where the limit in the second case exists by BHP and Lemmas 3.18 and 3.10. We chose
the approach based on Lemma 3.13 because the symmetry of ΘU

x0
and the joint continuity

are immediate through our approach while these properties need to be shown if we use
(3.40). The equality (3.40) is closer to the original approach to define Näım kernel as the
extension to the boundary is done for one variable at a time in [Näı].

It is well known that any unbounded domain satisfying the boundary Harnack prin-
ciple has a unique Martin kernel point at infinity. Following [GyS, Chapter 4], we call
the Martin kernel point at infinity the E-harmonic profile of U . We recall the short
argument to prove its uniqueness.

Lemma 3.19 (Uniqueness of harmonic profile). Let pX , d,m, E ,Fq be an MMD space and
let U be an unbounded open subset of X satisfying BHP and BU “ H. Let h1 : U Ñ r0,8q

and h2 : U Ñ p0,8q be two continuous functions such that h1, h2 P F0
locpU,Uq and h1, h2

are E-harmonic on U . Then there exists c P r0,8q such that h1pxq “ ch2pxq for all x P U .

Proof. Let A P p1,8q be the largest among the constants A0, A1 in Definition 3.7 and
Lemma 3.10. Let C be the largest among the constants C1, C0 in Definition 3.7 and
Lemma 3.10 respectively. Let γ be as given in Lemma 3.10.

Let ξ P BU and x0 P U . For all R P pdpξ, x0q,8q, by Definition 3.7 we have

sup
Bpξ,RqXU

h1p¨q

h2p¨q
ď C

h1px0q

h2px0q
.

Letting R Ñ 8, we obtain

osc
U

h1p¨q

h2p¨q
ď sup

U

h1p¨q

h2p¨q
ď C

h1px0q

h2px0q
.

For any dpξ, x0q ă r ă R ă 8, by Lemma 3.10 we have

osc
Bpξ,rqXU

h1p¨q

h2p¨q
ď C

´ r

R

¯γ

osc
Bpξ,RqXU

h1p¨q

h2p¨q
ď C

´ r

R

¯γ

sup
U

h1p¨q

h2p¨q
ď C2

´ r

R

¯γ h1px0q

h2px0q
.
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Letting R Ñ 8, we obtain oscBpξ,rqXU
h1p¨q

h2p¨q
“ 0 for any r P pdpξ, x0q,8q. Letting r Ñ 8,

we obtain oscU
h1p¨q

h2p¨q
“ 0.

We recall a standard construction of the harmonic profile [GyS, Chapter 4].

Proposition 3.20 (Existence of harmonic profile). Let an MMD space pX , d,m, E ,Fq and
a uniform domain U in pX , dq satisfy Assumption 3.12, and assume that U is unbounded.
Then for any x0 P U and a sequence tynunPN in U such that limnÑ8 dpx0, ynq “ 8, the
sequence KU

x0
p¨, ynq : Uztynu Ñ p0,8q converges uniformly on any bounded subset of U to

a continuous function hUx0
: U Ñ p0,8q such that hUx0

P F0
locpU,Uq, hUx0

px0q “ 1, hUx0
is

bounded on any bounded subset of U and is E-harmonic on U . Furthermore, the limit hUx0

depends only on U, x0 and not on the sequence tynunPN.

Proof. Let A P p1,8q be the largest among the constants A0, A1 in Definition 3.7 and
Lemma 3.10. Let C be the largest among the constants C1, C0 in Definition 3.7 and
Lemma 3.10 respectively. Let γ be as given in Lemma 3.10.

Let ξ P BU and let Adpx0, ξq ă r ă R. Then for any n, k P N such that AR ă

dpξ, ynq ^ dpξ, ykq, by Lemma 3.10 and Definition 3.7 we estimate

sup
UXBpξ,rq

∣∣∣∣KU
x0

p¨, ynq

KU
x0

p¨, ykq
´ 1

∣∣∣∣ “ sup
UXBpξ,rq

∣∣∣∣KU
x0

p¨, ynq

KU
x0

p¨, ykq
´
KU

x0
px0, ynq

KU
x0

px0, ykq

∣∣∣∣ ď osc
UXBpξ,rq

KU
x0

p¨, ynq

KU
x0

p¨, ykq

ď C
´ r

R

¯γ

osc
UXBpξ,rq

KU
x0

p¨, ynq

KU
x0

p¨, ykq

ď C
´ r

R

¯γ

sup
UXBpξ,rq

KU
x0

p¨, ynq

KU
x0

p¨, ykq

ď C2
´ r

R

¯γKU
x0

px0, ynq

KU
x0

px0, ykq
“ C2

´ r

R

¯γ

By letting R “ p2Aq´1pdpξ, ynq ^ dpξ, ykqq, we obtain that for all n, k such that dpξ, ynq ^

dpξ, ykq ą 2A2dpξ, x0q, we have

sup
UXBpξ,rq

∣∣∣∣KU
x0

p¨, ynq

KU
x0

p¨, ykq
´ 1

∣∣∣∣ ď C2
p2Aq

γrγpdpξ, ynq ^ dpξ, ykqq
´γ. (3.41)

By Carelson’s estimate (Proposition 3.11) for any ξ P BU, r ą 0, there exist C1 ą 0, N P N
such that

sup
UXBpξ,rq

KU
x0

p¨, ynq À KU
x0

pξr{2, ynq for all n ě N. (3.42)

By Harnack chaining along a uniform curve in U between ξr{2 and x0 and using (2.53),
there exist N P N, C2 “ C2px0, ξ, rq such that

KU
x0

pξr{2, ynq ď C2 for all n ě N . (3.43)
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Combining (3.41), (3.42), and (3.43), we obtain

lim
n,kÑ8

sup
UXBpξ,rq

∣∣KU
x0

p¨, ynq ´ KU
x0

p¨, ykq
∣∣ ď lim

n,kÑ8
C1C2C

2
p2Aq

γrγpdpξ, ynq ^ dpξ, ykqq
´γ

“ 0.

Since r P p0,8q is arbitrary, letting r Ñ 8, we conclude that the sequence tKU
x0

p¨, ynqunPN
converges uniformly on any bounded subset of U to some hUx0

: U Ñ p0,8q, then hUx0
is

continuous by the continuity of KU
x0

p¨, ynq and bounded on any bounded subset of U by
(3.42), and Lemma 2.24 implies that hUx0

P F0
locpU,Uq and that hUx0

is E-harmonic on U .

The assertion that the limit hUx0
depends only on U, x0 follows from hUx0

px0q “ 1 and
Lemma 3.19.

4 Estimates for harmonic and elliptic measures

To goal of this section is to estimate the harmonic measure of balls on the boundary of
a uniform domain using ratio of Green functions. We restrict to the class of uniform
domains that satisfy the following capacity density condition.

4.1 The capacity density condition

This is a slight variant of similar conditions considered in [Anc86, AH].

Definition 4.1 (Capacity density condition (CDC)). Let pX , d,m, E ,Fq be an MMD
space satisfying MD and EHI. Recalling Lemma 2.28-(a), let K P p1,8q be such that
pX , dq is K-relatively ball connected. We say that a uniform domain U in pX , dq satisfies
the capacity density condition, abbreviated as CDC, if there exist A0 P p8K,8q and
A1, C P p1,8q such that for all ξ P BU and all R P p0, diampUq{A1q,

CapBpξ,A0RqpBpξ, Rqq ď C CapBpξ,A0RqpBpξ, RqzUq. CDC

We note that the capacity density condition implies transience.

Remark 4.2. Let pX , d,m, E ,Fq and K be as in Definition 4.1, and let U be a uniform
domain in pX , dq satisfying CDC. Then X zU is not E-polar by Remark 3.9 and [FOT,
Theorems 2.1.6 and 4.4.3-(ii)], and hence the part Dirichlet form pEU ,F0pUqq on U is
transient by [BCM, Theorem 4.8 and Proposition 2.1].

Due to Remark 2.22, it would be convenient to assume the stronger VD and HKEpΨq

instead of MD and EHI. Therefore, we make the following assumption.

Assumption 4.3. Let a scale function Ψ, an MMD space pX , d,m, E ,Fq and a diffusion
X “ pΩ,M, tXtutPr0,8s, tPxuxPXB

q on X satisfy Assumption 2.19. In particular, by Remark
2.22 and Lemma 2.28-(a), pX , dq is K-relatively ball connected for some K P p1,8q. Let
U be a uniform domain in pX , dq satisfying CDC, set U B :“ U Y tBu, E ref :“ E ref,U and,
recalling Theorem 2.16-(a), let Xref “

`

Ωref ,Mref , tXref
t utPr0,8s, tPref

x uxPUB

˘

be a diffusion
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on U as in Assumption 2.19 for the MMD space pU, d,m|U , E ref ,FpUqq. Then Assumption
3.12 holds by Remarks 2.22 and 4.2. In particular, U satisfies BHP by Theorem 3.8, and
BU “ H and diampUq P p0,8s by Remark 3.9.

Ancona [Anc86, Definition 2 and Lemma 3] showed that the capacity density condition
CDC in a Euclidean domain is equivalent to an estimate on the harmonic measure called
the uniform ∆-regularity. Such a result can be extended to an arbitrary open set in
any MMD space satisfying MD and EHI by using the estimates on hitting probabilities
from [BM18, BCM]. More precisely, we have the following relationships between hitting
probabilities and CDC. Part (b1) of the lemma below is meant to justify our requirement
A0 P p8K,8q in Definition 4.1.

Lemma 4.4. Let pX , d,m, E ,Fq be a MMD space, and let D be an open subset of X .

(a) Let A0, A1 P p1,8q, γ P p0, 1q and assume that for each ξ P BD and each R P

p0, diampDq{A1q,

ωDXBpξ,A0Rq
x pD X Spξ, A0Rqq ď 1 ´ γ for E-q.e. x P Bpξ, Rq X D. (4.1)

Then for all ξ P BD and all R P p0, diampDq{A1q,

CapBpξ,A0RqpBpξ, Rqq ď γ´2CapBpξ,A0RqpBpξ, RqzDq. (4.2)

(b) Assume that pX , d,m, E ,Fq satisfies MD and EHI and, recalling Lemma 2.28-(a), let
K P p1,8q be such that pX , dq is K-relatively ball connected. Suppose that there exist
A0 P p8K,8q and A1, C P p1,8q such that for all ξ P BD and all R P p0, diampDq{A1q,

CapBpξ,A0RqpBpξ, Rqq ď C CapBpξ,A0RqpBpξ, RqzDq. (4.3)

Then the following hold:

(1) For any xA0 P p1,8q, there exist xA1, pC P p1,8q such that for all ξ P BD and all

R P p0, diampDq{xA1q,

CapBpξ,xA0Rq
pBpξ, Rqq ď pC CapBpξ,xA0Rq

pBpξ, RqzDq. (4.4)

(2) There exist xA0,xA1 P p1,8q and γ P p0, 1q such that for each ξ P BD and each

R P p0, diampDq{xA1q,

ωDXBpξ,xA0Rq
x pD X Spξ,xA0Rqq ď 1 ´ γ for E-q.e. x P Bpξ, Rq X D. (4.5)

If in addition pX , d,m, E ,Fq satisfies Assumption 2.19, then (4.5) holds for all
x P Bpξ, Rq X D.

Proof. (a) Let e :“ eBpξ,RqzD,Bpξ,A0Rq P F0pBpξ, A0Rqqe denote the equilibrium potential
for CapBpξ,A0RqpBpξ, RqzDq. Then by [FOT, Theorem 4.3.3], for E-q.e. x P Bpξ, RqX

D,

repxq “ PxpσBpξ,RqzD ă σBpξ,A0Rqcq
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ě PxpσDXSpξ,A0Rq ą σDcq “ 1 ´ PxpσDXSpξ,A0Rq ă σDcq
(4.1)

ě γ.

Therefore γ´1
re ě 1 E-q.e. onBpξ, A´1

0 rq and CapBpξ,A0RqpBpξ, Rqq ď Epγ´1e, γ´1eq “

γ´2CapBpξ,A0RqpBpξ, RqzDq.

(b1) By [BCM, Lemma 5.22] and domain monotonicity of capacity, in order to show (4.4),

we may and do assume that xA0 ą A0. By [BCM, Lemma 5.18] there exist C2 P p1,8q

and xA1 P rA1,8q such that for all ξ P BD and all R P p0, diampDq{xA1q,

gBpξ,A0Rqpy, zq ď gBpξ,xA0Rq
py, zq ď C1gBpξ,A0Rqpy, zq for all y, z P Bpξ, Rq. (4.6)

Let ξ P BD, R P p0, diampDq{xA1q, and let e1, ν be the equilibrium potential and
measure for CapBpξ,xA1Rq

pBpξ, RqzDq such that CapBpξ,xA1rq
pBpξ, RqzDq “ Epe1, e1q

and e1 “
ş

gBpξ,xA1rq
p¨, zq νpdzq. Define

e :“

ż

gBpξ,A1rqp¨, zq νpdzq.

By (4.6), for E-q.e. y P Bpξ, RqzD, we have

epyq “

ż

gBpξ,A1Rqpy, zq νpdzq ě C´1
1

ż

gBpξ,xA1Rq
py, zq νpdzq ě C´1

1 .

Therefore

CapBpξ,A1RqpBpξ, RqzDq ď EpC1e, C1eq “ C2
1

ż

epzq νpdzq ď C2
1

ż

e1pzq νpdzq

“ C2
1Epe1, e1q “ C2

1 CapBpξ,xA1Rq
pBpξ, RqzDq.

The above estimate along with (4.3) and [BCM, Lemma 5.22] implies (4.4).

(b2) By [BCM, Lemma 5.9], there exist xA0,xA1, C1 P p1,8q such that for all ξ P D, all

R P p0, diampDq{xA1q and all x, y P Bpξ, Rq, we have

gBpξ,xA0rq
px, yq ě C´1

1 gBpξ,xA0rq
pξ, rq. (4.7)

By (b1) and increasing xA0,xA1 if necessary, we may assume that (4.4) holds. By

further increasing xA0,xA1 if necessary and using [BCM, Lemma 5.10], we may assume

that there exists C2 P p1,8q such that for all ξ P BD and R P p0, diampDq{xA1q,

gBpξ,xA0rq
pξ, rq ď CapBpξ,xA0rq

pBpξ, rqq
´1

ď C2gBpξ,xA0rq
pξ, rq. (4.8)

Let ξ P BD, R P p0, diampDq{xA1q and let e :“ eBpξ,RqzD,Bpξ,xA0Rq
, ν denote the equi-

librium potential and measure, respectively, for CapBpξ,xA0Rq
pBpξ, RqzDq. By [FOT,

Theorem 4.3.3], for E-q.e. x P Bpξ, Rq X D, we have

repxq “ Px

`

σBpξ,RqzD ă σBpξ,xA0Rqc

˘

“

ż

Bpξ,RqzD

gBpξ,xA0Rqc
px, yq νpdyq
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(4.7)

ě C´1gBpξ,xA0rq
pξ, rqν

`

Bpξ, RqzD
˘

“ C´1gBpξ,xA0rq
pξ, rqCapBpξ,xA0Rq

pBpξ, RqzDq

(4.4)

ě C´1
pC´1gBpξ,xA0rq

pξ, rqCapBpξ,xA0Rq
pBpξ, Rqq

(4.8)

ě C´1
pC´1C´1

2 . (4.9)

Setting γ :“ C´1
pC´1C´1

2 P p0, 1q, we conclude that

ωDXBpξ,xA0Rq
x pD X Spξ,xA0Rqq ď Px

`

σBpξ,RqzD ą σBpξ,xA0Rqc

˘ (4.9)

ď 1 ´ γ.

The final assertion under Assumption 2.19 follows from the continuity of E-harmonic
measure from Lemma 2.34-(b).

The estimate (4.5) in Lemma 4.4-(b2) above can be used repeatedly to obtain certain
polynomial type decay rates on the harmonic measure.

Lemma 4.5 (Uniform ∆-regularity). Let an MMD space pX , d,m, E ,Fq and a uniform
domain U in pX , dq satisfy Assumption 4.3. Then the following hold:

(a) There exist C1, A1 P p1,8q and δ P p0,8q such that for all ξ P BU and all 0 ă r ă

R ă diampUq{A1,

ωUXBpξ,Rq
x pU X Spξ, Rqq ď C1

´ r

R

¯δ

for all x P U X Bpξ, rq. (4.10)

(b) There exist C2, A0, A1 P p1,8q and δ P p0,8q such that for all ξ P BU , all 0 ă

r ă R ă diampUq{A1 and all p0,8q-valued continuous E-harmonic function h on
U X Bpξ, A0Rq with Dirichlet boundary condition relative to U ,

hpξrq

hpξRq
ď C2

´ r

R

¯δ

. (4.11)

Proof. (a) By Lemma 4.4-(b2), there exist A0, A1 P p1,8q and γ P p0, 1q such that

ωUXBpξ,Rq
x pU X Spξ, Rqq ď 1 ´ γ (4.12)

for all ξ P BU , all R P p0, diampUq{A1q and all x P Bpξ, A´1
0 Rq. By the strong Markov

property, for all i P N, all ξ P BU , all R P p0, diampUq{A1q and all x P Bpξ, A´i
0 Rq,

ωUXBpξ,Rq
x pU X Spξ, Rqq

ď ωUXBpξ,A´i
0 Rq

x pU X Spξ, A´i
0 Rqq sup

yPUXSpξ,A´i
0 Rq

ωUXBpξ,Rq
y pU X Spξ, Rqq

(4.12)

ď p1 ´ γq sup
yPUXSpξ,A´i`1

0 Rq

ωUXBpξ,Rq
y pU X Spξ, Rqq.

