CONTENTS
1. Motivation
2. Profinite groups
3. Pro-p-groups and the lower p-series
4. Topology of finitely generated pro-p groups
5. Powerful finite p-groups
6. Pro-p-groups of finite rank
7. Uniform power
8. The p-adic general linear group
9. The additive structure of a uniform group
10.  Formal groups laws
11.  Lubin-Tate formal group laws
12.  The Morava stabilizer group
13. Normed algebras and power series
14. The completed group algebra
15.  The group algebra of a uniform group
16. Baker-Campbell-Hausdorff formula
17.  The Lie correspondence
18.  Analytic groups
19. Lazard’s characterization
20. Cohomology of profinite groups
21. Cohomological dimension and mod p cohomology
22.  The derived oco-category and cup products
23. Torsion-free groups and locality of cohomological dimension
24. Poincaré duality
25.  Cohomology of p-adic analytic groups
References

P-ADIC ANALYTIC GROUPS
HARVARD MATH 291Y, FALL 2023

PIOTR PSTRAGOWSKI

13
19
22
26
32
36
38
43
46
o1
99
66
71
T
83
88
92
97
103
109
116
122
131
140

Disclaimer: Use these notes at your own risk - it is likely that there are mistakes. If you find
any errors, or if you have any comments or suggestions, contact me at piotr@math.harvard.edu.

ACKNOWLEDGEMENTS

Parts of these notes were adapted from ones taken in class by Thomas Brazelton, Stephen
McKean, Natalia Pacheco-Tallaj and Wyatt Reeves. I would like to thank Peter Haine and
Ishan Levy for helpful comments and suggestions. I would like to thank Sanath Devalapurkar
and Ishan Levy for substituting for me when I was traveling.

1



P-ADIC ANALYTIC GROUPS HARVARD MATH 291Y, FALL 2023 2

1. MOTIVATION

This course is an introduction to the beautiful theory of p-adic analytic groups. Informally,
p-adic analytic groups are the non-Archimedean analogue of the notion of a real Lie group. As
motivation, let us recall the latter.

Definition 1.1. A Lie group G is a group together with the structure of a smooth manifold
such that the group multiplication G x G — G is smooth.

Note that this last condition essentially ensures that the group and smooth structures are
compatible with each other. One can show that it also follows that the group inverse map
(—=)~!: G — G is smooth, too.

Example 1.2. The basic example of a Lie group is given by GL,(R), the group of invertible
n X n real matrices. It is a group under multiplication of matrices and a smooth manifold as an
open subset of the vector space of all matrices.

Example 1.3. Many important Lie groups arise as subgroups of GL, (R). For example, we have
O(n) < GL,(R);

the subgroup of matrices which are orthonormal; equivalently, which correspond to a linear
automorphism of R™ which is an isometry. Similarly, we have

S0(n) < O(n),

the subgroup of matrices with positive determinant; equivalently, which correspond to an orientation-
preserving linear automorphism.

Example 1.4. If G is a Lie group, then it is not difficult to see that so is its universal cover
G — G. For example, for n > 2 the universal cover of SO(n) is given by the so-called spin group

Spin(n) — SO(n).

Since p-adic analytic groups are the analogue of Lie groups, one might expect that the the-
orems we can prove about them would be similar in spirit to the ones we prove about real Lie
groups. As motivation, what are the kinds of things one might learn about Lie groups in a
graduate course?

(1) (The Lie correspondence) - The tangent space of the identity of a Lie group has a
structure of a Lie algebra which completely determines its local structure. Moreover, in
the simply-connected case, the group is uniquely determined by its Lie algebra, giving
an equivalence of categories.

(2) (Analycity and uniqueness) - The smooth structure of a Lie group can be uniquely
promoted to a structure of an analytic manifold. Continuous group homomorphisms
between Lie groups are automatically analytic.

(3) (Group-theoretic properties) - Closed subgroups of Lie groups are again Lie. Moreover,
any Lie group G has a no small subgroups property; that is, there exists an open neigh-
bourhood U C G of the identity which doesn’t contain any subgroups.

