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Abstract. We consider a free boundary problem for incompressible
perfect fluid with surface tension. The problem to be considered is as follows:
A perfect fluid is circulating around a circle I’ (see Fig. 1). The outward
curve 7 is a free boundary to be sought. We assume that the flow, which is
confined between I” and 7, is irrotational. On the free boundary, surface
tension works and makes the free boundary circular. On the other hand,
the centrifugal force caused by the circulation of the flow makes the fluid go
outward. Hence the balance of these two kinds of forces determines the
geometrical properties of the free boundary. We show that there exist pro-
gressive waves, which are periodic motions of the fluid and are the exact
solutions corresponding to the solitary waves.

Fig. 1.
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§1. Introduction

We consider a nonstationary flow of perfect fluid with a free boundary
around a circle. The problem to be considered here can be regarded as a
model for a flow around a celestial body. We consider a plane through an
equator of a celestial body and a two-dimensional flow in this plane. We
assume that for a fixed time ¢ the flow region is enclosed by two closed Jordan
curves I” and y(#). " is an equator of a celestial body and y(¢) is a free
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632 H. Oxamoto and M. SaOJN

boundary which is outside I". These two curves enclose a doubly connected
domain, which is denoted by £,,. Then the fluid lies in &,, (see Fig. 1).
For simplicity we assume that the inward curve I is the unit circle in the
plane. We also assume that y(¢) is represented as y(f)={(r, 8); r=7(1, 0)} in
terms of a function y=7(z, 0) and the polar coordinates (r, §). Then the prob-
lem is formulated as follows.

Problem. Find a time-dependent closed Jordan curve y(¢), a stream func-
tion V=W, r,0) and the pressure P(t, r, §) satisfying the conditions (1.1-8)
below.

(L.1) AV=0 in Qn= U Qs
(1.2) Vi, 1,0)=0 on [0, T1X[0,27) ,

(1.3) —a%V(t, (1, 8), 0) =11, a>%:—<t, 9) on [0,TIx[0,27),
(1.4) %g;;ft+—a‘?r~<%IVV[2+P—-€~>=o in Q.
(1.5) —gr’”t+—rl——a%<—|vm +P-—>=o in 0,
(1.6) P=0oK,, on (1),

(1.7) VO, r, O)=Vir, 0), 70, )=1:0) ,

(1.8) 12,001 =, -

Here g, g and w, are prescribed positive constants. A is the Laplace operator
with respect to (r,0). K, is the curvature of y(z), the sign of which is
chosen to be positive if it is convex. For the physical meaning of this prob-
lem and derivation of these equations, see [7] or [8]. We only note that Vis
a stream function for the flow, i.e., the velocity vector is given by (dV/dy,
—aV/ox) and that (1.4, 5) is the Euler equation written in terms of V.

Our purpose in this paper is to show the existence of progressive wave
solutions, i.e., solutions of the following form

T=77(0"‘—Ct) ’ V= ?(ry 6“'Ct) »

where ¢ is a constant. When ¢=0, this solution reduces to a stationary
solution, which is studied in [7]. We can easily find a simple stationary solu-
tion given by

T(t’ H)Ero £l V: IOgrs

log o



Progressive Waves in the Flow of Perfect Fluid 633

where r,>1 and >0 are constants (see §2 below). This is a radially sym-
metric solution and we call it a trivial solution.

We will prove that there exist progressive wave solutions in a neighbor-
hood of the trivial solution. The propagation speed ¢ is determined by the
wave number and the magnitude of circulation. The important consequence
of this result is that the trivial solution is not asymptotically stable, since the
progressive wave solution is a time periodic solution. This fact constitutes
a striking contrast to the case of viscous fluid (see Beale {1]). Indeed, in [1],
Beale considers viscous incompressible fluid flow above a plane-like bottom
with finite depth (a model of flow in the ocean). He proves that the rest state
(motionless fluid with a horizontal plane as a free surface) is asymptotically
stable by virtue of the viscous and capillary forces. Furthermore the rate of
convergence to the motionless state is proved to be O(t7'/?) (see, Beale and
Nishida [13]).

We also show that if the circulation of the flow is zero, there is no
stationary solution other than one in which the free boundary is a circle.
This fact is worthy of notice because even if the circulation is zero there are
progressive wave solutions which are not circles.

Finally we remark that we show the existence of the progressive waves
by the bifurcation theory. In utilizing the theory, we take the propagation
speed as a bifurcation parameter. This fact provides for distinction between
our problem and the problem for flows in an infinite domain over the straight
line or plane (i.e., the ocean problem). Indeed, the wave number ranges over
all the real numbers in the case of the ocean problem. On the contrary, in
our problem, the wave number can take only the integer multiples of 2z.
This makes the spectrum discrete, whence we can use the bifurcation theory.