By repeatedly using the above estimate, we obtain

ωUXBpξ,Rq
x pU X Spξ, Rqq ď p1 ´ γq

i

for all i P N, all ξ P BU , all R P p0, diampUq{A1q and all x P Bpξ, A´i
0 Rq. This implies

(4.10).
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(b) By BHP from Theorem 3.8, Proposition 3.1 and Lemma 3.4, it suffices to consider
the case when h is a Green function. More precisely, it suffices to show that there
exist C3, A0, A1 P p1,8q and δ P p0,8q such that for all ξ P BU , all 0 ă r ă R ă

diampUq{A1 and all x0 P U such that dpξ, x0q ą A0R, we have

gUpξr, x0q

gUpξR, x0q
ď C3

´ r

R

¯δ

. (4.13)

Let us choose A0, A1 P p1,8q such that the conclusion of (a), and BHP and Carleson’s
estimate (Proposition 3.11) hold. Then for all ξ P BU , all 0 ă r ă R ă diampUq{A1

and all x0 P U such that dpξ, x0q ą A0R, we have

gUpξr, x0q “ Eξr

“

gU
`

XU
τUXBpξ,Rq

, x0
˘‰

(by Lemma 3.3)

ď

´

sup
UXSpξ,Rq

gUp¨, x0q
¯

ω
UXBpξ,Rq

ξr
pU X Spξ, Rqq

À gUpξR, x0qω
UXBpξ,Rq

ξr
pU X Spξ, Rqq (by Carleson’s estimate)

À gUpξR, x0q
´ r

R

¯δ

(by (4.10)).

4.2 Two-sided bounds on harmonic measure

The following estimate of harmonic measure is the main result of this section. It is an
extension of [AH, Lemmas 3.5 and 3.6] obtained for the Brownian motion and uniform
domains satisfying the capacity density condition in Euclidean space, which in turn gen-
eralize similar results obtained by Jerison and Kenig for NTA domains in [JK, Lemma
4.8] and by Dahlberg for Lipschitz domains in [Dah, Lemma 1]. While it is possible to
follow an iteration argument (called the ‘box argument’) for proving upper bounds on
harmonic measure from [AH, Proof of Lemma 3.6], our proof is new and avoids the use
of such a complicated argument.

Theorem 4.6. Let an MMD space pX , d,m, E ,Fq and a uniform domain U in pX , dq

satisfy Assumption 4.3. Then there exist C,A P p1,8q such that

C´1gUpx0, ξrqCapBpξ,2rqpBpξ, rqq ď ωU
x0

pBU X Bpξ, rqq ď CgUpx0, ξrqCapBpξ,2rqpBpξ, rqq

(4.14)
for all ξ P BU , all x0 P U and all r P p0, dpξ, x0q{Aq.

While it is possible to prove Theorem 4.6 by adapting the techniques of Aikawa and
Hirata using the box argument and the notion of capacitary width, we follow a more
probabilistic approach. Combining Theorem 4.6 with the E-harmonicity of gUpx0, ¨q on
Uztx0u, Harnack chaining (Lemma 2.29), Remark 2.22 and [BCM, Lemma 5.23], we obtain
the following volume doubling property of the harmonic measure.

Corollary 4.7. Let an MMD space pX , d,m, E ,Fq and a uniform domain U in pX , dq

satisfy Assumption 4.3. Then there exist C,A P p1,8q such that

ωU
x0

pBU X Bpξ, rqq ď CωU
x0

pBU X Bpξ, r{2qq (4.15)
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for all ξ P BU , all x0 P U and all r P p0, dpξ, x0q{Aq. In particular, suppX rωU
x0

s “ BU .

Thanks to the capacity density condition CDC, we can compare the Green function on
the domain U with that on a ball chosen at a suitable scale. The following is an analogue
of a lemma of Aikawa and Hirata for uniform domains in Euclidean space [AH, Lemma
3.2]. Our proof follows an argument in [BM18, Proof of Lemma 3.12] to compare Green
functions on different open sets.

Lemma 4.8. Let an MMD space pX , d,m, E ,Fq and a uniform domain U in pX , dq satisfy
Assumption 4.3. Then there exist A1 P p1,8q and c0 P p0, 1q such that for each c P p0, c0s

the following holds for some C1 P p1,8q: for all ξ P BU and all r P p0, diampUq{A1q,

C´1
1 CapBpξ,2rqpBpξ, rqq

´1
ď gUpξr, crq ď C1CapBpξ,2rqpBpξ, rqq

´1. (4.16)

Proof. By Lemma 4.5-(a), there exist A1, A0 P p4,8q such that for all ξ P BU and all
r P p0, diampUq{A1q, we have

sup
zPUXBpξ,2rq

ωUXBpξ,A0rq
z pU X Spξ, A0rqq ď

1

2
. (4.17)

By (3.12) and [BCM, Lemmas 5.20-(c), 5.22 and 5.23], there exist c0 P p0, cU{2q and
rA1 P p4,8q such that for all c P p0, c0s there exists C2 P p1,8q satisfying the following

estimate: for all ξ P BU , all r P p0, diampUq{ rA1q and all y P Spξr, crq, we have

C´1
2 CapBpξ,2rqpBpξ, rqq

´1
ď gBpξr,cUr{2qpξr, yq ď gBpξ,A0rqpξr, yq ď C2CapBpξ,2rqpBpξ, rqq

´1.
(4.18)

Also by (3.12) and by reducing c0 further if necessary, there exists C3 P p1,8q such that

sup
Spξr,crq

gUpξr, ¨q ď C3 inf
Spξr,crq

gUpξr, ¨q “ C3gUpξr, crq (4.19)

for all c P p0, c0s, all ξ P BU and all r P p0, diampUq{ rA1q. On the other hand, for all
c P p0, c0s, all ξ P BU and all r P p0, diampUq{A1q, by choosing η P Spξr, crq satisfying

gUpξr, ηq “ sup
yPSpξr,crq

gUpξr, yq, (4.20)

and by the Dynkin–Hunt formula (Lemma 3.5) and the maximum principle (the latter
equality in (3.2)), we obtain

gUpξr, ηq “ gUXBpξ,A0rqpξr, ηq ` Eη

“

1tτUXBpξ,A0rqă8,XτUXBpξ,A0rq
PUugUpXτUXBpξ,A0rq

, ξrq
‰

ď gUXBpξ,A0rqpξr, ηq ` gUpξr, ηqPη

`

τUXBpξ,A0rq ă 8, XτUXBpξ,A0rq
P U

˘

ď gUXBpξ,A0rqpξr, ηq `
1

2
gUpξr, ηq (by (4.17)),

and hence

gBpξr,cUr{2qpξr, ηq ď gUpξr, ηq ď 2gUXBpξ,A0rqpξr, ηq ď 2gBpξ,A0rqpξr, ηq. (4.21)

Combining (4.18), (4.21), (4.20) and (4.19), we obtain (4.16).
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Proof of Theorem 4.6. We first show the lower bound on the harmonic measure which is
considerably easier than the upper bound.
Lower bound on harmonic measure: By Lemmas 2.34-(d) and 4.5-(a), there exists
c1 P p0, 1{2q such that for all ξ P BU , all r P p0, diampUq{A1q and all y P U X Bpξ, 2c1rq,

ωU
y pBpξ, rq X BUq ě 1 ´ ωUXBpξ,rq

y pU X Spξ, rqq ě
1

2
. (4.22)

By Lemmas 3.6-(b) and 4.8 and increasing A1 if necessary, there exist c2 P p0, c1q and
C1, C2 P p1,8q such that

C´1
1

gUpx0, ξc1rq

gUpξc1r, c2rq
ď Px0

`

σBpξc1r,c2rq
ă σUc

˘

ď C1
gUpx0, ξc1rq

gUpξc1r, c2rq
(4.23)

and
C´1

2 CapBpξ,2rqpBpξ, rqq
´1

ď gUpξc1r, c2rq ď C2CapBpξ,2rqpBpξ, rqq
´1 (4.24)

for all ξ P BU , all r P p0, diampUq{A1q and all x0 P UzBpξ, 2rq.

The lower bound on the harmonic measure is obtained by estimating the probability
of the event that the diffusion X first hits the set Bpξc1r, c2rq before exiting U along
BU X Bpξ, rq. Setting B0 :“ Bpξc1r, c2rq, we estimate the harmonic measure as

ωU
x pBU X Bpξ, rqq ě Px

`

σB0 ă σUc , XσUc P BU X Bpξ, rq
˘

“ PxpσB0 ă σUcqEx

“

ωU
XσB0

pBU X Bpξ, rqq
‰

(by the strong Markov property of X)

ě PxpσB0 ă σUcq inf
yPB0

ωU
y pBU X Bpξ, rqq

(4.22)

ě
1

2
PxpσB0 ă σUcq

(4.23)

ě p2C1q
´1 gUpx, ξc1rq

gUpξc1r, c2rq

(4.24)

ě p2C1C2q
´1gUpx, ξc1r{2qCapBpξ,2rqpBpξ, rqq (4.25)

for all ξ P BU , all r P p0, diampUq{A1q and all x P UzBpξ, 2rq. On the other hand, by
Lemma 2.29 and increasing A1 if necessary, there exist A0, C3 P p1,8q such that

C3gUpx, ξrq ě gUpx, ξc1r{2q ě C´1
3 gUpx, ξrq (4.26)

for all ξ P BU , all r P p0, diampUq{A1q and all x P UzBpξ, A0rq. Combining (4.25) and
(4.26), we obtain the desired lower bound.

Upper bound on harmonic measure: Fix ξ P BU and r P p0, diampUq{A1q, where
A1 P p1,8q may be increased from its current value in the course of this proof. We
note that all the constants in the argument below are independent of the choice of ξ, r
and depend only on the constants involved in Assumption 4.3. We consider two cases
depending on whether or not pBpξ, 4rqzBpξ, 2rqq X BU is empty.

Case 1: pBpξ, 4rqzBpξ, 2rqq X BU “ H. In this case, we use the estimate

ωU
x pBpξ, rq X BUq ď Px

`

σSpξ,3rqXU ă σUc

˘

. (4.27)
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By Lemma 3.6-(b) and the same argument as the proof of Lemma 4.8 (by using [BCM,
Lemmas 5.10, 5.20-(a) and 5.23]) and by increasing A1 if necessary, there exist c1 P p0, 1q

and C3, C4 P p1,8q such that

gUpy, c1rq ě gBpy,rqpy, c1rq ě C´1
3 CapBpξ,2rqpBpξ, rqq

´1
ě C´1

4 CapBpξ,2rqpBpξ, rqq
´1

(4.28)
and

Px

`

σBpy,c1rq
ă σUc

˘

ď C3
gUpy, x0q

gUpy, c1rq
(4.29)

for all y P U X Spξ, 3rq and x0 P UzBpξ, 4rq. By Lemma 2.28-(b), the proof of Lemma
2.29 and by increasing A0, A1 if needed, there exist A0, C5 P p1,8q such that for all
y P U X Spξ, 3rq and x0 P UzBpξ, A0rq we have

gUpy, x0q ď C5gUpξr, x0q. (4.30)

Choosing a maximal c1r-separated subset tyi | 1 ď i ď Nu of U X Spξ, 3rq on the basis
of MD, we have U X Spξ, 3rq Ă

ŤN
i“1Bpyi, c1rq, where N P N has an upper bound that

depends only on MD and c1. Therefore by (4.27), we obtain

ωU
x0

pBpξ, rq X BUq ď Px0

`

σŤN
i“1 Bpyi,c1rq

ă σUc

˘

ď

N
ÿ

i“1

Px0

`

σBpyi,c1rq
ă σUc

˘

(4.29)

ď

N
ÿ

i“1

C3
gUpy, x0q

gUpy, c1rq

(4.30)

ď NC3
gUpξr, x0q

gUpy, c1rq

(4.28)

ď NC3C4
gUpξr, x0q

gUpy, c1rq

(4.31)

for all x0 P UzBpξ, A0rq. The desired upper bound in this case follows from (4.31) and
(4.28).

Case 2: pBpξ, 4rqzBpξ, 2rqq X BU ‰ H. Let η P pBpξ, 4rqzBpξ, 2rqq X BU and set V :“
UzpBUzBpξ, 3r{2qq (note that V is an open subset of U). Recall from Assumption 4.3 that
Xref “

`

Ωref ,Mref , tXref
t utPr0,8s, tPref

x uxPUB

˘

is a diffusion on U as in Assumption 2.19 for

the MMD space pU, d,m|U , E ref ,FpUqq. Since Bpη, r{2q X BU is a subset of UzV and not
E ref-polar by Lemmas 4.5-(a) and 2.34-(e),(d),(a), the part Dirichlet form of pE ref ,FpUqq

on V is transient by the irreducibility of pU,m|U , E ref ,FpUqq from Proposition 2.18-(a)
and [BCM, Proposition 2.1]. Hence we have the Green function grefV of pE ref ,FpUqq on V
as given in Proposition 3.1 and Lemma 3.3.

By Lemma 3.6 and arguing similarly as (4.28) and (4.29), along with increasing A1 if
needed, there exist C1, C2 P p1,8q and c1 P p0, cU{4q such that

sup
yPSpξr,c1rq

grefV pξr, yq ď C1g
ref
V pξr, c1rq, (4.32)

C´1
1

grefV px, ξrq

grefV pξr, c1rq
ď Pref

x

`

σBpξr,c1rq
ă σBUzBpξ,3r{2q

˘

ď C1
grefV px, ξrq

grefV pξr, c1rq
, (4.33)

grefV pξr, c1rq ě gUpξr, c1rq ě C´1
2 CapBpξ,2rqpBpξ, rqq

´1 (4.34)
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for all x P UzBpξr, c1rq. By Harnack chaining in V and (4.32), there exists C3 P p1,8q

such that for all z P Bpξ, rq X BU , we have

grefV pξr, zq ě C´1
3 grefV pξr, c1rq. (4.35)

Setting B :“ Bpξr, c1rq, by the strong Markov property of Xref we have

Pref
x pσB ă σBUzBpξ,3r{2qq ě Pref

x

`

Xref
σBU

P BU X Bpξ, rq, σB ˝ θσBU
ă σBUzBpξ,3r{2q ˝ θσBU

˘

ě ωU
x pBU X Bpξ, rqq inf

zPBpξ,rqXBU
Pref
z pσB ă σBUzBpξ,3r{2qq

ě C´1
1 C´1

3 ωU
x pBU X Bpξ, rqq (by (4.35) and (4.33)) (4.36)

for all x P UzBpξr, c1rq. Now the proof of the desired upper bound in (4.14) is reduced
to showing that there exists C4 P p1,8q such that, for suitably chosen A0 P p1,8q,

grefV px0, ξrq ď C4gUpx0, ξrq for all x0 P UzBpξ, A0rq; (4.37)

indeed, by combining (4.36), (4.33), (4.34) and (4.37) we obtain

ωU
x0

pBU X Bpξ, rqq
(4.36)

ď C1C3Pref
x0

pσB ă σBUzBpξ,3r{2qq
(4.33)

ď C2
1C3

grefV px0, ξrq

grefV pξr, c1rq
(4.34)

ď C2
1C2C3g

ref
V px0, ξrqCapBpξ,2rqpBpξ, rqq

(4.37)

ď C2
1C2C3C4gUpx0, ξrqCapBpξ,2rqpBpξ, rqq.

To see (4.37), recall the Dynkin–Hunt formula (Lemma 3.5) that

grefV py, zq “ gUpy, zq ` Eref
y

“

1tτUă8,Xref
τU

PV ug
ref
V pXref

τU
, zq

‰

for all y P U , z P Uztyu. (4.38)

By Lemma 3.3, for any x0 P UzBpξ, 4rq and any z P V X Bpξ, dpξ, ηqq we have

grefV pz, x0q “ Eref
z

“

grefV ppXref
q
V
τV XBpξ,dpξ,ηqq

, x0q
‰

ď sup
UXSpξ,dpξ,ηqq

grefV p¨, x0q. (4.39)

Therefore, we obtain for all x0 P UzBpξ, 4rq and all y P U X Bpξ, dpξ, ηqq,

grefV py, x0q
(4.38)

ď gUpy, x0q ` Pref
y

`

τU ă 8, Xref
τU

P V
˘

sup
zPV zU

grefV pz, x0q

(4.39)

ď gUpy, x0q ` Pref
y

`

τU ă 8, Xref
τU

P V
˘

sup
zPUXSpξ,dpξ,ηqq

grefV pz, x0q. (4.40)

Next, we show that there exists δ P p0, 1q such that for all y P U X Spξ, dpξ, ηqq,

Pref
y

`

τU ă 8, Xref
τU

P V
˘

ď 1 ´ δ. (4.41)
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Indeed, by Lemma 2.34-(b), the function hpyq :“ Pref
y

`

τU ă 8, Xref
τU

P V
˘

is continuous
and E ref-harmonic on U . Then by Lemma 4.5-(a), there exists c2 P p0, 1{4q such that

hpyq ď
1

2
for all y P UzBpξ, 7r{4q with δUpyq ă c2r, (4.42)

whereas by (4.42) and Harnack chaining for the E ref-harmonic function 1 ´ h on U using
Lemma 2.28-(b), there exists δ P p0, 1q such that hpyq ď 1 ´ δ for all y P U X Spξ, dpξ, ηqq

with δUpyq ě c2r, proving (4.41). In particular, taking supremum over y P UXSpξ, dpξ, ηqq

in (4.40) and using (4.41), for all x0 P UzBpξ, 4rq we obtain

sup
yPUXSpξ,dpξ,ηqq

grefV py, x0q ď sup
yPUXSpξ,dpξ,ηqq

gUpy, x0q ` p1 ´ δq sup
yPUXSpξ,dpξ,ηqq

grefV py, x0q,

which, together with supyPUXSpξ,dpξ,ηqq g
ref
V py, x0q ă 8 implied by the maximum principle

(the latter of (3.2)), yields

sup
yPUXSpξ,dpξ,ηqq

grefV py, x0q ď δ´1 sup
yPUXSpξ,dpξ,ηqq

gUpy, x0q. (4.43)

On the other hand, by Carleson’s estimate (Proposition 3.11), Harnack chaining using
Lemma 2.28-(b) and increasing A0, A1 if needed, there exists C5 P p1,8q such that for all
x0 P UzBpξ, A0rq,

sup
yPUXSpξ,dpξ,ηqq

grefV py, x0q ě C´1
5 grefV pξr, x0q, sup

yPUXSpξ,dpξ,ηqq

gUpy, x0q ď C5gUpξr, x0q. (4.44)

Combining (4.43) and (4.44), we obtain (4.37) and thereby complete the proof.