In this course, we will undertake a similar study in the p-adic context. As cohomology of
p-adic analytic groups is often important in applications, we will also prove basic results about
their cohomology. In this first lecture, we give an informal overview of the kinds of objects and
results we will touch upon throughout the term.

Where do the p-adics come from? We begin with Q and look at different completions:
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Completion with respect to the standard Archimidean metric gives the real field R, but com-
pletions with respect to p-adic metrics instead yield Q,. The latter can be also easily described
using algebra.

Definition 1.5. The ring of p-adic integers is given by
Ly = lim Z /p".
This has a canonical limit topology, where we endow each finite ring Z/p™ with the discrete
topology, which makes it into a compact Hausdorff ring. The p-adic field is given by the local-
ization
Qp:=Zylp~'] = lim (Z,, Ly =)
which we endow with the colimit topology.

There is a metric on @, which induces the same topology. Since Z, is a complete discrete
valuation ring, any non-zero x € Z, can be written uniquely in the form z = p™ -u, where u € Z;
and n > 0. The same works for Q,,, where now we need to allow n € Z.

Definition 1.6. The p-adic absolute value | —|,: Q, — R is given by

(1) [0], =0,
(2) |p™ - ulp :==p~ ™ for any u € Z;.

It is not difficult to see that this really is an absolute value in the sense that it is multiplicative

lzylp = |z[plylp
and subadditive
|z + y|p < max(\x|p, |y|p) < ‘x|p + |y‘p~

This absolute value defines the p-adic metric

d(z,y) = |z = ylp

on Q,. It is a good exercise that this metric induces the colimit-limit topology described before.
As any complete metric field, Q, admits differential calculus; that is, standard notions of
convergence or derivatives work in this setting and satisfy the usual formulas. However, we have
a host of new phenomena due to the fact that the is the p-adic metric, unlike the standard metric
on R, is actually an wultrametric. That is, the p-adic metric satisfies the stronger form of the
triangle inequality given by
d(x,y) < max(d(z, z),d(z,y))

In this course, we will not delve too deeply into p-adic analysis, but let us give two instructive
examples which convey a little bit of the flavour of the field. Among these two examples, the
first one highlights that sometimes the non-Archimedean world is much more simple than the
real one, while the second one highlights that it can also carry unexpected dangers.

Example 1.7. If a; € Q, is a sequence of p-adic numbers, then the following two conditions are
equivalent:

(1) 3,50 a; converges,
(2) a; — 0 € Qp; equivalently, |a;|, — 0 € R.
Indeed, the ultrametric inequality implies that the p-adic absolute value of partial sums
Y m<i<n @i is bounded by the maximum of absolute values of their terms, so that they be-
come very small as the terms do. This makes convergence of series much easier in the p-adic
world than in the real world.
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Example 1.8. We give an example of a smooth function f: Z, — Z, whose derivative vanishes
identically, but which is injective. In particular, it is not constant.

Using the limit description Z, ~ @Zp/p", it is not difficult to show that any a € Z, can be
uniquely represented as a convergent power series

0= ant

where a; € {0,1,...,p — 1}. We now define f by

f(z aip') = Z a;p”.
It is a good exercise in getting used to the p-adic metric to verify that this function satisfies
2
1f (@ =y)lp <[z =yl

Since this function is highly contractive (roughly the same as = + 22 is around zero, but at each
point), it is continuous and its derivative vanishes identically. However, it is immediate from the
formula that this function is injective and hence even a homeomorphism onto its image.

One way to interpret Example 1.8 is that smooth p-adic functions can be very badly behaved.
As a consequence, to define the p-adic analytic groups, we work with a more restrictive class of
functions where such pathological behaviour cannot occur.