Our problem differs from the dissipative system of evolution equations like
reaction-diffusion equations defined on R. In some dissipative system, the
existence of the progressive wave solution is known but its propagation speed
is uniquely determined by the system. Therefore such progressive waves do
not fall into the framework of the bifurcation theory (see [4, 6]).

This paper is composed of four sections. In section 2 we reformulate the
problem and give a precise version of the theorem. Section 3 is devoted to
the proof of the theorem concerning the existence of progressive waves. In
section 4 we show the uniqueness theorem for the stationary flow when the
fluid does not move but only the surface tension works on the free surface.
Finally we give a derivation of the formula used in §3 concerning variation
of domain.

Acknowledgment. The authors wish to express their hearty thanks to Prof.
H. Fujii who kindly read the original version of the manuscript and gave us
much useful comment and encouragement.
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§ 2. Existence of Progressive Wave

We begin with the fact that there is a trivial stationary solution in which
the free boundary is a circle. The stationary problem is to find a closed
Jordan curve y and a function ¥ such that the conditions (2.1-5) below are
satisfied:

2.1 AV=0 in 2,

2.2) V=0 on I,

2.3) V=a on 7,

(2.4) %iVV{2~—%+0KT=constant on 7,
(2.5) 12:|=w, .

Here 2, is a doubly connected domain bounded by I" and y. Note that in
the stationary problem the condition (1.3) reads that V is constant on 7. So
we denote the constant by . The constant ¢ represents the magnitude of the
circulation. The case of a=0 corresponds to the case where the circulation
vanishes. If a=0, then V=0 by virtue of (2.1-3). Hence, in this case, the
fluid does not move anywhere. The conditions (1.4-6) reduce to (2.4), which
is known as the Bernoulli equality.

We now define r,>1 by =(r,!—1)=w,. Let 7, be a circle of radius r, with
the origin as its center. We put V(=Vyr)=(a/logr,)logr for 1<r<r,.
Then {y,, Vo} is a stationary solution, i.e., satisfies (2.1-5).

Our aim is to prove the existence of progressive wave solutions. We
exclusively consider the solutions near the trivial solution. Hence what we
really do is to show the existence of functions u€ C**%($1) and V& C**%(2,)
such that 7 is given by y(¢, @)=r,+u(@—ct). Here the symbol C*** implies the
Holder space. These functions are governed by (1.1-8). If we introduce a
new variable ¢=0-cr and if we note that /97 is replaced by —c(9/d¢), then
these governing equations are, in the present case, expressed as follows:

0

? >V _

(2.6) r3;<r-é-r~ V>+ =0 in 9,

@.7) 1, $)=0 on [0,27),
I N

(2.8) 2% V(r(9), §)=—cr(9) P (#) on [0, 27},
SRV, 0L s 0V

2.9 R (5T r) 0 in o,
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PV, 101 AN
(2.10) a5t a¢< VV|2+P ) 0 in 2,
(2.11) P=cK, on 7,
(2.12) % X (ro-+u(d))dg— =, .

The equation (2.10) is equivalent to saying that cr(8V/or)+(1/2)|VV |24-P—g/r
does not depend on ¢. On the other hand, by (2.6), the equation (2.9) is
rewritten as follows:

c~a—< aaf)“L < e +P-——-)=o in 2.

Hence we see that cr(aV/or)+(1/2)|VV|*-+P—g/r does not depend on r. There-
fore the condition (2.9-11) is reduced to the equation below:

(2.13) cr-———+ lVVIE»}—oK ~7_constant on 7.

Next we consider the equation (2.8), which is rewritten as

) c 0
V(r(9), §) = —— ——7? .
5 (), )=~ Pl
Hence we have V(y(9), @)= —(c/2)y(¢)*+constant.
Now we can reformulate the problem. We first define symbols:

7u: @ closed Jordan curve represented by (ro+u(¢), ¢) .
Q,={(r, ) ER?; 1<r<r,+u(d), 0=0< 27},
K,: the curvature of 7, .