Under an additional assumption which for instance is satisfied for the Brownian motion
on Rn with n ě 2, the capacity density condition CDC for a domain U implies the uniform
perfectness of its boundary BU , which is relevant to the stable-like heat kernel estimates
for the boundary trace process in Theorem 5.13 below.

Definition 4.9. Let pX , d,m, E ,Fq be an MMD space satisfying MD and EHI. We
say that pX , d,m, E ,Fq satisfies the capacity non-decreasing condition if there exist
C,A P p1,8q such that

CapBpx,2rqpBpx, rqq ď C CapBpx,2RqpBpx,Rqq for all x P X , 0 ă r ă R ă diampX q{A.
(4.45)

We remark that the number 2 in (4.45) can be replaced with any constant larger than
1 due to [BCM, Lemma 5.22]. If pX , d,m, E ,Fq satisfies the stronger VD and HKEpΨq

for some scale function Ψ, then by [GHL15, Theorem 1.2], (4.45) is equivalent to the
following estimate: there exist C,A P p1,8q such that

ΨpRq

mpBpx,Rqq
ď C

Ψprq

mpBpx, rqq
for all x P X and all 0 ă r ă R ă diampX q{A. (4.46)

The condition (4.46) was called fast volume growth in [JM, Definition 1.5]. The following
lemma follows from Theorem 4.6 and Lemma 4.5-(b). We omit its proof as it is just a
straightforward modification of the argument in [AHMT1, Remark 2.17].
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Lemma 4.10 (Cf. [AHMT1, Remark 2.17]). Let an MMD space pX , d,m, E ,Fq and a uni-
form domain U in pX , dq satisfy Assumption 4.3, and assume further that pX , d,m, E ,Fq

satisfies the capacity non-decreasing condition. Then pBU, dq is uniformly perfect.

It is easy to see that Lemma 4.10 is not true without the capacity non-decreasing
condition. For instance, this can be seen by considering the unit interval U “ p0, 1q for
the Brownian motion on R.

We provide some sufficient conditions for the capacity density condition below.

Remark 4.11. (a) Let pX , d,m, E ,Fq be an MMD space satisfying MD and EHI, and
let U be an open subset of X satisfying the exterior corkscrew condition (see [JK,
(3.2)] for the definition). Then the capacity estimates in [BCM, Section 5] imply the
capacity density condition for U . In particular, non-tangentially accessible domains
(see [JK, p. 93]) satisfy the capacity density condition.

(b) Let pX , d,m, E ,Fq be an MMD space satisfying the heat kernel estimates HKEpΨq

with Ψprq “ rdw for all r P r0,8q for some dw P r2,8q. Assume that m is a df -Ahlfors
regular measure for some df P p0,8q, i.e., there exists C P p1,8q such that

C´1rdf ď mpBpx, rqq ď Crdf for all x P X and all r P p0, 2diampX qq. (4.47)

If U is an open subset of X and its boundary BU in X admits a p-Ahlfors regular
Borel measure for some p P pdf ´ dw,8q X r0,8q, then U satisfies CDC; indeed, the
desired lower bound on the capacity can be obtained by adapting the arguments in
[HeiK, Proof of Theorem 5.9]. In particular, this shows that the uniform domains
obtained by removing the bottom line or the outer square boundary of the Sierpiński
carpet satisfy CDC with respect to the MMD space corresponding to the Brownian
motion on the Sierpiński carpet. More generally, a similar statement holds also for
any generalized Sierpiński carpet due to [CC24a, Lemma 3.7].

We recall a simple consequence of Lebesgue’s differentiation theorem. We note that
the condition (4.48) is satisfied by harmonic measure on BU due to Corollary 4.7.

Lemma 4.12 (Lebesgue’s differentiation theorem). Let pX , d,mq be a metric measure
space such that pX , dq is separable, mpBpx, rqq ă 8 for some r P p0,8q for each x P X ,
and

lim sup
rÓ0

mpBpx, 2rqq

mpBpx, rqq
ă 8 for m-a.e. x P X . (4.48)

Then for any locally integrable function f : X Ñ R almost every point is a Lebesgue point
of f ; that is,

lim
rÓ0

 
Bpx,rq

|fpyq ´ fpxq| dmpyq (4.49)

for m-a.e. x P X . In particular, for any x P suppX rms satisfying (4.49), if ε P p0,8q

and ψr : X Ñ R is a Borel measurable function satisfying 1Bpx,rq ď ψr ď 1Bpx,2rq for each
r P p0, εq, then

lim
rÓ0

ş

X ψrf dm
ş

X ψr dm
“ fpxq. (4.50)
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Proof. The assertion given in (4.49) follows from [HKST, Theorem 3.4.3 and (3.4.10)]. If
x P suppX rms satisfies (4.49), then

0 ď lim sup
rÓ0

ş

X |ψrpyqfpyq ´ ψrpyqfpxq|mpdyq
ş

X ψr dm

ď lim sup
rÓ0

ş

Bpx,2rq
|fpyq ´ fpxq|mpdyq

mpBpx, rqq
(since 1Bpx,rq ď ψr ď 1Bpx,2rq)

ď

ˆ

lim sup
rÓ0

mpBpx, 2rqq

mpBpx, rqq

˙

lim sup
rÓ0

 
Bpx,2rq

|fpyq ´ fpxq|mpdyq
(4.49),(4.48)

“ 0. (4.51)

The desired conclusion follows from (4.51) and the estimate∣∣∣∣
ş

X ψrf dm
ş

X ψr dm
´ fpxq

∣∣∣∣ ď

ş

X |ψrpyqfpyq ´ ψrpyqfpxq|mpdyq
ş

X ψr dm
.

The following proposition shows that the E-harmonic measure ωU
x of a uniform domain

U in pX , dq is the distributional Laplacian of the Green function gUpx, ¨q. In the proof, we
use the following notation for the (0-order) hitting distribution with respect to a diffusion
Xref “

`

Ωref ,Mref , tXref
t utPr0,8s, tPref

x uxPUYtBu

˘

on U as in Assumption 2.19 for the MMD

space pU, d,m|U , E ref ,FpUqq, where E ref :“ E ref,U : we define Href
BUru P FpUqe by

Href
BUrupxq :“ Eref

x

“

rupXref
σBU

q1tσBUă8u

‰

for E ref-q.e. x P U for each u P FpUqe. (4.52)

We will also use the fact that the strongly local part E pcq (recall (2.77)) of any regular
Dirichlet space pX ,m, E ,Fq satisfies the following strengthened strong locality:

E pcq
pu, vq “ 0 for any u, v P Fe with pu ´ aqpv ´ bq “ 0 m-a.e. on X for some a, b P R;

(4.53)
indeed, extending [FOT, Corollary 3.2.1] from u P F to u P Fe by using [FOT, Exercise
1.4.1, Lemma 2.1.4 and Theorem 2.3.3-(i)], and applying it together with [FOT, Exercise
1.4.1 and Corollary 1.6.3] and Fe X L2pX ,mq “ F , we can easily extend [CF, Theorem
4.3.8] from u P F XL8pX ,mq to u P Fe, and then combining it with [FOT, Lemmas 2.1.4,
3.2.3 and 3.2.4] yields (4.53).

Proposition 4.13. Let pX , d,m, E ,Fq be an MMD space satisfying Assumption 2.19, and
let U be a uniform domain in pX , dq such that the part Dirichlet form pEU ,F0pUqq on U
is transient. Then for all x P U and all u P FpUq XL8pU,m|Uq such that x R suppm|U

rus

and suppm|U
rus is compact,

E ref
pgUpx, ¨q, uq “ ´

ż

BU

ru dωU
x . (4.54)

Proof. Note that the Green function gU of pE ,Fq on U is also that of pE ref ,FpUqq on U ,
since the part Dirichlet form of pE ref ,FpUqq on U coincides with pEU ,F0pUqq as observed
in the proof of Lemma 2.34-(e). Let x P U , let u P FpUq X L8pU,m|Uq be such that
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x R suppm|U
rus and suppm|U

rus is compact, and use [FOT, Exercise 1.4.1] to choose

ϕ P FpUq X CcpUq so that ϕ is r0, 1s-valued, ϕ “ 1 on a neighborhood of suppm|U
rus

and x R suppU rϕs. By the proof of Lemma 3.4 with pX , d,m, E ,Fq, D, y0 replaced by
pU, d,m|U , E ref ,FpUqq, U, x, under the convention of setting gUpx, ¨q :“ 0 on BU we have
ϕgUpx, ¨q P FpUq and hence E refpgUpx, ¨q, uq is canonically defined as E refpϕgUpx, ¨q, uq.

Also by the proof of Lemma 3.4, for some δ P
`

0, distpx, suppU rϕsq
˘

with Bpx, 2δq Ă U
we can construct a family tfrurPp0,δq of r0,8q-valued Borel measurable functions on U such
that f´1

r pp0,8qq “ Bpx, rq,
ş

U
fr dm “ 1,

ş

U
frGUfr dm ă 8 and ϕGUfr P F0pUq for any

r P p0, δq and limrÓ0 ϕGUfr “ ϕgUpx, ¨q in norm in pFpUq, E ref
1 q. Then for any r P p0, δq,

by [FOT, Theorem 4.2.6 and (1.5.9)] (see also [CF, Theorem 2.1.12-(i)]) we have

GUfr P F0
pUqe, frv P L1

pU,m|Uq and E ref
pGUfr, vq “

ż

U

frv dm (4.55)

for any v P F0pUqe, which in combination with (4.53), (2.22), (2.71) and (2.72) yields

E ref
pϕGUfr, uq “ E ref

pGUfr, uq (by (4.53))

“ E ref
pGUfr, u ´ Href

BUruq (by GUfr P F0
pUqe, (2.22) and (2.71))

“

ż

U

frpu ´ Href
BUruq dm (by (4.55), since u ´ Href

BUru P F0
pUqe by (2.72) and (2.22))

“ ´

ż

U

frH
ref
BUru dm (by suppm|U

rus Ă suppU rϕs Ă Uzf´1
r pp0,8qq). (4.56)

Now since |ru| ď ∥u∥L8pU,m|U q
E ref-q.e. on U by [FOT, Lemma 2.1.4], we have Href

BUrupyq “
ş

BU
ru dωU

y for any y P U by Lemma 2.34-(a),(e), it is an R-valued continuous function of
y P U by Lemma 2.34-(b), and therefore by letting r Ó 0 in (4.56) we obtain (4.54).

The Martin kernel can be viewed as the Radon–Nikodym derivative of the E-harmonic
measures at different starting points. A similar statement on non-tangentially accessible
(NTA) domains in the Euclidean space was observed in [KT, Theorem 3.1] which is an
easy consequence of the results in [JK]. Jerison and Kenig defined the Martin kernel
as such a Radon–Nikodym derivative in [JK, Definition 1.3]. For NTA domains in the
Euclidean space the equivalence of our definition with [JK, Definition 1.3] follows from
the uniqueness theorem in [JK, Theorem 5.5]. Our next result is a generalization of [KT,
Theorem 3.1].

Proposition 4.14. Let an MMD space pX , d,m, E ,Fq and a uniform domain U in pX , dq

satisfy Assumption 4.3. Then for all x, x0 P U ,

dωU
x

dωU
x0

p¨q “ KU
x0

px, ¨q. (4.57)

Proof. Let ξ P BU , r P p0, diampUq{4q, set A :“ Aξ,r :“ Bpξ, rq X BU , B :“ Bξ,r :“
Bpξ, 2rqc X U and let eA,B denote the equilibrium potential for A with respect to
pU,m|U , E ref ,FpUqq with Dirichlet boundary condition on B. By Proposition 4.13 and
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Lemma 2.11 there exist measures λ1A,B, λ
0
A,B supported on A and U XSpξ, 2rq respectively

such that

0 ă

ż

BU

reA,B dω
U
x “ ´E ref

pgUpx, ¨q, eA,Bq

“ ´

ˆ
ż

A

gUpx, yq dλ1A,Bpyq ´

ż

UXSpξ,2rq

gUpx, yq dλ0A,Bpyq

˙

“

ż

UXSpξ,2rq

gUpx, yq dλ0A,Bpyq. (4.58)

Taking ratio of (4.58) for x and for x0 in place of x, we obtain∣∣∣∣
ş

BU
reA,B dω

U
x

ş

BU
reA,B dωU

x0

´ Kx0px, ξq

∣∣∣∣ “

∣∣∣∣∣
ş

UXSpξ,2rq
gUpx, yq dλ0A,Bpyq

ş

UXSpξ,2rq
gUpx0, yq dλ0A,Bpyq

´ Kx0px, ξq

∣∣∣∣∣
ď

∣∣∣∣∣
ş

UXSpξ,2rq
gUpx0, yqpKx0px, yq ´ Kx0px, ξqq dλ0A,Bpyq
ş

UXSpξ,2rq
gUpx0, yq dλ0A,Bpyq

∣∣∣∣∣
ď

ş

UXSpξ,2rq
gUpx0, yq|Kx0px, yq ´ Kx0px, ξq| dλ0A,Bpyq
ş

UXSpξ,2rq
gUpx0, yq dλ0A,Bpyq

. (4.59)

By the boundary Hölder regularity of the Martin kernel implied by BHP and Lemma
3.10, there exist C1, A1 P p1,8q and γ P p0,8q such that for all x0, x P U , all ξ P BU , all
0 ă r ă A´1

1 pdpx0, ξq ^ dpx, ξqq and all y P U X Bpξ, rq, we have

|Kx0px, yq ´ Kx0px, ξq| ď C1Kx0px, ξq

ˆ

r

dpx0, ξq ^ dpx, ξq

˙γ

. (4.60)

On the other hand, since ωU
x ! ωU

x0
by Lemma 2.34-(c) and ωU

x0
satisfies (4.48) by Corollary

4.7, it follows from Lemma 4.12 that for ωU
x0
-a.e. ξ P BU ,

lim
rÓ0

ş

BU
reAξ,r,Bξ,r

dωU
x

ş

BU
reAξ,r,Bξ,r

dωU
x0

“
dωU

x

dωU
x0

pξq. (4.61)

By (4.60) and (4.61), for ωU
x0
-a.e. ξ P BU we can let r Ó 0 in (4.59) to get pdωU

x {dωU
x0

qpξq “

Kx0px, ξq, completing the proof.

4.3 The elliptic measure at infinity on unbounded domains

On unbounded uniform domain the harmonic measure need not be doubling. For instance
if BU is unbounded and connected, then due to [Hei, Exercise 13.1] every doubling mea-
sure on BU must necessarily be an infinite measure, and in particular there is no doubling
probability measure on BU . Nevertheless, as we will see there is a canonical doubling mea-
sure on BU obtained as a limit of scaled harmonic measures ωU

x as x Ñ 8. Propositions
3.20 and 4.13 suggest considering the limit of scaled harmonic measures gUpx0, xq´1ωU

x

ˇ

ˇ

U
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as x Ñ 8. Following [BTZ, Lemma 3.5], we call this limit, denoted as νUx0
below, the

E-elliptic measure at infinity of U with base point x0. Alternatively, the distributional
Laplacian of the harmonic profile defines the elliptic measure at infinity on the boundary
BU as shown below.

Proposition 4.15 (Elliptic measure at infinity). Let an MMD space pX , d,m, E ,Fq and
a uniform domain U in pX , dq satisfy Assumption 4.3, and assume that U is unbounded.
Let x0 P U , and let txnunPN Ă Uztx0u be any sequence satisfying limnÑ8 dpx0, xnq “ 8.
Let hUx0

p¨q “ limnÑ8 Kx0p¨, xnq denote the E-harmonic profile of U with hUx0
px0q “ 1. Then

the sequence of the measures νn :“ gUpx0, xnq´1ωU
xn

ˇ

ˇ

U
converges in total variation on any

compact subset of U to an E ref-smooth Radon measure νUx0
on U with νUx0

pUq “ 0 and

E ref
phUx0

, uq “ ´

ż

BU

ru dνUx0
(4.62)

for all u P FpUqXL8pU,m|Uq such that suppm|U
rus is compact. In particular, the measure

νUx0
does not depend on the choice of the sequence pxnqně1, and ν

U
y “ phUx0

pyqq´1νUx0
for

any y P U . Moreover, the following hold:

(a) The measures νUx0
and ωU

x0

ˇ

ˇ

U
are mutually absolutely continuous. Furthermore, the

Radon–Nikodym derivative
dνUx0
dωU

x0

: BU Ñ p0,8q can be chosen to be a strictly positive

continuous function satisfying the following estimates: there exist C,A P p1,8q such
that for all ξ P BU , all R P p0, A´1dpx0, ξqq and all η P BU X Bpξ, Rq,

C´1 hUx0
pξRq

gUpx0, ξRq
ď
dνUx0

dωU
x0

pηq ď C
hUx0

pξRq

gUpx0, ξRq
. (4.63)

(b) BU is an E ref-quasi-support of νUx0
.

(c) There exists C P p1,8q such that for all ξ P BU and all R P p0,8q,

C´1hUx0
pξRqCapBpξ,2RqpBpξ, Rqq ď νUx0

pBpξ, Rq X BUq ď ChUx0
pξRqCapBpξ,2RqpBpξ, Rqq.

(4.64)
In particular, suppU rνUx0

s “ BU and pBU, d, νUx0
q satisfies VD.