Definition 1.9. Let U C Qp be an open subset. We say a function f: U — Q, is locally analytic
if it is locally given by a convergent power series.
In more detail, f is locally analytic if for any v € U we can find

(1) areal ¢, >0,
(2) a formal power series F,, € Qp[X1,...,X,]

with the properties that
(1) if we expand the formal power series
Fo= Y  aX'
I=(i1,.in)
in terms of monomials then
etFinjgr, =0
as liy + ... +in| = o0,
(2) f v =u+ (z1,...,2,) € U with |z;|, < €, then
fu') =F,(u —u).
Note that the first condition guarantees that in the context of the second, the right hand side of

l I i %
F.(u' —u) = E arr’ = E A(iy,oyin) "L Ty
converges, so that the equation makes sense.

To define p-adic analytic groups one mimics the definition of Lie groups. This means that we
first need an appropriate notion of a manifold which is as follows:

Definition 1.10. A p-adic manifold of dimension n is a Hausdorff, paracompact topological
space X together with a maximal atlas of charts

(U, ¢a)

where U, C X is open and ¢: U, — Q) is a homeomorphism onto an open subset V,, C Qp
with the property that for any «, 3, the transition function

-1
Vo 292 (Ua NUp) 22 Ua NUs —2 95 (Ua NUps) C Vs
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is locally analytic.

The basic notions of manifold topology carry over to the setting of p-adic manifolds. For
example, it makes sense to speak of differentiable, smooth or locally analytic functions between
p-adic manifolds. Moreover, any point of a p-adic manifold has a tangent space, which is a vector
space over Q, of dimension the same as the manifold, and differentiable maps induce morphisms
between tangent spaces.

However, unlike the theory of (real) manifolds, classification of p-adic manifolds is very easy,
essentially due to the fact that the topology on Q, has too many open sets, so that it is difficult
to glue things together in an interesting way:

Warning 1.11. One can show that any compact p-adic manifold X of dimension n is isomorphic
to a disjoint union
X~Zy"U.. . uzZ;"

of copies of the closed p-adic unit disc. In particular, all non-empty compact p-adic manifolds
of positive dimension are homeomorphic.

However, while the theory of p-adic manifolds is not particularly interesting, p-adic analytic
groups, which we define now, have a beautiful, complex theory.

Definition 1.12. A p-adic analytic group G is a group together with a structure of a p-adic
manifold such that the multiplication m: G x G — G and inverse (—)~!: G — G maps are
locally analytic.

These are the central objects of study in this course, and we give a few examples.

Example 1.13. The general linear group GL,,(Q,), which inherits a structure of a p-adic man-
ifold as an open subset of the Qp-vector sace of n x n matrices, is a p-adic analytic group under
multiplication of matrices. This is a prototypical example of a p-adic analytic group.

Note that GL,(Q,) has a compact open subgroup given by GL,(Z,), the group of invertible
matrices with coefficients in the p-adic integers. In fact, we have a whole descending chain of
compact open subgroups of the form

ST+ P My (Zy) < T +p-My(Zy,) < GLn(Z,) < GL,(Qy).

One can show that these compact open subgroups form a basis of neighbourhoods of the identity
matrix I. This is one crucial way in which p-adic analytic groups differ from Lie groups: while
the latter have no small subgroups, p-adic analytic groups have arbitrarily small open subgroups.

Example 1.14. Let K be a p-adic local field; that is, a finite extension Q, C K. The ramified
part of the maximal abelian extension K C K is known as the Lubin-Tate extension and is
denoted by K. Local class field theory gives a canonical continuous isomorphism

Gal(K''/K) = 0%
which shows that the Galois group has a natural structure of a p-adic analytic group.

Example 1.15. Let G¢ be the Honda formal group law over Fp», which is the unique p-typical
formal group law whose p-series is given by [pg, () = z?". One can show that the endomorphism
ring End(Gy) has a natural structure of a free finite rank Z,-algebra, so that the automorphism
group
G, = Aut(Gg) = End(Go)™

inherits a structure of a p-adic analytic group.