Problem. Find a function u€ C***(S*) and a function V€ C¥++(3,) satisfy-
ing the following conditions:

a [ oV oV .
2.14 — = =0 2.,
( ) ’ or (r 6r>+ o0* n
(2.15) V{1, ¢)=0 for 0=¢<2r,
(2.16) V(rd4), ¢)=—§7’u(¢)2+a+—§—r02 for 0=¢<2z,
(2.17) cr-g-K-{—i]VV]S—E‘—{—UK,:constant on 7.,
or 2 r

(2.18) % S (ro+1)d— m=co .
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Note that the problem above reduces to the sataionary problem (2.1-5) when
the constant ¢ vanishes. We solve this problem by a method very similar to
that in [7]. Namely we regard this as a bifurcation problem. In [7, 9] the
first author proved that nontrivial solutions to (2.1-5) bifurcate from the
trivial solution. In this case we viewed the parameter @ as the bifurcation
parameter. As a consequence we see that there are an infinite number of
nontrivial stationary solutions. To show the nontrivial solutions to (2.14-18),
we fix @ and we take the propagation speed ¢ as a bifurcation parameter. We
now give a framework by functional analysis. We define a mapping F which
is defined near the origin of Rx C3*¢(S') x R and takes its value in C!'+%(§*)x R.
To define F, we first solve (2.14-16) which is a Dirichlet problem with respect
to ¥ for a given ue C**%(S?), and we denote the solution by V,. Namely we
define 7, by

AV,=0 in Q,, V,=0 on I, Vu:a-i—-g—(ro?—ru?) on 7, .

We now define F as follows:

aI/u
¥

ar +6Ku_50_$ 3

Tu

Fi(c; u, §)=<c +—L]vyu;2__€_>
2 r

T

Fylesu, E)::%X " (rot+ (@)’ dp—r— g

[}
Fleyu, §)=(Filc; u, &), Folc; u, 8)) .
Here the constant &, is defined so that F(c; 0, 0)=(0, 0). Namely we put
1 2 g
=2 +—< a >+" g

- logr, 2 \rylogr, ro

Using a pull-back (ry, @)—(r,+u(8), 8), we regard Fi(c;u, &) as an element of
Ct*«(S%)., Then itis clear that

{r.. V.} is a solution to (2.14-18) = F(c; u, £)=(0,0) .

Of course (0, 0) corresponds to the trivial solution. We show the existence
of nontrivial zero-points of the mapping F, i.e., we prove the following

Theorem. For n€N, define ¢, by

a (rt—1)o+g a? >1/2
2.19 = — + — ,
( ) ¢ rtlogr, < nro*R, nR,r*(logr,)?

where R, =(ry"+ry"™/(re"—rFy""). Let n€N be fixed. Suppose c,€R and that
c.7c, for all m which is not equal to n. Then c, is a bifurcation point of F.
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Remark 1. Note that the parameter a=0 is fixed. It is important to
observe that in the case of a=0 there is no stationary solution other than the
trivial solution but a progressive wave solution does exist even in this case.
For the first statement, see § 4.

Remark 2. The assumption that ¢,5c,, for m=:n implies simpleness of the
multiplicity in some sense. But for appropriate values of parameters o, g, wo,
it happens that ¢,=c¢, for ns5m. Even if this is the case, ¢, is still a bifurca-
tion point. But the behavior of the bifurcating branches becomes much more
complicated. The situation is the same as that in [10], see also Fujii, Mimura
and Nishiura [3]. So we only consider the bifurcation under the simpleness
assumption.

§3. Proof of Theorem

This section is devoted to the proof of Theorem. We first show that
Fisa C*-mapping and derive the concrete expression of the Fréchet deriv-
ative of Fat (c;0,0). The proof is similar to that in [7]. In fact the differ-
entiability of F is proved in the same way as in [7]. Hence we omit it.
We put b=cry+af(r,logr,). Then the derivative is represented as follows.

Du.:F:‘——(DuFl(C; 09 0) Dé'Fl(C; 09 0))

D Fy(c;0,0)  DgFy(c;0,0)

N
(3.1)  D.Fy(c; 0, 0yw=—2Y +b<f—q~——7@—>+ﬂ——“—(;v"+;u>
rologr, ar  rtlogr, rot o ry?

(we Csre(SY) ,

(3.2) D, Fi(c;0,0)2=—2 (A€R),

(3.3) D:Fo(c; 0, Oyw==r, Y: w(6)do (we Core(SY)) ,
0

(3.4) D Fyc; 0, 0)A=0 (AER),

where U is a solution of the Dirichlet problem below:

(AU=0 in 1<r<r,,
(3.5) zU:O on I,
U=—bw on r=r,.

These formulas are derived in the Appendix. Admitting these formulas, we cal-
culate the critical points of D, :F,i.e., we determine the conditions under which
D,,¢F(c;0,0) fails to be an isomorphism from C**%(S*)x R onto C**(S")xR.
For this purpose we look for (w, 4) € C**5(S?) x R such that D, :F(c; 0, 0)(w, )=
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(0,0). To express this equation concretely we expand w in the Fourier series:
w= 2 s, sin (nd)+ > ¢, cos (nf) .
==l 7#=0

Then the solution of (3.5) is expressed as follows.