Proof. Let u P FpUqXL8pU,m|Uq be such that suppm|U
rus is compact, and let txnunPN Ă

Uztx0u be any sequence satisfying limnÑ8 dpx0, xnq “ 8. Then there exist ϕ P F XCcpX q

and N P N such that xn R suppX rϕs for all n ě N , suppmrus Ă suppX rϕs and ϕ ” 1 on
a neighborhood of suppmrus. By Proposition 4.13 and the strong locality of pE ref ,FpUqq,
we have

ż

BU

ru dνn “ ´E ref

ˆ

gUp¨, xnq

gUpx0, xnq
, u

˙

“ ´E ref

ˆ

ϕp¨q
gUp¨, xnq

gUpx0, xnq
, u

˙

, (4.65)

where we adopt the convention of extending gUp¨, xnq by 0 on U c. Similarly extending hUx0

as 0 on U c, we see from Proposition 3.20 and Remark 2.25-(b) that

lim
NďnÑ8

E ref
1

ˆ

ϕp¨q
gUp¨, xnq

gUpx0, xnq
´ ϕhUx0

, ϕp¨q
gUp¨, xnq

gUpx0, xnq
´ ϕhUx0

˙

“ 0. (4.66)
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Combining (4.65), (4.66) and by the strong locality of pE ref ,FpUqq, we obtain

lim
nÑ8

ż

BU

ru dνn “ ´E ref
pϕp¨qhUx0

, uq “ ´E ref
phUx0

, uq (4.67)

for all u P FpUq XL8pU,m|Uq such that suppm|U
rus is compact. By Proposition 4.14 and

(3.40),
dνn
dωU

x0

p¨q “
1

gUpx0, xnq

dωU
xn

dωU
x0

p¨q
(4.57)

“
KU

x0
pxn, ¨q

gUpx0, xnq

(3.40)
“ ΘU

x0
pxn, ¨q. (4.68)

By (3.26) and the joint continuity of ΘU
x0
, the sequence ΘU

x0
pxn, ¨q is uniformly bounded

on every compact subset of BU . Similarly by (3.27) and the joint continuity of ΘU
x0
, the

sequence ΘU
x0

pxn, ¨q is equicontinuous on every compact subset of BU . Therefore by the
Arzelà–Ascoli theorem, we can choose a subsequence txnk

ukPN so that ΘU
x0

pxnk
, ¨q converges

uniformly on any compact subset of BU to a continuous function ΘU
x0

p8, ¨q : BU Ñ r0,8q.
Recalling that ωU

x0

ˇ

ˇ

U
is E ref-smooth and ωU

x0
pUq “ 0 by Lemma 2.34-(e),(a), we can thus

define an E ref-smooth Radon measure νUx0
on U by

νUx0
pdξq :“ ΘU

x0
p8, ξqωU

x0

ˇ

ˇ

U
pdξq, (4.69)

so that νUx0
pUq “ 0, the measures νnk

“ gUpx0, xnk
q´1ωU

xnk

ˇ

ˇ

U
converge to νUx0

in total

variation on any compact subset of U , and from (4.67) we obtain (4.62) for all u P FpUqX

L8pU,m|Uq such that suppm|U
rus is compact. Combining (4.62) with the uniqueness

of hUx0
in Proposition 3.20, [FOT, Exercise 1.4.1] applied to the regular Dirichlet space

pU,m|U , E ref ,FpUqq, and the outer and inner regularity of νUx0
from [Rud, Theorem 2.18],

we conclude that νUx0
is independent of particular choices of txnunPN and its subsequence

txnk
ukPN in the above argument, and so is ΘU

x0
p8, ¨q by (4.69), its continuity on BU and

suppU rωU
x0

ˇ

ˇ

U
s “ BU from Corollary 4.7. Since the sequence txnunPN in these results can

be replaced with any subsequence of txnunPN, it follows that tΘU
x0

pxn, ¨qunPN converges to
ΘU

x0
p8, ¨q uniformly on any compact subset of BU and hence that tνnunPN converges to νUx0

in total variation on any compact subset of U (without passing to a subsequence).

Moreover, by Lemma 3.19 and (4.62), we have

hUy “ phUx0
pyqq

´1hUx0
and νUy “ phUx0

pyqq
´1νUx0

for all y P U . (4.70)

(a) Letting A P p1,8q be as in Lemma 3.13, by (4.68), (3.26) and the joint continuity of
ΘU

x0
pxn, ¨q, for all ξ P BU , all R P p0, p2Aq´1dpξ, x0qq and all η P BU XBpξ, Rq we have

dνn
dωU

x0

pηq
(4.68)

“ ΘU
x0

pxn, ηq
(3.26)

— ΘU
x0

pxn, ξRq “
gUpξR, xnq

gUpx0, xnq

1

gUpx0, ξRq

for all n sufficiently large. Letting n Ñ 8 and using Proposition 3.20, we obtain the
estimate (4.63). Since ΘU

x0
p8, ¨q is strictly positive on BU , we conclude from (4.69)

and ωU
x0

pUq “ 0 that νUx0
and ωU

x0

ˇ

ˇ

U
are mutually absolutely continuous.

(b) By the mutual absolute continuity of νUx0
and ωU

x0

ˇ

ˇ

U
, they have the same E ref-quasi-

supports. Hence the desired conclusion follows from Lemma 2.34-(e).
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(c) For ξ P BU and R P p0,8q, we choose y P UzBpξ, 2ARq and estimate

νUy pBpξ, Rqq
(4.63)

— ωU
y pBpξ, Rqq

hUy pξRq

gUpy, ξRq

(4.14)
— hUy pξRqCapBpξ,2RqpBpξ, Rqq. (4.71)

The estimate (4.64) follows from (4.70) and (4.71).

The volume doubling property of νUx0
follows from (4.64) along with Proposition 3.20,

Lemma 2.29, and [BCM, Lemma 5.23].

Remark 4.16. The above proof of Proposition 4.15 implies that for any ξ P BU the limit

lim
UˆUQpz,xqÑp8,ξq

Θx0pz, xq

exists, and therefore this limit was suggestively denoted as Θx0p8, ξq in the proof.

It is natural to ask whether unbounded uniform domains satisfying CDC have un-
bounded boundaries. This is not true in general since the positive half-line U “ p0,8q

is a uniform domain in R satisfying CDC for the Brownian motion on R. On the other
hand, such examples do not occur for the Brownian motion on RN with N ě 2. More
generally, unbounded uniform domains satisfying CDC have unbounded boundaries under
the additional assumption of the capacity non-decreasing condition (recall Definition 4.9),
as follows.

Lemma 4.17. Let an MMD space pX , d,m, E ,Fq and a uniform domain U in pX , dq

satisfy Assumption 4.3, and assume that U is unbounded and that pX , d,m, E ,Fq satisfies
the capacity non-decreasing condition. Then BU is unbounded, i.e., diampBUq “ 8.

Proof. Let x0 P U be fixed and let νUx0
denote the E-elliptic measure at infinity of U with

base point x0 as given in Proposition 4.15. By Lemma 4.5-(b), (4.45) and Proposition
4.15-(c), there exists A P p1,8q such that

νUx0
pBpξ, Rqq ă

1

2
νUx0

pBpξ, ARqq for all ξ P BU and all R P p0,8q.

This implies that BU X pBpξ, ARqzBpξ, Rqq “ H for all ξ P BU and all R P p0,8q, which
in turn implies that BU is unbounded.

5 The boundary trace process

Throughout this section, we always assume that a scale function Ψ, a MMD space
pX , d,m, E ,Fq, a diffusion X “ pΩ,M, tXtutPr0,8s, tPxuxPXB

q on X , a uniform domain
U in pX , dq, and a diffusion Xref “

`

Ωref ,Mref , tXref
t utPr0,8s, tPref

x uxPUB

˘

on U satisfy As-
sumption 4.3.
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5.1 The boundary measure and the corresponding PCAF

To define the boundary trace process, we choose a reference measure on the boundary BU
as given in the following definition.

Definition 5.1. If U is bounded, we choose x0 “ pξdiampUq{5 using Lemma 2.6, where
pξ P BU is chosen arbitrarily. If U is unbounded, we choose an arbitrary point x0 P U . We
define a Radon measure µ on U with suppU rµs Ă BU by

µ :“

#

ωU
x0

ˇ

ˇ

U
if U is bounded,

νUx0
if U is unbounded,

(5.1)

where ωU
x0
, νUx0

denote the E-harmonic measure (Definition 2.33, Lemma 2.34) and the
E ref-elliptic measure at infinity (Proposition 4.15), respectively, of U with base point x0.

In order to describe properties of µ, we define rΦ: BU ˆ p0, diampUq{6q Ñ p0,8q by

rΦpξ, rq “

#

gUpx0, ξrq if U is bounded,

hUx0
pξrq if U is unbounded,

(5.2)

where ξr is chosen as in Lemma 2.6.

Note that by [GHL15, Theorem 1.2] and [BCM, Lemma 5.22], there exist C,A P p1,8q

such that

C´1mpBpx,Rqq

ΨpRq
ď CapBpx,2RqpBpx,Rqq ď C

mpBpx,Rqq

ΨpRq
(5.3)

for all x P X and all R P p0, diampX q{Aq. Let us recall that the function rΦ is useful to
estimate the measure µ. Indeed, by Theorem 4.6, Proposition 4.15-(c) and (5.3), there
exist C,A P p1,8q such that

C´1mpBpξ, Rqq

ΨpRq
ď
µpBpξ, Rqq

rΦpξ, Rq
ď C

mpBpξ, Rqq

ΨpRq
for all ξ P BU and R P p0, diampUq{Aq.

(5.4)

We record some basic estimates on rΦ and show that rΦ is comparable to a function Φ that
has better continuity properties.

Lemma 5.2. There exist C1, A1 P p1,8q and a regular scale function Φ: BU ˆ r0,8q Ñ

r0,8q on pBU, dq with threshold diampUq in the sense of Definition 2.38 such that

C´1
1

rΦpξ, rq ď Φpξ, rq ď C1
rΦpξ, rq for all ξ P BU and all r P p0, diampUq{A1q. (5.5)

Proof. First, we show that there exist C, β1, β2 P p0,8q and A P p4,8q such that for all
η, ξ P BU and all 0 ă r ď R with R _ dpξ, ηq ă diampUq{A,

C´1
´ R

dpξ, ηq _ R

¯β2
´dpξ, ηq _ R

r

¯β1

ď
rΦpξ, Rq

rΦpη, rq
ď C

´ R

dpξ, ηq _ R

¯β1
´dpξ, ηq _ R

r

¯β2

.

(5.6)
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Indeed, by Lemmas 2.29 and 4.5 and by the harmonicity and Dirichlet boundary con-
ditions of gUpx0, ¨q and hUx0

in Propositions 3.1-(v), 3.20 and Lemma 3.4, there exist
C1, C2, A P p1,8q and β1, β2 P p0,8q such that

C´1
1

´R

r

¯β1

ď
rΦpξ, Rq

rΦpξ, rq
ď C1

´R

r

¯β2

for all ξ P BU and 0 ă r ď R ă diampUq{A, (5.7)

and

C´1
2 ď

rΦpξ, R _ dpξ, ηqq

rΦpη,R _ dpξ, ηqq
ď C2, (5.8)

for all η, ξ P BU and 0 ă r ď R with R _ dpξ, ηq ă diampUq{A. The conclusion (5.6)
follows from (5.7) and (5.8) by using the expression

rΦpξ, Rq

rΦpη, rq
“

rΦpξ, Rq

rΦpξ, R _ dpξ, ηqq
¨
rΦpξ, R _ dpξ, ηqq

rΦpη,R _ dpξ, ηqq
¨
rΦpη,R _ dpξ, ηqq

rΦpη, rq
.

By (5.7), there exists A2 P p1,8q such that for all ξ P BU and all R P p0, diampUq{Aq,

rΦpξ, A´1
2 Rq ď

1

2
rΦpξ, Rq. (5.9)

Using (5.9), we define Φ: BUˆr0,8q Ñ r0,8q as follows: if U is unbounded, we define

Φpξ, Ak
2q :“ rΦpξ, Ak

2q for ξ P BU and k P Z,

and extend Φpξ, ¨q by piecewise linear interpolation to r0,8q for each ξ P BU . Using
(5.6) and (5.5), we get the estimate (2.88) in Definition 2.38. The fact that Φpξ, ¨q is a
homeomorphism follows from (5.9). This concludes the proof when U is unbounded.

If U is bounded, we define

Φpξ, Ak
2p2Aq

´1diampUqq :“

#

rΦpξ, Ak
2p2Aq´1diampUqq if k ď 0,

Akβ1

2
rΦpξ, p2Aq´1diampUqq if k ą 0

for ξ P BU and k P Z, and extend Φpξ, ¨q by piecewise linear interpolation to r0,8q for
each ξ P BU . The conclusion follows from the same reasoning as the unbounded case.

It will be convenient to use Φ in Lemma 5.2 instead of rΦ due to its better continuity
property. So we set Φ to denote the function in Lemma 5.2 in the rest of this section. We
apply the results in Subsection 2.8 to the measure µ to obtain the following proposition.

Proposition 5.3. Let µ be the Radon measure on U defined in (5.1). Then the following
hold:

(a) suppU rµs “ BU , and there exist C0, A0, A1 P p1,8q such that

C´1
0 Φpx, rq ď

µpBpx, rqq

CapBpx,A0rqpBpx, rqq
ď C0Φpx, rq for all px, rq P BU ˆ p0, diampUq{A1q.

(5.10)
In particular, µ is E ref-capacity good and E ref-smooth in the strict sense.
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(b) Let Apµq “ tA
pµq

t utPr0,8q be a PCAF in the strict sense of Xref with Revuz measure µ(,
which exists by (a) and [FOT, Theorem 5.1.7]). Then the support of Apµq is BU , i.e.,

BU “
␣

x P U
ˇ

ˇ Pref
x rA

pµq

t ą 0 for any t P p0,8qs “ 1
(

. (5.11)

In particular, BU is an E ref-quasi-support of µ.

Proof. By (5.3), (5.4) and Lemma 5.2 we obtain suppU rµs “ BU and (5.10). In particular,
µ is an E ref-capacity good Borel measure on U in view of Theorem 2.16-(a) and Definition
2.43 and is therefore E ref-smooth in the strict sense by Lemma 2.46, and (b) follows from
Proposition 2.49.

Remark 5.4. By the estimate in (2.128) along with [FOT, Theorems 2.1.6 and 4.4.3-(ii)],
for the MMD space pU, d,m|U , E ref ,FpUqq we have

Capref
1 pBpξ, rq X BUq ą 0 for all ξ P BU and all r P p0,8q, (5.12)

where Capref
1 p¨q denotes the 1-capacity with respect to pU,m|U , E ref ,FpUqq.

5.2 The Doob–Näım formula

Now we define the trace process and Dirichlet form on the boundary BU as follows. Recall
from Assumption 4.3 that Xref “

`

Ωref ,Mref , tXref
t utPr0,8s, tPref

x uxPUB

˘

is a diffusion on U

as in Assumption 2.19 for the MMD space pU, d,m|U , E ref ,FpUqq.

Definition 5.5 (The boundary trace process and Dirichlet form). Set pBUqB :“ BU Y tBu,
and let µ be the Radon measure on U defined in (5.1).

(a) Let Fref
˚ “ tFref

t utPr0,8s denote the minimum augmented admissible filtration of Xref ,
ζref the life time of Xref , and tθreft utPr0,8s the shift operators of Xref . Let Apµq “

tA
pµq

t utPr0,8q be a PCAF in the strict sense of Xref with Revuz measure µ as considered

in Proposition 5.3-(b), with a defining set Λ P Fref
0 such that A

pµq

t pωq “ 0 for any
pt, ωq P r0,8q ˆ pΩrefzΛq and tζref “ 0u Ă Λ. Recalling (2.66) and (2.135), we define

the boundary trace process qXref “
`

qΩref , qMref , t qXref
t utPr0,8s, tPref

ξ uξPpBUqB

˘

of Xref

on BU as the time-changed process of Xref by Apµq, given for pt, ωq P r0,8s ˆ Ωref by

τtpωq :“ infts P p0,8q | Apµq
s pωq ą tu, qXref

t pωq :“ Xref
τtpωqpωq, qζpωq :“ Apµq

8 pωq,

qΩref :“ Λ X
␣

qXref
s P pBUqB for any s P r0,8q

(

X

´

␣

qζ P t0,8u
(

Y

!

lim
sÑ8

Xref
s “ B

)¯

,

qMref :“ Fref
8

ˇ

ˇ

qΩref , qθreft pωq :“ θrefτtpωqpωq, (5.13)

where A
pµq
8 pωq :“ limsÑ8 A

pµq
s pωq, so that by Propositions 5.3-(a) and 2.51-(a), qXref

is a µ-symmetric Hunt process on BU with life time qζ and shift operators
␣

qθreft

(

tPr0,8s
.
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(b) Recalling Definition 2.35, we define

qFpUq :“

"

ru|BU

ˇ

ˇ

ˇ

ˇ

u P FpUqe,

ż

BU

ru2 dµ ă 8

*

, (5.14)

where ru denotes any E ref-quasi-continuous m|U -version of u and we identify functions
that coincide E ref-q.e. on F ; since, for each u, v P FpUqe, ru “ rv E ref-q.e. on BU if
and only if ru “ rv µ-a.e. on U by [CF, Theorem 3.3.5], and since suppU rµs “ BU

by Proposition 5.3-(a), we can canonically consider qFpUq as a linear subspace of
L2pBU, µq. Then we further define a non-negative definite symmetric bilinear form
qE ref : qFpUq ˆ qFpUq Ñ R by

qE ref
pru|BU , rv|BUq :“ E ref

`

Href
BUru,H

ref
BUrv

˘

for u, v P FpUqe with ru|BU , rv|BU P qFpUq,
(5.15)

where Href
BUru P FpUqe is defined for E ref-q.e. x P U by

Href
BUrupxq :“ Eref

x

“

rupXref
σBU

q1tσBUă8u

‰

, σBU “ inftt P p0,8q | Xref
t P BUu (5.16)

(recall Definition 2.33), and call pqE ref , qFpUqq the boundary trace Dirichlet form
of pE ref ,FpUqq on L2pBU, µq.