This group (which depends on the choice of a prime p and a height n > 0) is known as the
Morava stabilizer group. It is extremely important because its cohomology groups form the basic
building blocks of the stable homotopy groups of spheres.
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As we observed in the discussion following Example 1.13, the group GL,(Q,) has a basis of
open neighbourhoods of the identity given by compact open subgroups of the form I+p*-M,,(Z,).
Compact groups with this property are called profinite, and it is not difficult to show that p-adic
analytic groups are always locally profinite.

One of the main results in this course is the following beautiful theorem of Lazard, which
essentially gives a local characterization of p-adic analytic groups in purely group-theoretic terms:

Theorem 1.1 (Lazard, 19.11). Let G be a topological group. The following are equivalent:

(1) G admits a structure of a p-adic analytic group compatible with its topology,

(2) there exists an open compact subgroup F < G which is a pro-p group of finite subgroup
rank; that is, there exists an integer d such that all closed subgroups H < F can be
generated by at most d elements

(8) there exists an open compact subgroup P < G which is a finitely generated pro-p group
and which is powerful; that is, such that P/PP (the quotient by the closed subgroup
generated by p-th powers) is abelian',

(4) there exists an open compact subgroup U < G which is uniformly powerful; that is,
finitely generated, powerful and torsion-free.

More informally, condition (2) characterizes p-adic analytic groups as being locally profinite
and with good finiteness properties; while (3) characterizes them as locally profinite and “almost
abelian”. Moreover, we will show that the analytic structure is essentially determined by the
group structure alone, since:

(1) continuous maps between p-adic analytic groups are locally analytic,
(2) group homomorphisms between compact p-adic analytic groups are continuous.

In practice, it is characterization (4) of Theorem 1.1 which is most useful, as uniformly
powerful pro-p-groups are easy to understand. We will prove the following result describing the
theory of uniformly powerful groups in purely linear terms.

Theorem 1.16 (Lazard, Dixon-Du Sautoy-Mann-Segal, 17.3, 17.10). Let U be a uniformly
powerful group. Then, the group structure of U induces continuous maps +: U x U — U and
(=, —): U xU — U such that the pair

(U7 +, (_’ _))
is a Zp-Lie algebra which as a Z,-module is free of finite rank and whose bracket is abelian
modulo p*; that is, such that

(U’ U) Cp- U.
This construction gives an equivalence of categories between uniformly powerful groups and con-
tinuous group homomorphisms and the category of Z,-Lie algebras with these two properties.

As any p-adic analytic group is locally uniform, one can interpret Theorem 1.16 as the p-adic
analogue of the Lie correspondence, describing the local structure of p-adic analytic groups in
linear terms.

Another reason why Lazard’s characterization is useful in practice is that uniformly powerful
groups have very favourable group-theoretic properties. In particular, their group algebra is
well-behaved.

Recall that if G is a group, then to give a G-representation on a Fp-vector space is the same
as to give a module over the group algebra F,[G]. For topological groups, we have a variant of
the group algebra construction which takes the topology into account.

IWhen p = 2, this condition needs to be slightly modified. A pro-2-group is said to be powerful if P/ﬁ4 is
abelian. One intuition about this change is that P/ﬁ2 is always abelian, which is not true at odd primes. We
will discuss these differences in more detail later in the course.

21f p = 2, then the bracket is abelian modulo 4. This is related to the slightly altered definition of a powerful
group when p = 2.
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Definition 1.17. Let G = lim G; be a profinite group; that is, a limit of finite groups equipped
with its limit topology. The completed group algebra is given by

F,[G] = limF, [G].

Understanding continuous G-representations on Fp-vector spaces is closely related to under-
standing the ring-theoretic properties of the completed group algebra. Despite being defined as
a limit of such, this ring is often better-behaved than the group algebra of a finite group, as the
following example shows.

Example 1.18. Consider the completed group algebra F,[Z,] and if a € Z,,, write [a] € F},[Z,]
for the corresponding element of the group algebra. A result of Iwasawa shows that the inclusion
of z :=[0] — [1] induces an isomorphism of topological rings

F,[Zp] = Fyla]

This shows that to define a continuous action of the topological group Z, on a finite dimensional
F-vector space is the same as to give a single topologically nilpotent operator. Moreover, it
implies that the completed group algebra of the p-adics is noetherian.