0 yr—p-n

logr

U=— 2 b—(s5,8inn04c,cos nf)—be, .
=1 Ft—Ty " logr,
Hence we have
% = i bRy (s, sin nf +c, cos nd) — beq ;
O |r=r, a=l Py rologr,

Therefore we have

D, F(c;0,0)w=c,X “something”

5 < CE i AR5 b(b "R, +-a—>>(s,, sin nf--c, cos nf) ;
n=1 Fy ot log ry

rolog 1o ro® ro? -
On the other hand, we easily obtain
D, Fy(c;0,0)=2rr.c, .

By these equalities we see that there is a (w, 2)5:(0, 0) satisfying D,,:F(c; 0, 0)
X (w, 2)=(0,0) if and only if ¢ satisfies (2.14) for some n=1,2, ---. In fact
(w, A)=(cos nd, 0) and (w, A)=(sin nf, 0) are eigenvectors for c=c,. By the
method used in [7] we can show that D,,:F(c;0,0) is an isomorphism if and
only if c ¢ {c,}.

To show that ¢, is a bifurcation point, we use Theorem 1.7 of Crandall
and Rabinowitz [2]. This theorem ensures bifurcation from simple eigenvalue.
So we introduce the following function space:

Xnte={yc Cm*(SY); u(0)=u(2r—0)} (meN,0<a<]).

Then we can easily show that F is a mapping from RX X***x R into X'**xR.
Indeed u€ X®* if and only if the curve y, is symmetric with respect to the
x-axis. If this symmetry holds, then the solution of (3.5) is symmetric with
respect to the x-axis. Hence we see that F: RX X3 *xR—-X'**xXR. Hence-
forth we consider the mapping F restricted to Rx X3**xXR. We now verify
the conditions in [2]. By the assumption for ¢, the kernel of D, :F(c,;0,0)
is spanned only by (cos#nf,0). Then verification of the conditions in [2] is
easy except that D.D, F(c,; 0, 0)(cos nf, 0) ¢ Range D, :F(c,;0,0) (nondegen-
eracy condition). We can show this by the formula (3.1-4). Differentiating
these formulas by ¢, we see that DD, :F(c,;0, 0)cosnd, 0)=constantx
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(cos nd,0). On the other hand, the range of D, :F(c,;0,0) is orthogonal (in
the L*-sense) to (cos nf, 0). Hence the condition above (the nondegeneracy
condition) is verified. The proof is now completed. Q.E.D.

Remark 3.1. Numerical computation shows that the bifurcation occurs
subcritically (see Fig. 2). This, however, does not imply that the bifurcating
solutions are unstable. In fact, the nonstationary problem (1.1-8) is not of the
form u,=F(u), where subscript means the differentiation, but we are dealing
with the evolution equation of the following form:

(3.6) Uy =D, Uy, Uy, g, Uggs Uggp) -

Fig. 2. A schematic bifurcation diagram. Every branch occurs sub-
critically.

(The reduction of (1.1-8) to (3.6) is found in [14].) Analyzing (3.6) in a way
which is standard in the bifurcation theory, we can see that both the trivial
solution and the bifurcating solution are marginally stable in the sense of the
linearized stability. The stability analysis of the nonlinear equation (3.6) is
very hard. It requires more analysis to determine the stability in the non-
linear sense.

Remark 3.2. As for the stability of the progressive wave solutions or the
stationary solutions, nothing has been rigorously obtained so far. But the
geometrical properties of stationary solutions are studied in [11, 12]. They
show that the figures of the stationary solutions are not so simple. On the
other hand, it is very difficult to simulate the nonstationary problem for a long
range of time. Our computation (see Fig. 3) shows that the progressive waves
exist for appropriate time. But a desicive answer for the stability is not yet
known.
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Fig. 3-a. A solitary wave which travels to the right. Difference 7{t, 8)—ro
is plotted from #=0 to £==90.

0
Fig. 3-c. A one-peak solitary wave and a two-peak solitary wave. In
Fig. 3 the parameter a is fixed to be 0.1.

§4. Uniqueness of Stationary Solution

Here we prove a uniqueness theorem for the stationary problem. Our
goal is to show the following

Theorem 2. Suppose that a=0 and that ¢>0. Then there is no solution ro
(2.1-5) other than y=y,, V=0.

Remark. Here we do not assume that y lies near y,. We only assume
that y is a C®curve. The assumption that ¢ >0 is indispensable. In fact, if
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g <0, existence of nontrivial solutions can be proved by the bifurcation theory.