As mentioned after Definition 2.35, pqE ref , qFpUqq is a regular symmetric Dirichlet form

on L2pBU, µq, a subset N of BU is qE ref-polar if and only if N is E ref-polar, and f |BUzN is
qE ref-quasi-continuous on BU for any E ref-quasi-continuous function f : UzN Ñ r´8,8s

defined E ref-q.e. on U for some E ref-polar N Ă U . Moreover, the extended Dirichlet space
qFpUqe of pBU, µ, qE ref , qFpUqq and the values of qE ref on qFpUqe ˆ qFpUqe are identified as

qFpUqe “ tru|BU | u P FpUqeu, qE ref
pru|BU , rv|BUq “ E ref

`

Href
BUru,H

ref
BUrv

˘

for any u, v P FpUqe,
(5.17)

and the Dirichlet form of the boundary trace process qXref is pqE ref , qFpUqq.

The goal of this subsection is to compute the Beurling–Deny decomposition (recall

(2.77)) of the boundary trace Dirichlet form pqE ref , qFpUqq defined in (5.14) and (5.15). Let
qE ref,pcq, qJ, qκ denote the strongly local part, the jumping measure and the killing measure,
respectively, of pBU, µ, qE ref , qFpUqq, so that we have qJppBU ˆ N q X pBUq2odq “ 0 “ qκpN q

for any qE ref-polar N P BpBUq and

qE ref
pu, vq “ qE ref,pcq

pu, vq`
1

2

ż

pBUq2od

prupxq´rupyqqprvpxq´rvpyqq qJpdx dyq`

ż

BU

rupxqrvpxq qκpdxq

(5.18)

for any u, v P qFpUqe, where ru, rv denote qE ref-quasi-continuous µ-versions of u, v respec-
tively.

The following lemma, which is an easy consequence of the ∆-regularity estimate shown
in Lemma 4.5-(a), is the main ingredient to show that the killing measure qκ is zero.

Lemma 5.6. It holds that

Pref
x pσBU ă 8q “ 1 for any x P U . (5.19)
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Proof. First, since the reflected diffusion Xref has the property that

Pref
x pXref

t P Uq “ 1 for any pt, xq P p0,8q ˆ U

by mpBUq “ 0 from (2.7) and AC and the conservativeness of Xref , it suffices to show the
claim for x P U . Then by the Markov property at any time t ą 0, Xref hits BU after time
t Pref

x -a.s. for any x P BU . In particular, we can work with the original diffusion X on the
ambient space X rather than the reflected diffusion Xref on U .

If U is bounded, then (5.19) follows by CDC, Remark 4.2 and Lemma 2.34-(d),(e).
Assume that U is unbounded, let x P U , and choose ξ P BU and R P pdpx, ξq,8q. Then by
Lemmas 2.34-(e),(a),(d) and 4.5-(a), there exist C1, δ P p0,8q such that for all K P p1,8q,

Pref
x pσBU ă 8q “ ωU

x pBUq “ PxpσX zU ă 8q (by Lemma 2.34-(e),(a))

ě PxpσX zU ď τBpξ,KRqq “ 1 ´ PxpτBpξ,KRq ă τUq (by Lemma 2.34-(d))

ě 1 ´ ωUXBpξ,KRq
x pU X Spξ,KRqq (by Lemma 2.34-(a))

ě 1 ´ C1K
´δ (by Lemma 4.5-(a)),

and we obtain Pref
x pσBU ă 8q “ 1 by letting K Ñ 8.

Our next result shows that the only non-vanishing term in the Beurling–Deny decom-
position (5.18) is the jump part. Our main tools are Propositions 2.36 and 2.37.

Proposition 5.7. The boundary trace Dirichlet form pqE ref , qFpUqq on L2pBU, µq is of pure

jump type, that is, qE ref,pcq and qκ in (5.18) are identically zero.

Proof. The vanishing of the killing measure qκ follows from Lemma 5.6 and Proposition
2.37. Alternatively, by [CF, Theorem 5.6.3] the killing measure is the supplementary
Feller measure V as defined in [CF, (5.5.7)], which in turn vanishes due to Lemma 5.6.

By [CF, Theorem 5.6.2], for which we have given a new elementary proof in Propo-

sition 2.36 above, and Proposition 5.3-(b), the strongly local part qE ref,pcq of pqE ref , qFpUqq

is identified as the values of the E ref-energy measures on BU , and they are seen to vanish
by applying [Mur24, Theorem 2.9] to the MMD space pU, d,m|U , E ref ,FpUqq, which sat-
isfies VD and HKEpΨq by Theorem 2.16-(a), and the uniform domain U in pU, dq. This

concludes the proof that pqE ref , qFpUqq is of pure jump type.

The vanishing of the E ref-energy measures on BU of any u P FpUqe can be seen more
directly as follows. Let u P FpUq X L8pU,m|Uq. Then for any f P FpUq X CcpUq, we
easily see from the Leibniz rule [FOT, Lemma 3.2.5] for E-energy measures that

dΓUpu, ufq ´
1

2
dΓUpu2, fq “ f dΓUpu, uq, (5.20)

which together with (2.37) shows that

E ref
pu, ufq ´

1

2
E ref

pu2, fq “

ż

U

f dΓUpu, uq. (5.21)
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It follows from (5.21) and (2.34) that the E ref-energy measure of u is given by ΓUpu, uqp¨X

Uq and hence vanishes on BU , and the same holds also for any u P FpUqe by the definition
of the E ref-energy measure of general u P FpUqe presented in Definition 2.12.

The goal of this section is the Doob–Näım formula stated in Theorem 5.8. We discuss
relevant previous works and approaches of proving the Doob–Näım formula. As mentioned
in the introduction, this was first shown by Doob [Doo] in the setting of Green spaces
introduced in [BC]. They are locally Euclidean and hence the result does not apply to
diffusions on fractals. Doob’s work relies on existence of fine limits to define the Näım
kernel and existence of ‘fine normal derivatives’ [Doo, §8] shown by Näım [Näı]. It is
unclear to the authors whether these results of Näım can be extended to our setting and
we leave it as an interesting direction for future work. M. Silverstein [Sil, Theorem 1.3]
showed the Doob–Näım formula for Markov chains on countable spaces using an excursion
measure. While it is possible to construct similar excursions in our setting as discussed in
[CF, Section 5.7], we choose a direct approach starting from the definition (5.15) of the

boundary trace Dirichlet form pqE ref , qFpUqq and performing a fairly simple computation.
The joint continuity of the Näım kernel established by using BHP in Proposition 3.14 and
the description of the Martin kernel as the Radon–Nikodym derivative of the harmonic
measure in Proposition 4.14 are important ingredients of our proof.

For random walks on certain trees, the trace Dirichlet form on the boundary is
amenable to explicit computations. This was first done by Kigami [Kig10, Theorem
5.6] and was later shown to coincide with the Doob–Näım formula in [BGPW, Theorem
6.4]. Kigami [Kig10, Theorem 7.6] also obtained stable-like heat kernel estimates for the
trace process on the boundary.

By extending the results of [Doo, Fuk, Sil], we show that the Näım kernel ΘU
x0

is the

jump kernel of the boundary trace Dirichlet form pqE ref , qFpUqq with respect to ωU
x0

ˆ ωU
x0
.

Theorem 5.8 (Doob–Näım formula). The jumping measure qJ in the Beurling–Deny

decomposition (5.18) of the trace Dirichlet form pqE ref , qFpUqq on L2pBU, µq is given by

d qJpξ, ηq “ ΘU
x0

pξ, ηq dωU
x0

pξq dωU
x0

pηq. (5.22)

Equivalently,

qE ref
pu, vq “

1

2

ż

pBUq2od

prupξq ´ rupηqqprvpξq ´ rvpηqqΘU
x0

pξ, ηq dωU
x0

pξq dωU
x0

pηq (5.23)

for all u, v P qFpUqe, where ru, rv denote qE ref-quasi-continuous µ-versions of u, v respectively.

Proof. Let ξ, η P BU be distinct and r ă dpξ, ηq{4. Let A “ Bpξ, rqXBU , B “ Bpξ, 2rqcXU
and eA,B P FpUq denote the equilibrium potential for Capref

B pAq for the Dirichlet form
pE ref ,FpUqq as given in Lemma 2.11 such that

Capref
B pAq “ E ref

peA,B, eA,Bq, reA,B “ 1 E ref-q.e. on A, reA,B “ 0 E ref-q.e. on UzB,
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where reA,B is a E ref-quasi-continuous m|U -version of eA,B. Let λ1A,B, λ
0
A,B denote the

associated measures as given in Lemma 2.11 supported in A and UXSpξ, 2rq respectively.
By (4.58), we have

0 ă

ż

BU

reA,B dω
U
x0

“

ż

UXBB

gUpx0, yq dλ0A,Bpyq. (5.24)

Let u P FpUqXCcpUq be such that 1Bpη,rq ď u ď 1Bpη,2rq. Since H
ref
BUu is E ref-harmonic

on U by (2.71) and Href
BUreA,B “ reA,B E ref-q.e. on BU by (2.72), we have

E ref
`

Href
BUu,H

ref
BUreA,B

˘

“ E ref
`

Href
BUu, reA,B

˘

(by (2.71) and (2.72)q

“ ´

ż

UXSpξ,2rq

Href
BUu dλ

0
A,B (by (2.27) in Lemma 2.11-(b))

“ ´

ż

UXSpξ,2rq

ˆ
ż

BU

upzq dωU
y pzq

˙

dλ0A,Bpyq

(4.57)
“ ´

ż

UXSpξ,2rq

ˆ
ż

BU

upzqKx0py, zq dωU
x0

pzq

˙

dλ0A,Bpyq. (5.25)

Note that by [CF, Theorem 5.2.8],

reA,B|BU P qFpUq and reA,B|BU is qE ref-quasi-continuous. (5.26)

Therefore by the Beurling–Deny decomposition (5.18), (5.26) and Proposition 5.7, we
obtain

E ref
`

Href
BUu,H

ref
BUreA,B

˘

“ qE ref
pu|BU , reA,B|BUq (by (5.15))

“
1

2

ż

pBUq2od

pupxq ´ upyqqpreA,Bpxq ´ reA,Bpyqq qJpdx dyq (by (5.26) and (5.18))

“ ´

ż

pBUq2od

upxqreA,Bpyq qJpdx dyq, (5.27)

where the equality in the last line above holds since u, reA,B have disjoint supports (note

that r ă dpξ, ηq{4) and qJ is symmetric. We thus obtain

ş

pBUq2od
upxqreA,Bpyq qJpdx dyq

ş

BU
u dωU

x0

ş

BU
reA,B dωU

x0

“
´E refpHref

BUu,H
ref
BU preA,Bqq

ş

BU
u dωU

x0

ş

BU
reA,B dωU

x0

(by (5.27))

“

ş

UXSpξ,2rq

`ş

BU
upzqKx0py, zq dωU

x0
pzq

˘

dλ0A,Bpyq
ş

BU
u dωU

x0

ş

UXSpξ,2rq
gUpx0, yq dλ0A,Bpyq

(by (5.24) and (5.25))
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(3.40)
“

ż

UXSpξ,2rq

ż

BU

ΘU
x0

py, zq
upzq

ş

BU
u dωU

x0

dωU
x0

pzq
gUpx0, yq

ş

UXSpξ,2rq
gUpx0, ¨q dλ0A,B

dλ0A,Bpyq.

(5.28)

Let ρ be the metric on BUˆBU defined by ρppx1, y1q, px2, y2qq :“ maxtdpx1, x2q, dpy1, y2qu.
For px1, x2q P BU ˆ BU , let Bρppx1, x2q, rq denote the open ball of radius r in the metric
ρ centered at px1, x2q. By [FOT, Lemma 4.5.4-(i)] and using reA,B “ 1 E ref-q.e. on A, we
have

upxqreA,Bpyq “ 1 for qJ-a.e. px, yq P pBpη, rq ˆ Bpξ, rqq X pBU ˆ BUq.

Hence
ż

BU

ż

BU

upxqreA,Bpyq qJpdx dyq ě qJpBρppη, ξq, rqq. (5.29)

By Corollary 4.7, there exist C1 P p1,8q and A1 P p6,8q such that for all pξ, ηq P BUˆBU
and all r P

`

0, A´1
1 pdpx0, ξq ^ dpx0, ηqq

˘

,

pωU
x0

ˆ ωU
x0

qpBρppη, ξq, 2rqq ď C1pω
U
x0

ˆ ωU
x0

qpBρppη, ξq, rqq. (5.30)

Since ωU
x0

|U is E ref-smooth by Lemma 2.34-(e),(a), reA,B ď 1Bpξ,2rq E ref-q.e. implies reA,B ď

1Bpξ,2rq ω
U
x0
-a.e. and hence

ż

BU

u dωU
x0

ż

BU

reA,B dω
U
x0

ď

ż

BU

1Bpη,2rq dω
U
x0

ż

BU

1Bpξ,2rq dω
U
x0

“ pωU
x0

ˆ ωU
x0

qpBρppη, ξq, 2rqq.

(5.31)
Combining (5.31), (5.29) and (5.30), we obtain

qJpBρppη, ξq, rqq

pωU
x0

ˆ ωU
x0

qpBρppη, ξq, rqq
ď C1

ş

pBUq2od
upxqreA,Bpyq qJpdx dyq

ş

BU
u dωU

x0

ş

BU
reA,B dωU

x0

(5.32)

for all pξ, ηq P pBUq2od and all r P
`

0, A´1
1 pdpx0, ξq ^ dpx0, ηq ^ dpξ, ηqq

˘

.

By using (3.35) in Proposition 3.14 and increasing A1 if necessary, there exist C2 P

p1,8q and γ P p0,8q such that∣∣∣∣∣∣
ş

pBUq2od
upxqreA,Bpyq qJpdx dyq

ş

BU
u dωU

x0

ş

BU
reA,B dωU

x0

´ ΘU
x0

pη, ξq

∣∣∣∣∣∣ ď C2Θ
U
x0

pη, ξq

ˆ

r

dpx0, ξq ^ dpx0, ηq ^ dpξ, ηq

˙γ

(5.33)
for all pη, ξq P pBUq2od and all r P

`

0, A´1
1 pdpx0, ξq ^ dpx0, ηq ^ dpξ, ηqq

˘

. By (5.32) and
(5.33), there exists c0 P p0, A´1

1 q such that for all pη, ξq P pBUq2od and all r P
`

0, c0pdpx0, ξq^

dpx0, ηq ^ dpξ, ηqq
‰

, we have

qJpBρppη, ξq, rqq

pωU
x0

ˆ ωU
x0

qpBρppη, ξq, rqq
ď 2C1Θ

U
x0

pη, ξq. (5.34)

Using (5.34), we will show the absolute continuity of qJ with respect to ωU
x0

ˆ ωU
x0
; that is

qJ ! ωU
x0

ˆ ωU
x0
. (5.35)
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By the inner regularity of qJ it suffices to prove that if K Ă pBUq2od is compact and
pωU

x0
ˆ ωU

x0
qpKq “ 0, then

qJpKq “ 0. (5.36)

IfK Ă pBUq2od is compact and pωU
x0

ˆωU
x0

qpKq “ 0, then by the outer regularity of ωU
x0

ˆωU
x0
,

for any ε P p0,8q, there exists an open set Kε Ă pBUq2od such that pωU
x0

ˆ ωU
x0

qpKεq ă ε.
By the 5B-covering lemma [Hei, Theorem 1.2], there exist balls Bρppyi, ziq, riq Ă Kε,
i P I such that pyi, ziq P K and 0 ă ri ď c0pdpx0, yiq ^ dpx0, ziq ^ dpyi, ziqq for all i P I,
Ť

iPI Bρppyi, ziq, riq Ą K and Bρppyi, ziq, riq{5q, i P I are pairwise disjoint. Hence, we have

qJpKq ď
ÿ

iPI

qJpBρppyi, ziq, riqq
(5.34)

ď
ÿ

iPI

2C1Θ
U
x0

pyi, ziqpωU
x0

ˆ ωU
x0

qpBρppyi, ziq, riqq

ď 2C4
1 sup

K
ΘU

x0
p¨, ¨q

ÿ

iPI

pωU
x0

ˆ ωU
x0

q pBρppyi, ziq, ri{5qq (by (5.30))

ď 2C4
1 sup

K
ΘU

x0
p¨, ¨qpωU

x0
ˆ ωU

x0
qpKεq

(since
ď

iPI

Bρppyi, ziq, riq Ă Kε and Bρppyi, ziq, riq{5q, i P I are pairwise disjoint)

ď 2C4
1 sup

K
ΘU

x0
p¨, ¨qε.

By letting ε Ó 0, we obtain (5.36) since supK ΘU
x0

p¨, ¨q ă 8 due to the continuity of ΘU
x0

(Proposition 3.14) and the compactness of K. This concludes the proof of (5.35).

By letting r Ó 0 in the Hölder continuity estimate (5.33) and using the asymptotic
doubling property (5.30) and the absolute continuity (5.35) of harmonic measures along
with the Lebesgue differentiation theorem ((4.50) in Lemma 4.12), we obtain the desired
conclusion.

Remark 5.9. The absolute continuity (5.35) can alternatively be obtained by using the
identification of the jumping measure as the Feller measure in [CF, Theorem 5.6.3] along
with [FHY, p. 3143, equation before Example 2.1]. However, we have chosen the more
elementary approach using (5.28) because the proof of this identification presented in [CF,
Sections 5.4–5.6] is quite involved.

The following corollary of the Doob–Näım formula relates the jump density to the
boundary reference measure µ and the function Φp¨, ¨q.