The following result which we prove later in the course gives a partial extension of Iwasawa’s
description to the case of an arbitrary uniformly powerful group.

Theorem 1.2 (Lazard, 15.8, 25.24). Let U be uniformly powerful p-adic analytic group of
dimension d. Let
I :=ker(F,[U] — F,)
be the augmentation ideal given by the kernel of the map of group algebras induced by the unique
map U — 0 into the zero group. Then the associated graded of the I-adic filtration is isomorphic
as a graded ring
g (Fp[U]) ~ @ 1"/ 1" ~ Fylan, ..., 2]
k>0
to a polynomial algebra in d variables.

In the course, we will in fact prove a slightly stronger variant of Theorem 1.2 which essentially
describes the completed group algebra over Z, rather then the finite field F,.

Informally, Theorem 1.2 says that the completed group algebra of a uniformly powerful group
is close to a polynomial ring, despite not being commutative. Since any compact p-adic analytic
group has a finite index uniformly powerful subgroup by Theorem 1.1, and since the property of
being noetherian is inherited from the associated graded of a ring, we deduce the following:

Corollary 1.19. If G is compact p-adic analytic, then Fp[G] is both left and right noetherian.

In both number theory and other subjects, many important invariants can be expressed as
group cohomology of a profinite group G ~ @ G;. If M is a finite abelian group, the continiuous
cohomology groups

H*(G; M)
can be defined in several equivalent ways, for example

(1) as cohomology of the continuous group cochain complex
M — mapy (G, M) = map (G x G,M) — ...,

(2) as extension groups in an appropriate abelian category of abelian groups with a contin-
uous G-action,
(3) as the colimit
lim H* (G; M)

of cohomology groups of finite quotients of G.
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More generally, one can define cohomology with coefficients in a G-module, not necessarily
finite or with trivial G-action. We give a few examples of these groups describing important
phenomena.

Example 1.20. Let K be a field, K°°P its separable closure and Gal := Gal(K*?/K) the
absolute Galois group. The Brauer group of K whichis given by central divison K-algebras up
to Morita equivalence, is canonically isomorphic to

H?(Gal, (K*%7)*),
continuous cohomology of the Galois group.

Example 1.21. Following up on Example 1.15, let G be the Honda formal group law of height
n over the finite field F,» and let G,, be its automorphism group, the Morava stabilizer group.
Associated to Gy we have the Lubin-Tate ring F which parametrizes its deformations, together
with a free rank one module w over E which corresponds to the tangent space of the universal
deformation. This ring is non-canonically isomorphic

E~W(Fp)[u1,. .., up-1]

to a power series algebra over the Witt vectors.
Since this construction is functorial in Gg, the Morava stabilizer group G,, acts on both E
and w in a compatible manner. One can show that there is a spectral sequence

HS (GTH w®t) = ’ﬂ'gt,SS?((n),

relating the cohomology of the Morava stabilizer group to the stable homotopy groups of the
K (n)-local sphere. Informally, the latter can be thought of as “stable homotopy groups of height
exactly n” and so are of central importance in stable homotopy theory.

A combination of fundamental results of Lazard and Serre shows that p-adic analytic groups
have excellent cohomological properties:

Theorem 1.3 (Lazard, Serre, 25.2). Let G be a compact p-adic analytic group of dimension d.
If G has no p-torsion, then G is a Poincaré group of dimension d. In particular:

(1) there exists a contravariant equivalence
*G
(=) Modg(Ab‘(’Jp))"p — Modg(Ab‘(’Jp))
from the category of finite abelian p-groups with a continuous G-action to iself, called
G-Pontryagin duality,
(2) for any finite abelian p-group A with a continuous G-action the cohomology groups
H*(G, A)

are finite and vanish for k > d,
(8) there’s a canonical isomorphism

HYF(@, A*Y) ~ HY(G, A)*
between cohomology with coefficients in the G-Pontryagin dual A*¢ and the Pontryagin
dual
HF(G, A)* := Hom 4, (H* (G, A), Z/p>)

of cohomology with coefficients in A.