Proof of Theorem 2. Let {y, ¥} be a solution. Then, by (2.1-3), we see
that ¥ vanishes identically in 2,. Therefore

(4.1) ok;=242 on 71,

v
where £ is a constant. We have only to show that y is a circle. We first
prove the case where ¢<g. Let 4 (resp.B) be a point on y which has the
largest (resp. smallest) distance from the origin. Then we have

aK,(A)—-—(—)%:oK,(B}—B‘% and OA=OB.
By the definition of 4 and B, it holds that K;(4)=1/0A4 and that K(B)=1/0B.
Therefore we obtain ¢/0A<0K(A)=g/0OA—g/OB+cK(B)<g/OA—g/OB-+
¢/OB. By this inequality and the assumption ¢ < g, we obtain 04 =0B, which
implies that y is a circle.

We now prove the case where c=g. We assume for simplicity that the
curve 7 is represented by the equation r=y(#). Then by (2.5) we have

(4.2) L X A0 do=r+w, .

It is known that total (oriented) curvature of a closed Jordan curve is equal
to 2x, i.e.,

g T K02+ (0)) 0 =2 .

il
As for the proof, see, e.g., Hopf [5]. By (4.1) and this fact we have
2
(4.3) 2m=g§ (HOF + 1O/ (0)dB+ELy

[

where L, is the length of the curve y. We multiply (4.1) by y* and integrate
it on [0, 27). Then we obtain

o.

(4.4) c S H6)do=—g S HOVIO+o 82“7.2 X,
0 0

0

2
=—g X 76)d0-+cL; .
0

The second equality is proved by the formula

1 1 7(6) ’
Ky= —_ .
TGOryOn: ( (y (0P +7 ()" )
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Eliminating & from (4.2-4) we obtain

L2 2 L o
(4.5) a(h———’——)=g<§ (O +7(0)) w)da———f—X 0)as) .
2+ wy) o T 7 2rton) Jo |
By the isoperimetric inequality the left-hand side is nonpositive and it vanishes
if and only if y is a circle. Then, by ¢=¢>0, we have

Lt
2(z+w,)

{3

T o
——’i—s T(O)df)—g (FO -+ 170 (06 =
2(7F+(00) 0 0
On the other hand, it obviously holds that i #(6)d0<L, and that
— 8§57 (1(6)2+79"(6)) 2 [7(6)d6 < —2z. Hence the equality must hold. This is
possible if and only if /=0, i.e., 7 is a circle, which completes the proof.
Q.E.D.

Appendix.

Here we show how the formulas (3.1-4) are derived. The procedure here
is the same as that in [7]. In fact we borrow a lemma which is proved in
[7]. We first prepare notation. Let f be a C'-mapping from Cm*1+4+2(§1) into
Cmrite(SY), Here m>0 and j=0 are integers and 0<a< 1. For a given u, we
denote by W, the solution of the following Dirichlet problem:

(A1) AW,=0 in 2,,
(A.2) w,=0 on I, W, =fu) on 7. .

Of course the second equation of (A.2) implies that W, (r,+u(8), 8)= F(u)(0).
In terms of W, we define mappings 7 and T, by

W, oW,
Tw="% , Tw=2x ,
(u) 3 |, 2(u) o |y,
where 9/dv, is a differentiation along the outward normal to 7,. Then the
following lemma holds:

Lemma. T and T, are C*-mappings from some neighborhood of the origin
in Cm¥irita( Sy jnto Cm*a(SY). If u belongs to C* for some 2>m-+2-+j+a, then
the derivative of T is represented by

o LW,y — (ro+wv’ —u'v  aflu)

(A.4) D, T(uwv= o |y {(ro- 0 -2 80

Here W is the solution of

(A.5) ' AY=0 in 2,,
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(A.6) =0 on I, V=D,f(wyv— GW"?} on 7, .

Here D, f is the Fréchet derivative. The function X(W,) is given by

1 [ W, 5 /1 oW,
(W)= w 0 9 (1 « .
) (ot @yye\ o " 8r< ) ))

The derivative of T, is represented by

o

D, T, (o= =

If we admit this lemma, the proof of (3.1-4) is easy. In fact we put
S)=—(c/2)(ro-+u)*+a+(c/2)r,2. Then the lemma shows that

~ Ja¥]
(A7) D, TO)w=D,T,0w=2Y 1 ZVo

b
or or®

where U is given by (3.5). Observing that |VV]=4V,/dv, we obtain (3.1) by
(A.7). Other formulas are easy to see. Q.E.D.
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