Corollary 5.10. Define qjµ : pBUq2od Ñ p0,8q by

qjµpξ, ηq :“

$

’

&

’

%

ΘU
x0

pξ, ηq if U is bounded,

ΘU
x0

pξ, ηq

ˆ

dνUx0

dωU
x0

pξq
dνUx0

dωU
x0

pηq

˙´1

if U is unbounded.
(5.37)

Then the jumping measure qJ of the trace Dirichlet form pqE ref , qFpUqq on L2pBU, µq is

given by qJpdξ dηq “ qjµpξ, ηqµpdξqµpdηq, and there exist C,A P p1,8q such that for all
pξ, ηq P pBUq2od,

C´1

µ
`

Bpξ, dpξ, ηqq
˘

Φpξ, dpξ, ηqq
ď qjµpξ, ηq ď

C

µ
`

Bpξ, dpξ, ηqq
˘

Φpξ, dpξ, ηqq
. (5.38)
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Proof. The jump kernel formula (5.37) is a direct consequence of the Doob–Näım formula
(Theorem 5.8) along with the mutual absolute continuity in Proposition 4.15-(a).

The proof of (5.38) is based on the following two estimates: by (5.4) and Lemma 5.2,
there exist C1, A1 P p1,8q such that

C´1
1

Φpξ, Rq

ΨpRq
mpBpξ, Rqq ď µpBpξ, Rqq ď C1

Φpξ, Rq

ΨpRq
mpBpξ, Rqq (5.39)

for all ξ P BU and all R P p0, diampUq{A1q, and by (3.34) in Proposition 3.14 there exist
c1 P p0, 1{4q and C2 P p1,8q such that for all c0 P p0, c1s and all pξ, ηq P pBUq2od with
c0dpξ, ηq ď c1pdpx0, ξq ^ dpx0, ηqq,

C´1
2

gUpξc0dpξ,ηq, ηc0dpξ,ηqq

gUpx0, ξc0dpξ,ηqqgUpx0, ηc0dpξ,ηqq
ď ΘU

x0
pξ, ηq ď C2

gUpξc0dpξ,ηq, ηc0dpξ,ηqq

gUpx0, ξc0dpξ,ηqqgUpx0, ηc0dpξ,ηqq
.

(5.40)

We first estimate the factor gUpξc0dpξ,ηq, ηc0dpξ,ηqq in (5.40). Let c0 P p0, c1s and pξ, ηq P

pBUq2od. By reducing c0 if necessary and by Lemma 4.8, (5.3), VD of pX , d,mq and (2.38),
there exists c2 P p0, c0q independent of pξ, ηq such that

gUpξc0dpξ,ηq, c2dpξ, ηqq — CapBpξ,2c0dpξ,ηqq

`

Bpξ, c0dpξ, ηqq
˘´1

—
Ψpdpξ, ηqq

m
`

Bpξ, dpξ, ηqq
˘ . (5.41)

Reducing c2 P p0, c0q if necessary, by (3.12) we have

sup
zPSpξc0dpξ,ηq,c2dpξ,ηqq

gUpξc0dpξ,ηq, zq — inf
zPSpξc0dpξ,ηq,c2dpξ,ηqq

gUpξc0dpξ,ηq, zq. (5.42)

Take a uniform curve from ξc0dpξ,ηq to ηc0dpξ,ηq and choose a point zξ,η P Spξc0dpξ,ηq, c2dpξ, ηqq

of it such that the subcurve from zξ,η to ηc0dpξ,ηq is outside Bpξc0dpξ,ηq, c2dpξ, ηqq. Using a
Harnack chain similar to (and simpler than) the proof of Lemma 2.28-(b), we obtain

gUpξc0dpξ,ηq, ηc0dpξ,ηqq
(2.53)

— gUpξc0dpξ,ηq, zξ,ηq
(5.42)

— gUpξc0dpξ,ηq, c2dpξ, ηqq

(5.41)
—

Ψpdpξ, ηqq

m
`

Bpξ, dpξ, ηqq
˘ .

(5.43)

Now we can deduce (5.38) from the above estimates. We first consider the case where
U is bounded. Covering BU with balls of radii c3diampUq for some sufficiently small
c3 P p0, 1q, using Lemma 5.2, VD of pX , d,mq and (2.38), and increasing C1 if necessary,
we can extend (5.39) to R P p0, diampUqs, i.e.,

µpBpξ, Rqq —
Φpξ, Rq

ΨpRq
mpBpξ, Rqq for all ξ P BU and all R P p0, diampUqs. (5.44)

Recalling our choice of x0 “ pξdiampUq{5 from Definition 5.1, by reducing c0 P p0, c1s if
necessary, for all pξ, ηq P pBUq2od we have c0dpξ, ηq ď c1pdpx0, ξq ^ dpx0, ηqq, hence (5.40),
and also by Theorem 4.6, Corollary 4.7, (5.3), VD of pX , d,mq and (2.38),

gUpx0, ξc0dpξ,ηqq — ωU
x0

`

Bpξ, dpξ, ηqq
˘ Ψpdpξ, ηqq

m
`

Bpξ, dpξ, ηqq
˘ (5.45)
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(and similarly for gUpx0, ηc0dpξ,ηqq by replacing pξ, ηq with pη, ξq). Combining (5.37), (5.40),
(5.1), (5.45), (5.43), (5.44), and (2.88) from Lemma 5.2, we obtain (5.38) in the case where
U is bounded.

Lastly, assume that U is unbounded. In this case, by Proposition 4.15-(c), (5.3), VD
of pX , d,mq and (2.38), for all pξ, ηq P pBUq2od we have

hUx0
pξc0dpξ,ηqq — νUx0

`

Bpξ, dpξ, ηqq
˘ Ψpdpξ, ηqq

m
`

Bpξ, dpξ, ηqq
˘ . (5.46)

(and similarly for hUx0
pηc0dpξ,ηqq by replacing pξ, ηq with pη, ξq). Moreover, since qJpdξ dηq “

qjµpξ, ηqµpdξqµpdηq is independent of x0 and qjµ is continuous by Propositions 3.14 and
4.15-(a), we see by (5.37), (5.1), (4.70), and suppU rνUx0

s “ BU from Proposition 4.15-(c)
that for all y P U ,

qjypξ, ηq :“ ΘU
y pξ, ηq

ˆ

dνUy
dωU

y

pξq
dνUy
dωU

y

pηq

˙´1

“ phUx0
pyqq

2
qjµpξ, ηq for all pξ, ηq P pBUq

2
od.

(5.47)
Now for each pξ, ηq P pBUq2od, choosing y P U so that dpξ, ηq ă dpy, ξq{A for some large
enough A P p1,8q, and recalling (4.70), (5.1), (5.2) and Lemma 5.2, we see from (4.63),
(5.40), (5.46), (5.43), (5.39), and (2.88) from Lemma 5.2, all with x0 replaced by y, that
(5.38) with qjy, ph

U
x0

pyqq´1µ, phUx0
pyqq´1Φ in place of qjµ, µ,Φ holds, which together with

(5.47) shows (5.38) in the case where U is unbounded.

Remark 5.11. (a) The estimates (5.44) and (5.39) along with VD of pX , d,mq, Lemma
5.2 and (2.38) show that pBU, d, µq is VD.

(b) If U is unbounded, we can use (4.69) and (5.37) to derive another formula for qjµpξ, ηq

in terms of the Green function gUp¨, ¨q and the harmonic profile hUx0
as follows:

qjµpξ, ηq
(5.37)

“ ΘU
x0

pξ, ηq

ˆ

dνUx0

dωU
x0

pξq
dνUx0

dωU
x0

pηq

˙´1

(4.69)
“

ΘU
x0

pξ, ηq

ΘU
x0

p8, ξqΘU
x0

p8, ηq

“ lim
pz,x,yqÑp8,ξ,ηq,

z,x,yPU

ΘU
x0

px, yq

ΘU
x0

pz, xqΘU
x0

pz, yq
(by Remark 4.16 and Proposition 3.14)

“ lim
pz,x,yqÑp8,ξ,ηq,

z,x,yPU

gUpx, yq

KU
x0

px, zqKU
x0

py, zq
(by (3.25) and (3.36))

“ lim
px,yqÑpξ,ηq,

x,yPU

gUpx, yq

hUx0
pxqhUx0

pyq
(by Proposition 3.20 and (3.41)). (5.48)

We note that the existence of the limit in (5.48) follows from BHP by using arguments
similar to the proof of Proposition 3.14.
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5.3 Stable-like heat kernel estimates for the trace process

The following exit time lower estimate is a key ingredient in the proof of the stable-like
heat kernel estimates for the boundary trace process. It is deduced from HKEpΨq for
pU, d,m|U , E ref ,FpUqq obtained in [Mur24] (Theorem 2.16-(a)) and the invariance of the
Green functions under the operation of taking trace Dirichlet forms (Proposition 2.51).

Proposition 5.12. There exist C1, A1 P p1,8q such that all ξ P BU and all r P

p0, diampBUq{2q,
Eref

ξ

“

qτBpξ,rq

‰

ě C´1
1 Φpξ, rq, (5.49)

where qτBpξ,rq :“ inf
␣

t P r0,8q
ˇ

ˇ qXref
t R Bpξ, rq

(

.

Proof. Recall that pU,m|U , E ref ,FpUqq is irreducible by Theorem 2.16-(a) and Proposition
2.18-(a). By Remark 5.4, this irreducibility and [BCM, Proposition 2.1], for any ξ P BU
and any r P p0, diampBUq{2q the part Dirichlet form of pE ref ,FpUqq on UzpBU XBpξ, rqcq
is transient. By Theorem 2.16-(a), [GHL15, Theorem 1.2], VD of pX , d,mq, (2.38) and
the domain monotonicity of the Green functions, there exist A0, C2 P p1,8q such that for
all x P U and all r P p0, diampUq{2q, we have

gref
UXBpx,rq

px, yq ě C´1
2

Ψprq

mpBpx, rqq
for all y P Bpx,A´1

0 rq. (5.50)

The domain monotonicity of the Green functions also yields

gref
UzpBUXBpξ,rqcq

p¨, ¨q ě gref
UXBpξ,rq

p¨, ¨q (5.51)

for all ξ P BU and all r P p0, diampBUq{2q. Therefore, noting that Proposition 2.51 is
applicable by Proposition 5.3-(a) and applying (2.136) in Proposition 2.51 with f ” 1,
for all ξ P BU and all r P p0, diampBUq{2q, we have

Eref
ξ rqτBpξ,rqs “

ż

BUXBpξ,rq

gref
UzpBUXBpξ,rqcq

pξ, ηqµpdηq
(5.51)

ě

ż

BUXBpξ,rq

gref
UXBpξ,rq

pξ, ηqµpdηq

ě C´1
2

Ψprq

mpBpξ, rqq
µpBU X Bpξ, rqq (by (5.50)). (5.52)

The exit time lower estimate (5.49) follows by combining (5.52) with (5.39) or (5.44).

Given the jump kernel estimate (Corollary 5.10) and the exit time lower estimate
(Proposition 5.12) for the boundary trace process, by Theorem 2.40 we obtain the stable-
like heat kernel estimates for it, as stated in the following main theorem of this subsection.

Theorem 5.13. Let a scale function Ψ, a MMD space pX , d,m, E ,Fq, a uniform domain
U in pX , dq, and a diffusion Xref “

`

Ωref ,Mref , tXref
t utPr0,8s, tPref

x uxPUB

˘

on U satisfy As-
sumption 4.3, and assume that pBU, dq is uniformly perfect. Let µ be the Radon measure
on U defined in (5.1), and let Φ be the regular scale function on pBU, dq given by (5.2)

and Lemma 5.2. Then the NLMMD space pBU, d, µ, qE ref , qFpUqq is of pure jump type and
satisfies VD and SHKpΦq, and consequently the following hold:
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(a) pBU, µ, qE ref , qFpUqq is irreducible and conservative.

(b) A (unique) continuous heat kernel qpref “ qpreft pξ, ηq : p0,8q ˆ BU ˆ BU Ñ r0,8q of

pBU, µ, qE ref , qFpUqq exists and satisfies (1.30) and (1.31) for any pt, ξ, ηq P p0,8q ˆ

BU ˆ BU for some C1 P p1,8q.

(c) The boundary trace process qXref “
`

qΩref , qMref , t qXref
t utPr0,8s, tPref

ξ uξPpBUqB

˘

of Xref on
BU as defined in Definition 5.5-(a) is a conservative Hunt process on BU , and its

Markovian transition function is given by Pref
ξ p qXref

t P dηq “ qpreft pξ, ηqµpdηq for any
pt, ξq P p0,8q ˆ BU and has the Feller property and the strong Feller property.

(d) Let qjµ : pBUq2od Ñ p0,8q be as given in (5.37). Then qFpUq considered as a linear
subspace of L2pBU, µq is identified as

qFpUq “

"

u P L2
pBU, µq

ˇ

ˇ

ˇ

ˇ

ż

BU

ż

BU

pupxq ´ upyqq
2
qjµpx, yqµpdxqµpdyq ă 8

*

. (5.53)

Proof. qXref is a µ-symmetric Hunt process on BU whose Dirichlet form is pqE ref , qFpUqq as

noted after (5.13) and after (5.17), and pBU, d, µ, qE ref , qFpUqq is a NLMMD space of pure
jump type by [CF, Theorem 5.2.13-(i)] and Proposition 5.7 and satisfies VD by Remark
5.11-(a), the jump kernel estimate JpΦq by Corollary 5.10, and the exit time lower estimate

EpΦqě by Proposition 5.12. Thus by Theorem 2.40, pBU, d, µ, qE ref , qFpUqq satisfies SHKpΦq

and the claims (a), (b) and (d) hold.

It thus remains to prove (c). Let p qPtqtą0 denote the Markovian transition function

of qXref , which satisfies qPtpξ, ¨q ! µ for any pt, ξq P p0,8q ˆ BU by Propositions 5.3-(a)

and 2.51-(a), and define a Markovian transition function p qQtqtą0 on BU by qQtpξ, dηq :“

qpreft pξ, ηqµpdηq, pt, ξq ˆ p0,8q ˆ BU , so that by Theorem 2.40-(c), p qQtqtą0 has the Feller

property and the strong Feller property and satisfies qQtpξ, BUq “ 1 for any pt, ξq P p0,8qˆ

BU . We show p qPtqtą0 “ p qQtqtą0 by applying the argument in the proof of Proposition

2.18-(d). Since the Dirichlet form of qXref is pqE ref , qFpUqq, we have qPtf “ qQtf µ-a.e. on BU
for any f P L2pBU, µq and any t P p0,8q. Now let f P CcpBUq. Then for any s, t P p0,8q

and any ξ P BU , by the Markov property of qXref , qPtf “ qQtf µ-a.e. on BU and qPspξ, ¨q ! µ
we obtain

qPtp qPsfqpξq “ p qPt`sfqpξq “ qPsp qPtfqpξq “ qPsp qQtfqpξq,

and letting s Ó 0 yields
p qPtfqpξq “ p qQtfqpξq (5.54)

by the dominated convergence theorem since limsÓ0p qPsfqpηq “ fpηq for any η P BU and

limsÓ0
qPsp qQtfqpξq “ p qQtfqpξq by the sample-path right-continuity of qXref , f P CcpBUq,

and qQtf P CpBUq implied by the strong Feller property of qQt. We thus conclude from the

validity of (5.54) for any f P CcpBUq that qPtpξ, ¨q “ qQtpξ, ¨q for any pt, ξq P p0,8q ˆ BU ,
proving (c).

Remark 5.14. Let an MMD space pX , d,m, E ,Fq and a uniform domain U in pX , dq

satisfy the assumptions of Theorem 5.13. Let Cap,Capref ,Captr denote the capacities
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for the spaces pX , d,m, E ,Fq, pU, d,m
ˇ

ˇ

U
, E ref ,FpUqq, and pBU, d, µ, qE ref , qFpUqq as defined

in (2.23) respectively. Using the Poincaré inequality in [CKW, Definition 7.5] for lower
bound on capacity across annuli and [CKW, Proposition 2.3-(5)] for a matching upper
bound we obtain the following estimate: there exist C,A P p1,8q such that for all ξ P

BU, 0 ă r ă diampBU, dq{A, we obtain

C´1µpBpξ, rqq

Φpξ, rq
ď Captr

Bpξ,2rqXBUpBpξ, rq X BUq ď C
µpBpξ, rqq

Φpξ, rq
(5.55)

On the other hand, by [GHL15, Theorem 1.2], Theorem 2.16-(a) and [BCM, Lemma 5.22],
there exist C,A P p1,8q such that

C´1mpBpξ, rqq

Ψprq
ď Capref

Bpx,2rqXU
pBpx, rq X Uq ď C

mpBpx, rqq

Ψprq
(5.56)

for all x P U and all r P p0, diampUq{Aq, and

C´1mpBpx, rqq

Ψprq
ď CapBpx,2rqpBpx, rqq ď C

mpBpx, rqq

Ψprq
(5.57)

for all x P X and all r P p0, diampX q{Aq. By combining (5.55), (5.56), (5.57) and (5.4),
there exists A P p1,8q such that

CapBpξ,2rqpBpξ, rqq — Capref
Bpξ,2rqXU

pBpξ, rq X Uq — Captr
Bpξ,2rqXBUpBpξ, rq X BUq (5.58)

for all ξ P BU and all r P p0, diampBUq{Aq.

By Lemma 4.10 and Remark 4.11-(a), Theorem 5.13 applies to the reflected Brownian
motion on any non-tangentially accessible domain on RN with N ě 2. Theorem 5.13
applies also to the Brownian motion on the Sierpiński carpet and the uniform domain U
in it formed by removing either the bottom line or the outer square boundary (by [Lie22,
Proposition 4.4], [CQ, Proposition 2.4] and Remark 4.11-(b)); note that in this case the
reflected Dirichlet form on U coincides with the Dirichlet form of the original Brownian
motion on the Sierpiński carpet by Theorem 2.16-(d).

Another related direction of research is the Calderón’s inverse problem. In our set-
ting, we can phrase it as follows: Does the Dirichlet form of the boundary trace process
determine the Dirichlet form of the underlying reflected diffusion? We refer to [SU] for
further context, background, and a solution to this problem for a class of Dirichlet forms
in RN .

5.4 Extension to the case with weak capacity density condition

All our results, except those in this subsection, were available prior to the arXiv sub-
mission of the recent preprint [CC24b] by Cao and Chen, and they consider there, as
already described in Remark 1.1, a slightly more general framework than ours specified in
Assumption 4.3. The purpose of this subsection is to show that our methods apply with
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minor modifications to a more general setting and to compare our results with those in
[CC24b]. To this end, we introduce a weaker variant of the capacity density condition in
Definition 4.1 with the condition imposed on a smaller range of radii.

Definition 5.15 (Weak capacity density condition (wCDC)). Let pX , d,m, E ,Fq be an
MMD space satisfying MD and EHI. Recalling Lemma 2.28-(a), let K P p1,8q be such
that pX , dq is K-relatively ball connected. We say that a uniform domain U in pX , dq

satisfies the weak capacity density condition, abbreviated as wCDC, if #pBUq ě 2
and there exist A0 P p8K,8q and A1, C P p1,8q such that for all ξ P BU and all R P

p0, diampBUq{A1q,

CapBpξ,A0RqpBpξ, Rqq ď C CapBpξ,A0RqpBpξ, RqzUq. wCDC

Remark 5.16. The condition #pBUq ě 2, which is equivalent to diampBUq P p0,8s, is
needed in Definition 5.15 to prevent wCDC from being vacuous. It is not strictly necessary,
though; indeed, all the discussions of this subsection on replacing CDC by wCDC remain
applicable to the case where #pBUq “ 1 and wCDC with “R P p0,MU{A1q” in place of
“R P p0, diampBUq{A1q” holds for some MU P p0, diampUqs, as long as MU is used instead
of diampBUq.

The only difference of wCDC from CDC is that the range of radii R is p0, diampBUq{A1q

instead of p0, diampUq{A1q; note that p0, diampBUq{A1q Ă p0, diampUq{A1q by the trivial
inequality diampBUq ď diampUq. By obvious minor modifications of our arguments,

(a) Lemma 4.4 with diampBDq in place of diampDq holds,

and we obtain the following slightly weaker versions of the results in Section 4 and Sub-
section 5.1 under the setting of Assumption 4.3 with CDC replaced by wCDC:

(b) Lemmas 4.5 and 4.8 with diampBUq in place of diampUq hold.

(c) Theorem 4.6 and Corollary 4.7 with “r P
`

0, pdiampBUq ^ dpξ, x0qq{A
˘

” in place of
“r P p0, dpξ, x0q{Aq” hold.

(d) Lemma 4.10 holds, with the capacity non-decreasing condition (4.45) required only
for x P BU and 0 ă r ă R ă diampBUq{A.

(e) Propositions 4.14, 4.15 and Remark 4.16, with “R P p0,8q” in Proposition 4.15-(c)
replaced by “R P p0, 2diampBUqq”, hold.

(f) (5.4), Lemma 5.2, Proposition 5.3 and (5.12) with diampBUq in place of diampUq hold.

Next, we discuss how the results of Subsection 5.2 are affected by replacing CDC with
wCDC. Lemma 5.6 need not be true anymore and hence the killing measure qκ of the
boundary trace Dirichlet form need not be zero in Proposition 5.7, whereas the vanishing
of the strongly local part in Proposition 5.7 holds with the same proof. The expression
(5.22) for the jumping measure of the boundary trace Dirichlet form in Theorem 5.8 holds
with the same proof under wCDC, and Corollary 5.10 and Remark 5.11 also hold under
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wCDC, with diampUq needed to be replaced by diampBUq and (5.44) needed to be shown
for R P p0, diampBUqs also when diampBUq ă 8 “ diampUq in the proof of Corollary 5.10.

We note that Lemma 5.6 and the proof of the vanishing of the killing measure qκ in
Proposition 5.7 hold if the uniform domain U is bounded. Therefore it remains only to
determine qκ when U is unbounded. In fact, it follows from the extension of Proposition
4.15 to the case with wCDC that the killing measure qκ is a constant multiple of the E-
elliptic measure at infinity, as we prove in the following proposition. Although the notion
of elliptic measure at infinity dates back to [KT, Corollary 3.2], its role as the killing
measure of the boundary trace Dirichlet form seems new to the best of our knowledge.

Proposition 5.17. Assume the setting of Assumption 4.3 with CDC replaced by wCDC,
and that U is unbounded. Let x0 P U . Then the killing measure qκ in the Beurling–Deny
decomposition (5.18) of the trace Dirichlet form pqE ref , qFpUqq on L2pBU, µq is given by

qκ “ Pref
x0

pσBU “ 8qνUx0
, (5.59)

where νUx0
denotes the E-elliptic measure at infinity of U with base point x0 as obtained in

the extension of Proposition 4.15 to the present setting.

Proof. If BU is unbounded, then both sides of (5.59) are zero by Lemma 5.6 and Propo-
sition 5.7. Hence it suffices to consider the case where diampBUq ă 8. Then we have
νUx0

pBUq ă 8 by the extension of Proposition 4.15 to the present situation mentioned in

(e) above, and we can choose v P FpUq XCcpUq so that v is identically one on a neighbor-
hood of BU . Recalling (5.16), we define an E ref-quasi-continuous function q : U Ñ r0, 1s

by qpxq :“ 1 ´ Href
BUvpxq “ Pref

x pσBU “ 8q, so that q “ 0 E ref-q.e. on BU by (2.72),
q|U P FlocpUq and q is continuous on U and E-harmonic on U by Lemma 2.34-(e),(b).
Moreover, for each open subset A of U with A compact, we can choose φ P FpUq XCcpUq

so that φ|A “ 1A, and then we have φq “ 0 E ref-q.e. on BU , φq P FpUq by Href
BUv P FpUqe,

[CF, Exercise 1.1.10] and FpUqeXL2pU,m|Uq “ FpUq, and thus them|U -equivalence class
of φq|U belongs to F0pUq since the part Dirichlet form of pE ref ,FpUqq on U coincides with
pEU ,F0pUqq as observed in the proof of Lemma 2.34-(e). It follows in view of (2.50) that
q|U P F0

locpU,Uq, and therefore from Lemma 3.19 that

q|Up¨q “ Pref
x0

pσBU “ 8qhUx0
p¨q. (5.60)

Now, recalling Remark 2.25-(b), for any u P FpUq X L8pU,m|Uq such that suppm|U
rus is

compact, we have

E ref
`

Href
BUru,H

ref
BUv

˘

“ E ref
`

ru,Href
BUv

˘

(by (2.72) and (2.71))

“ E ref
`

ru,´Pref
x0

pσBU “ 8qhUx0

˘

(by Href
BUv “ 1U ´ q and (5.60))

“ Pref
x0

pσBU “ 8q

ż

BU

ru dνUx0
(by (4.62)), (5.61)

where for the second equality above we also used the strong locality of E ref . By (5.61),
(5.15), the Beurling–Deny decomposition (5.18), and the strong locality of the strongly
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local part qE ref,pcq of the boundary trace Dirichlet form pqE ref , qFpUqq, we obtain

Pref
x0

pσBU “ 8q

ż

BU

ru dνUx0
“ E ref

`

Href
BUru,H

ref
BUv

˘

“ qE ref
pru|BU , v|BUq “

ż

BU

ru dqκ

for all u P FpUq XL8pU,m|Uq such that suppm|U
rus is compact, which proves (5.59).

Finally, we describe the changes required in Subsection 5.3 if we replace CDC with
wCDC. Proposition 5.12 holds with the same proof under wCDC. By Propositions 5.7,
5.17 and the discussion in the paragraph before Proposition 5.17, if diampBUq “ 8 or
diampUq ă 8 or Pref

x0
pσBU “ 8q “ 0, then the killing measure qκ vanishes and there-

fore Theorem 5.13 still holds with the same proof in this case. On the other hand, if
diampBUq ă 8 “ diampUq and Pref

x0
pσBU “ 8q ą 0, then qκ “ Pref

x0
pσBU “ 8qνUx0

is not zero

by Proposition 5.17, so that the boundary trace Dirichlet form pqE ref , qFpUqq on L2pBU, µq is
neither of pure jump type nor conservative. In this case, we can still prove a slight variant
of Theorem 5.13 as in Theorem 5.19 below. Note also the following lemma characterizing
precisely when Pref

x0
pσBU “ 8q ą 0 under the assumption that diampBUq ă 8 “ diampUq.

Lemma 5.18. Assume the setting of Assumption 4.3 with CDC replaced by wCDC, and
that diampBUq ă 8 “ diampUq. Let x0 P U . Then Pref

x0
pσBU “ 8q ą 0 if and only if

pU,m|U , E ref ,FpUqq is transient.

Proof. Recall that Proposition 2.18 is applicable to pU, d,m|U , E ref,U ,FpUqq by Theorem
2.16-(a). If pU,m|U , E ref ,FpUqq is not transient, then it is irreducible and recurrent by
Proposition 2.18-(a) and [CF, Proposition 2.1.3-(iii)], which together with (5.12) and AC
of Xref guarantees that [FOT, Theorem 4.7.1-(iii) and Exercise 4.7.1] can be applied to
Xref and BU and yield Pref

x0
pσBU “ 8q “ 0, proving the “only if” part.

Conversely, assume that pU,m|U , E ref ,FpUqq is transient, so that by combining [CF,
Theorem 3.5.2] with the Markov property of Xref and AC and the conservativeness of
Xref from Proposition 2.18-(c) we obtain

Pref
x0

´

ζref “ 8 and lim
tÑ8

Xref
t “ B

¯

“ Pref
x0

pζref “ 8q “ 1. (5.62)

Now suppose that Pref
x0

pσBU “ 8q “ 0. Then by (5.60) we would have Pref
x pσBU “ 8q “ 0

for any x P U , but since Pref
x0

pXref
n P Uq “ 1 for any n P N by mpBUq “ 0 from (2.7) and

AC and the conservativeness of Xref , we would see from the Markov property of Xref that

Pref
x0

pσBU ˝ θrefn ă 8q “ Eref
x0

“

Pref
Xref

n
pσBU ă 8q

‰

“ 1 for any n P N

and hence that Pref
x0

`
Ş

nPNtσBU ˝ θrefn ă 8u
˘

“ 1. This contradicts (5.62) by the assumed
compactness of BU and thereby proves that Pref

x0
pσBU “ 8q ą 0.

Theorem 5.19. Assume the setting of Assumption 4.3 with CDC replaced by wCDC,
that diampBUq ă 8 “ diampUq, and that pBU, dq is uniformly perfect. Let x0 P U and
assume that Pref

x0
pσBU “ 8q ą 0. Let µ be the Radon measure on U defined in (5.1),

and let Φ be the regular scale function on pBU, dq given by (5.2) and Lemma 5.2. Then
Theorem 5.13-(a),(b),(c),(d) with “conservative” in (a),(c) removed, C1 in (1.30) replaced
by C1e

´λt and C´1
1 in (1.31) replaced by C´1

1 e´λt hold, where λ :“ Pref
x0

pσBU “ 8q.
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Proof. qXref is a µ-symmetric Hunt process on BU whose Dirichlet form is pqE ref , qFpUqq as

noted after (5.13) and after (5.17). We see by (5.18), qE ref,pcq ” 0 from Proposition 5.7, qκ “

λµ, λ ą 0 and [CF, Theorem 5.2.17] that pBU, d, µ, qE ref ´λx¨, ¨yL2pX ,µq, qFpUqq is a NLMMD
space of pure jump type, and it satisfies VD by Remark 5.11-(a) and JpΦq by Corollary
5.10. It also follows from [CF, Theorem 5.2.17] and [FOT, Theorems A.2.11 and 4.2.8] that

any µ-symmetric Hunt process on BU whose Dirichlet form is pqE ref ´ λx¨, ¨yL2pX ,µq, qFpUqq

has the Markovian transition function eλtPref
ξ p qXref

t P dηq for all t P p0,8q for qE ref-q.e.
ξ P BU and has the expectations of the exit times from all open balls in pBU, dq no less than

those for qXref for qE ref-q.e. starting point ξ P BU . In particular, Proposition 5.12 implies
that pBU, d, µ, qE ref ´ λx¨, ¨yL2pX ,µq, qFpUqq satisfies EpΦqě. Thus Theorem 2.40 applies to

pBU, d, µ, qE ref ´ λx¨, ¨yL2pX ,µq, qFpUqq, its parts (a),(b),(d) respectively yield Theorem 5.13-
(a),(b),(d) with the stated changes, and its part (c) implies the Feller property and the
strong Feller property of the Markovian transition function qpreft pξ, ηqµpdηq on BU . The
remaining assertion in Theorem 5.13-(c) is proved in exactly the same way as the second
paragraph of the proof of Theorem 5.13.

We conclude this subsection with the following remark summarizing some advantages
of our results in comparison to those of [CC24b].

Remark 5.20. (a) We prove an exact formula for the jump kernel (Theorem 5.8) as
opposed to estimates in [CC24b, Theorem 7.1-(a)]. An advantage of this exact for-
mula is that we are able to obtain the Hölder continuity of the jump kernel (see
(3.35)). Although we do not pursue this direction in this paper, it is known that
continuity estimates for the jump kernel have applications to the regularity theory for
the Poisson-type equations for the corresponding non-local operator; see, e.g., [FR,
Definition 2.1.22, Lemmas 2.2.6, 2.2.10 and Theorem 2.4.1]. We note that the proof
of the Hölder continuity estimate (3.35) of the jump kernel qjµ “ ΘU

x0
for bounded

domains easily extends to the jump kernel qjµpξ, ηq “ ΘU
x0

pξ, ηq
` dνUx0
dωU

x0

pξq
dνUx0
dωU

x0

pηq
˘´1

for

unbounded domains by using its expression (5.48).

(b) In the case where the uniform domain U is unbounded, we identify the killing measure
qκ of the boundary trace Dirichlet form as the escape probability Pref

x0
pσBU “ 8q to

infinity of the reflected diffusion Xref times the E-elliptic measure νUx0
at infinity

(Proposition 5.17), in contrast to the corresponding result [CC24b, Theorem 7.1-(c)]
proving only two-sided estimates on qκ.

(c) In our construction of the rescaled limit of harmonic measures in Proposition 4.15, we
show the convergence as the base point tends to infinity and provide an independent
characterization (4.62) of the limit. This is in contrast with the subsequential limit
obtained in [CC24b, Proof of Theorem 5.7], where it is not addressed whether or not
the limit depends on the subsequence.

(d) In both (a) and (b) above, our exact formulas easily imply the estimates obtained in
[CC24b, Theorem 7.1-(a),(c)]. These estimates do not seem to follow easily from the
established identification of the jumping and killing measures of trace Dirichlet forms
as the Feller and supplementary Feller measures in [CF, Theorem 5.6.3].
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(e) We provide a simple proof of the identification (2.79) of the strongly local part of trace
Dirichlet forms in [CF, Theorem 5.6.2] (Proposition 2.36), whereas [CC24b, (1.7)] just
applies it to show that the strongly local part of the boundary trace Dirichlet form is
identically zero.

(f) We show that the E-harmonic measure ωU
x0

and the E-elliptic measure νUx0
at infinity

are E ref-smooth in the strict sense and that the support of the PCAF in the strict
sense of Xref with Revuz measure ωU

x0
or νUx0

coincides with BU(, which is also the
topological supports of ωU

x0
and νUx0

) (Proposition 5.3; see also Lemma 2.46 and Propo-
sition 2.49). Moreover, we prove that the boundary trace process of Xref is a Hunt
process on BU whose transition density is the continuous heat kernel qpref “ qpreft pξ, ηq

of the boundary trace Dirichlet form for any starting point ξ P BU (Theorem 5.13-(c);
see also Proposition 2.51-(a)). The validity of these properties without removing prop-
erly exceptional sets from the set of starting points of the associated Markov process
does not follow directly from the general theory of regular symmetric Dirichlet forms
presented in [FOT, CF], and is not discussed in [CC24b].

5.5 Examples

Example 5.21 (Molchanov–Ostrowski diffusion on the upper half space). We consider
the Molchanov–Ostrowski diffusion [MO] on the closed upper half-space X “ tpx, yq : x P

RN , y P r0,8qu “ RN ˆ r0,8q is induced by the Dirichlet form pE ,Fq given by

Epu, uq :“

ż

RN

ż 8

0

|∇u|2px, yq|y|1´α dy dx

on L2pRN ˆ r0,8q, |y|1´α dy dxq, where α P p0, 2q. The function w : RN`1 Ñ r0,8q

given by wpx, yq “ |y|1´α for x P RN , y P R is a Muckenhoupt A2 weight. The weighted
Lebesgue measure in this case is known to satisfy the doubling property and Poincaré
inequality [FKS, Theorem 1.5]. By the characterization of Gaussian heat kernel estimates
due to Grigor’yan [Gri91] and Saloff-Coste [Sal] in terms of the doubling property and
Poincaré inequality, we have Gaussian heat kernel estimates in this example. Then the
open upper half-space U “ RN ˆ p0,8q is a uniform domain on X . Using chain rule
and scaling property of Lebesgue measure, it is easy to see that if u P F , r ą 0, then
urpx, yq :“ uprx, ryq P F and Epur, urq “ rα´NEpu, uq which in turn implies that the
corresponding Green function satisfies

gUpprx1, ry1q, prx2, ry2qq “ rα´NgUppx1, y1q, px2, y2qq (5.63)

for all px1, y1q, px2, y2q P RN ˆ p0,8q and all r P p0,8q. Similarly, it is easy to see that
the Dirichlet energy is invariant under the Euclidean isometries in the RN -direction. This
implies that the Green function inherits these properties; that is,

gUppx ` x1, y1q, px ` x2, y2qq “ gUppx1, y1q, px2, y2qq (5.64)

and
gUppx1, y1q, px2, y2qq “ gUppAx1, y1q, pAx2, y2qq (5.65)
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for any px1, y1q, px2, y2q P RN ˆ p0,8q, any x P RN and any orthogonal matrix A P OpNq.
Let us fix a base point x0 “ p0, . . . , 0, 1q P U . Since Lαpyαq ” 0 where Lα is given by
(1.1), the harmonic profile is given by

hUx0
px, yq “ yα for all px, yq P RN

ˆ p0,8q. (5.66)

Let |¨| denote the Euclidean norm on RN ” BU . By (5.48), the corresponding jump kernel
qjµpξ, ηq can be computed for all pairs of distinct points ξ, η P BU ” RN as

qjµpξ, ηq “ lim
rÓ0

gUppξ, rq, pη, rqq

hUx0
ppξ, rqq, hUx0

ppη, rqq

(5.66)
“ lim

rÓ0
r´2αgUppξ, rq, pη, rqq

(5.64)
“ lim

rÓ0
r´2αgUppξ ´ η, rq, p0, rqq

(5.63)
“ lim

rÓ0
r´N´αgUppr´1

pξ ´ ηq, 1q, p0, 1qq

“ |ξ ´ η|´N´α lim
sÓ0

s´N´αgUpps´1|ξ ´ η|´1
pξ ´ ηq, 1q, p0, 1qq “ c1|ξ ´ η|´N´α,

(5.67)

where c1 P p0,8q does not depend on the choice ξ, η due to the rotation invariance of
the Green function in (5.65). Since the Dirichlet form is invariant under translations in
RN -direction, by Proposition 4.15 the elliptic measure µ “ νUx0

is a constant multiple of
the Lebesgue measure λ on RN ” BU say µ “ c2λ, where c2 P p0,8q. This along with
(5.67) implies that the jumping measure of the boundary trace Dirichlet form is given by

qjµpξ, ηqµpdξqµpdηq “ c1c
2
2|ξ ´ η|´N´αλpdξqλpdηq,

which allows us to recover the extension theorem of Caffarelli and Silvestre [CS] up to
identifying the multiplicative constant as a special case of our Doob–Näım formula.

Example 5.22 (Reflected Brownian motion on the orthant). Let U :“ p0,8qN denote
the open orthant in RN . We consider the reflected Brownian motion on U . We choose
x0 “ p1, . . . , 1q P U as the base point. One can check that the harmonic profile is

hUx0
pyq “

N
ź

i“1

yi for all y “ py1, . . . , yNq P U . (5.68)

In this case the space-time scaling function Φ: BU ˆ r0,8q Ñ r0,8q for the boundary
trace Dirichlet form can be chosen as

Φpξ, rq “ hUx0
ppξ1 ` r, ξ2 ` r, . . . , ξN ` rqq “

N
ź

i“1

pξi ` rq for all ξ “ pξ1, . . . , ξNq P BU .

Next, we describe our two-sided estimates on the corresponding elliptic measure at infinity
µ “ νUx0

and on the jump kernel qjµ of the boundary trace Dirichlet form with respect to
µ. By Proposition 4.15-(c), there exists C P p0,8q such that for all pξ1, . . . , ξNq P BU and
all r P p0,8q,

C´1rN´2
N
ź

i“1

pξi ` rq ď µpBpξ, rqq ď CrN´2
N
ź

i“1

pξi ` rq.
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Similarly, by Corollary 5.10, there exists C P p0,8q such that for any pair of distinct
points ξ “ pξ1, . . . , ξNq, η “ pη1, . . . , ηNq P BU ,

C´1dpξ, ηq
2´N

N
ź

i“1

pξi ` dpξ, ηqq
´2

ď qjµpξ, ηq ď Cdpξ, ηq
2´N

N
ź

i“1

pξi ` dpξ, ηqq
´2,

where dpξ, ηq :“ |ξ ´ η| denotes the Euclidean distance between ξ, η.

An interesting feature of this example is that expected exit time of the boundary trace
process started at the origin from a ball of radius r centered at origin grows like rN . In
particular, this provides examples of jump process with (anchored) exit time exponent
arbitrary large. Such examples are known to exist on fractals but this example shows that
such behavior can happen also in smooth settings, which seems to be a new observation.
More generally for any ξ “ pξ1, . . . , ξNq P BU , setting Iξ :“ ti P t1, . . . , Nu | ξi “ 0u, we
have

lim
rÓ0

Φpξ, rq

r#Iξ
“

ź

iPt1,...,NuzIξ

ξi P p0,8q, lim
rÑ8

Φpξ, rq

rN
“ 1.

The space-time scaling exponent for the boundary trace process starting at ξ P BU is #Iξ
at very small scales and N at large scale. We note that #Iξ can be any integer between
1 and N depending on ξ.

Example 5.23 (Exterior of a parabola). We consider the Brownian motion on X “ R2

and the domain U “ tpx, yq P R2 | y ă x2u given by the sub-level set of the square
function. The harmonic profile with base point x0 “ p0,´3{4q is given in [GyS, p. 6] as

hUx0
px, yq “

d

2

ˆ

c

x2 `

´1

4
´ y

¯2

`
1

4
´ y

˙

´ 1 for all px, yq P U . (5.69)

In this case, the space-time scaling function Φ: BU ˆ r0,8q Ñ r0,8q for the boundary
trace Dirichlet form is given by

Φppx, x2q, rq “ hUx0

ˆ

x `
2xr

?
1 ` 4x2

, x2 ´
r

?
1 ` 4x2

˙

,

“

d

2

ˆ

c

r2 `

´1

4
` x2

¯2

`
r

2

?
1 ` 4x2 `

1

4
´ x2 `

r
?
1 ` 4x2

˙

´ 1 (5.70)

for all px, x2q P BU and all r P p0,8q. From the expression (5.70) for Φpξ, rq, it is
immediate that r ÞÑ Φpξ, rq is an increasing homeomorphism from r0,8q to itself for any
ξ P BU . By Proposition 4.15-(c), there exists C ą 0 such that the corresponding elliptic
measure at infinity µ “ νUx0

satisfies

C´1Φppx, x2q, rq ď µpBppx, x2q, rqq ď CΦppx, x2q, rq

for all px, x2q P BU and all r P p0,8q. Similarly, by Corollary 5.10, there exists C P p0,8q

such that for any pair of distinct points ξ, η P BU , we have

C´1Φpξ, dpξ, ηqq
´2

ď qjµpξ, ηq ď CΦpξ, dpξ, ηqq
´2,
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where dpξ, ηq :“ |ξ ´ η| denotes the Euclidean distance between ξ, η.

From (5.70), it follows that for any ξ P BU , there exist c1pξq, c2pξq P p0,8q such that

lim
rÓ0

Φpξ, rq

r
“ c1pξq, lim

rÑ8

Φpξ, rq
?
r

“ c2pξq.

In other words, the boundary trace process behaves like a Cauchy process at small scales
while it is similar to a 1{2-stable process at very large scales.

Example 5.24 (Ahlfors–Beurling example: quasi-conformal image of Brownian motion).
This example is essentially due to Ahlfors and Beurling [BA] and was later revisited in
[CFK]. We consider the reflected Brownian motion on the closed two-dimension upper
half-space X “ R ˆ r0,8q and let m denote the restriction of the Lebesgue measure on
X . We consider the domain U “ R ˆ p0,8q. Let λ denote the one-dimensional Lebesgue
measure on BU ” R. By [BA, Theorem 3], there exists a homeomorphism F : X Ñ X
with the following properties:

(a) The boundary correspondence F |BU is singular in the sense that the measures λ and
the push-forward measure pF |BUq˚pλq are singular.

(b) The function F |U : U Ñ U is a C1-bijection. Writing F px, yq “ pF1px, yq, F2px, yqq in
coordinates, where F1 : X Ñ R and F2 : X Ñ r0,8q, let DF denote the differential
on U , that is

DF :“

„

BF1

Bx
BF2

Bx
BF1

By
BF2

By

ȷ

.

There exists C P p0,8q such that the map F satisfies the quasiconformality condition

0 ă TrpDF T
pzqDF pzqq ď C detpDF pzqq for all z P U , (5.71)

where Tr, det denote the trace and determinant of a matrix.

We define the positive definite matrix valued function A : U Ñ R2ˆ2 given by

Apzq “ detpDF pwqq
´1DF pwq

TDF pwq, where w “ F´1pzq.

We note immediately from (5.71) that detpApzqq ” 1 on U and the eigenvalues of Apzq

are bounded from above by C and below by C´1 for all z P U . In particular, Ap¨q defines a
uniformly elliptic divergence form operator f ÞÑ div pAp¨q∇fq. The Dirichlet form corre-
sponding to the image of the reflected Brownian motion on X under the homeomorphism
F is given by Epf, fq “

ş

R

ş8

0
|∇pf ˝ F q|2px, yq dy dx where f varies over all functions such

that f ˝ F belongs to the W 1,2 Sobolev space on X . We identify the gradient ∇f as the
column vector r

Bf
Bx
, Bf

By
sT . The Dirichlet energy E can rewritten as (see also [CFK, p. 919])

Epf, fq “

ż

R

ż

p0,8q

p∇fpx, yqq
TApx, yq∇fpx, yq dy dx.

By a time change we can assume that the domain F of the form is W 1,2 space on X , so
that pE ,Fq is a Dirichlet form on L2pX ,mq. The Gaussian heat kernel bound for this
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Dirichlet form follows from the characterization in terms of doubling property of m and
the Poincaré inequality due to Grigor’yan and Saloff-Coste [Gri91, Sal] and the uniform
ellipticity condition on Ap¨q mentioned before.

The elliptic measure at infinity µ can be easily seen to be a positive multiple of the
measure pF |BUq˚pλq and hence singular with respect to the Lebesgue measure, and the
harmonic profile can be identified as the function G2 : X Ñ r0,8q, where G1, G2 : X Ñ

R are such that F´1px, yq “ pG1px, yq, G2px, yqq. Hence the space-time scaling of the
boundary trace process is given by

Φppx, 0q, rq “ G2px, rq for all px, 0q P BU and all r P p0,8q.

By Proposition 4.15-(c), there exists C P p1,8q such that the corresponding elliptic
measure at infinity µ “ νUx0

satisfies

C´1G2px, rq ď µpBppx, 0q, rqq ď CG2px, rq

for all px, 0q P BU and all r P p0,8q. Similarly, by Corollary 5.10, there exists C P p1,8q

such that for any pair of distinct points pu, 0q, pv, 0q P BU , we have

C´1G2pu, |u ´ v|q´2
ď qjµppu, 0q, pv, 0qq ď CG2pu, |u ´ v|q´2.

Our results apply also to some inner uniform domains (cf. [GyS, Definition 3.6]) as
they can be viewed as uniform domains by a suitable change of the metric. We illustrate
this with the case of a slit domain in the following example.

Example 5.25 (A slit domain). We consider the reflected Brownian motion on the slit
domain U “ R2ztpx, 0q | x P p´8, 0su. In this case, we equip U with the inner metric
dU : U ˆU Ñ r0,8q, where dUpz0, z1q is defined as the infimum of the (Euclidean) length
of paths γ : r0, 1s Ñ U joining z0 and z1; that is γp0q “ z0, γp1q “ z1 and γ is continuous.
Therefore dUpz0, z1q is either |z0| ` |z1| or |z0 ´ z1|, depending on whether or not the
straight line from z0 to z1 in R2 intersects tpx, 0q | x P p´8, 0su. Let pX , dUq denote the
completion of pU, dUq and letm denote the Borel measure on X given bympAq “ λpAXUq,
where λ is the Lebesgue measure on R2 (U is viewed as an open subset of X as usual).
Since every dU -Cauchy sequence is Cauchy with respect to the Euclidean metric, the
identity map on U extends uniquely to a continuous map p : X Ñ R2. The boundary BU
of U in pX , dUq is then given as

BU “ p´1
`

tpx, 0q | x P p´8, 0su
˘

“ X zU.

The set U is not a uniform domain in R2 with respect to the Euclidean metric, but is a
uniform domain in pX , dUq.

Let pE ,Fq denote the Dirichlet form on L2pR2, λq of the Brownian motion on R2. The
corresponding reflected Dirichlet form pE ref,U ,FpUqq (recall Definition 2.14) is a strongly
local regular symmetric Dirichlet form on L2pX ,mq (but it is not regular on L2pR2, λq)
and the MMD space pX , dU ,m, E ref,U ,FpUqq satisfies Gaussian heat kernel estimates due
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to the results [GyS, Theorems 3.30 and 3.34] by Gyrya and Saloff-Coste. The harmonic
profile with base point z0 “ p1, 0q P U is given by

hUz0px, yq “

ˆ

x `
a

x2 ` y2

2

˙1{2

.

In this case, the space-time scaling function Φ: BU ˆ r0,8q Ñ r0,8q for the boundary
trace Dirichlet form is given by

Φpξ, rq “ hUz0pxξ, rq “

˜

xξ `

b

x2ξ ` r2

2

¸1{2

—
r

a

|xξ|
^

?
r

for all pξ, rq P BU ˆ p0,8q, where xξ P p´8, 0s is given by ppξq “ pxξ, 0q. By Proposition
4.15-(c), there exists C P p0,8q such that the corresponding elliptic measure at infinity
µ “ νUz0 satisfies

C´1Φpξ, rq ď µpBdU pξ, rqq ď CΦpξ, rq for all pξ, rq P BU ˆ p0,8q.

Similarly, by Corollary 5.10, there exists C P p0,8q such that

C´1Φpξ, dUpξ, ηqq
´2

ď qjµpξ, ηq ď CΦpξ, dUpξ, ηqq
´2 for all pξ, ηq P pBUq

2
od.

By Theorem 5.13-(b), we have stable-like heat kernel estimates (1.30) and (1.31) for the
boundary trace Dirichlet form with respect to the metric dU .
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opérateur elliptique dans un domaine lipschitzien. Ann. Inst. Fourier (Greno-
ble) 28 (1978), no. 4, 169–213

[Anc86] A. Ancona. On strong barriers and an inequality of Hardy for domains in Rn.
J. London Math. Soc. (2) 34 (1986), no. 2, 274–290.

[Bar98] M. T. Barlow, Diffusions on fractals, in: Lectures on Probability Theory and
Statistics (Saint-Flour, 1995), Lecture Notes in Math., vol. 1690, Springer-
Verlag, Berlin, 1998, pp. 1–121.

[BB89] M. T. Barlow and R. F. Bass, The construction of Brownian motion on the
Sierpinski carpet, Ann. Inst. H. Poincaré Probab. Statist. 25 (1989), no. 3,
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form domains, Astérisque 336 (2011).

[HS] W. Hebisch, L. Saloff-Coste. On the relation between elliptic and parabolic
Harnack inequalities, Ann. Inst. Fourier (Grenoble) 51 (2001), no. 5, 1437–
1481.

[Hei] J. Heinonen. Lectures on Analysis on Metric Spaces, Universitext. Springer-
Verlag, New York, 2001. x+140 pp.

[HeiK] J. Heinonen, P. Koskela. Quasiconformal maps in metric spaces with con-
trolled geometry, Acta Math. 181 (1998), no. 1, 1–61.

[HKST] J. Heinonen, P. Koskela, N. Shanmugalingam, J. T. Tyson. Sobolev spaces on
metric measure spaces. An approach based on upper gradients. New Math-
ematical Monographs, 27. Cambridge University Press, Cambridge, 2015.
xii+434

[HerK] D. A. Herron, P. Koskela, Uniform and Sobolev extension domains. Proc.
Amer. Math. Soc. 114 (1992), no. 2, 483–489.

[HiKu] M. Hino and T. Kumagai, A trace theorem for Dirichlet forms on fractals, J.
Funct. Anal. 238 (2006), no. 2, 578–611.

[HMM] S. Hofmann, J. M. Martell, S. Mayboroda, Uniform rectifiability and harmonic
measure III: Riesz transform bounds imply uniform rectifiability of boundaries
of 1-sided NTA domains Int. Math. Res. Not. IMRN (2014), no. 10, 2702–
2729.

[Hsu] P. Hsu. On excursions of reflecting Brownian motions. Trans. Amer. Math.
Soc. 296 (1) (1986) 239–264.

[JM] T. Jaschek, M. Murugan, Geometric implications of fast volume growth and
capacity estimates. Analysis and partial differential equations on manifolds,
fractals and graphs, 183–199. Adv. Anal. Geom., 3 De Gruyter, Berlin, 2021.

[JK] D. S. Jerison, C. E. Kenig. Boundary behavior of harmonic functions in non-
tangentially accessible domains, Adv. in Math. 46 (1982), no. 1, 80–147.

126



[Jon] P. W. Jones, Quasiconformal mappings and extendability of functions in
Sobolev spaces. Acta Math. 147 (1981), no. 1-2, 71–88.

[Kaj10] N. Kajino, Spectral asymptotics for Laplacians on self-similar sets, J. Funct.
Anal. 258 (2010), no. 4, 1310–1360.

[Kaj12] N. Kajino, Time changes of local Dirichlet spaces by energy measures of har-
monic functions, Forum Math. 24 (2012), no. 2, 339–363.

[KM20] N. Kajino and M. Murugan, On singularity of energy measures for symmetric
diffusions with full off-diagonal heat kernel estimates, Ann. Probab. 48 (2020),
no. 6, 2920–2951.

[KM23] N. Kajino and M. Murugan, On the conformal walk dimension: quasisymmet-
ric uniformization for symmetric diffusions, Invent. Math. 231 (2023), no. 1,
263–405.

[Kem] J. T. Kemper, A boundary Harnack principle for Lipschitz domains and
the principle of positive singularities. Comm. Pure Appl. Math. 25, 247–255
(1972).

[KT] C. E. Kenig, T. Toro, Free boundary regularity for harmonic measures and
Poisson kernels. Ann. of Math. (2) 150 (1999), no. 2, 369–454.

[Kig10] J. Kigami, Dirichlet forms and associated heat kernels on the Cantor set
induced by random walks on trees. Adv. Math. 225 (2010), no. 5, 2674–2730.

[Kig12] J. Kigami. Resistance forms, quasisymmetric maps and heat kernel estimates.
Mem. Amer. Math. Soc., 216 (1015):vi+132, 2012.

[Kum] T. Kumagai, Estimates of transition densities for Brownian motion on nested
fractals, Probab. Theory Related Fields 96 (1993), no. 2, 205–224.
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