In the context of Theorem 1.3, the G-Pontryagin duality functor is given by mapping into a
certain special G-module called the dualizing module, which can be thought of as playing a role
similar to the one played by the orientation bundle in the case of cohomology of manifolds. As
an abelian group, the dualizing module is isomorphic to Z/p*, so that as an abelian group A*“
can be identified with a Pontryagin dual of A, but with a possibly twisted G-action.
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Note the surprising part of Theorem 1.3 it is the group cohomology of p-adic analytic groups
which behaves very much so like the cohomology algebra of a manifold. This is in stark contrast to
the case of compact Lie groups, whose underlying topological space does have finite-dimensional
cohomology, but whose group cohomology is almost always infinite-dimensional.

2. PROFINITE GROUPS

In previous lecture, we saw a fundamental characterization of p-adic analytic groups due to
Lazard, namely Theorem 1.1. In particular, the result shows that any p-adic analytic group has
an open subgroup which is a particularly nice profinite group. As a beginning of our journey
towards Lazard’s theorem, today we define and study profinite groups.

Remark 2.1. Another good reason to study profinite groups, besides their ubiquity, is the theory
of condensed mathematics due to Clausen and Scholze. Informally, condensed mathematics
provides an alternative to the theory of topological spaces where the building blocks are given
by profinite sets. This means that a good understanding of profinite objects, for example profinite
groups, is helpful when learning condensed mathematics.

The following is our main object of study in this lecture.

Definition 2.2. A topological group G is profinite if
(1) it is compact Hausdorff and
(2) normal open subgroups U < G form a basis of neighborhoods of the identity e € G.

Informally, a profinite group is a topological group with plenty of open subgroups.

Notation 2.3. If H C G is a subgroup, we write H < G. If it closed as a subset of G, we write
H <. G. If it is open, we write H <, G. We denote normal subgroups by H < G, and closed
and open ones, respectively, by H <. G and H <, G.

The following large proposition collects the basic properties of subgroups of profinite groups.

Proposition 2.4. Let G be a profinite group.

(1) If U <, G is open, then it is closed and of finite indez.

(2) If K <. G is closed, then it is open if and only if it is of finite index.

(8) Any open subset is a union of cosets of open normal subgroups.

(4) If H < G is a subgroup, then so is its closure H, and the latter is given as the intersection

H= ﬂ U
U<.G
H<U

of all open subgroups which contain H.

Proof. We prove these one by one.
(1) The set of opens Ug for g € G is an open cover of G, so since G is compact there is a
finite list ¢1, ..., gn such that
Uglv cee Ugn

is an open cover. Two cosets of the same subgroup are either equal or don’t intersect at
all, so by making them smaller, we can assume Ug; NUg; = (0 if ¢ # j. This implies that
the index is finite, in fact |U : G| = n. To see that U is closed, notice that without loss
of generality we can assume that Ugy; = U. In this case the set-theoretic difference
G\U= |J Ug
2<i<n

is a finite union of open sets hence open, so U is closed.
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(2) We have seen one direction just above, so instead suppose K is a closed finite index
subgroup. Because it is finite index, there exist elements ¢s, ..., g, of G such that

K7Kg2>"'7Kgn

is a finite closed cover. It follows that the complement of K is

G\K= ] Kg,
2<i<n
so K is open.

(3) By assumption, open normal subgroups U form a basis of neighbourhoods of the identity.
Since for every g € G, the right multiplication (=) ¢ : G — G is a homeomorphism, Ug
forms a basis of neighborhoods of g for any g € G, and the claim follows.

(4) By the first part, the intersection of all open subgroups containing H is closed and hence
contains the closure. To prove the converse, we have to show that if g ¢ H, then there
exists an open subgroup U <, G such that H < U and g ¢ U. Since g is not in the
closure, by the third part there exists an open normal subgroup V such that VgnH = (.
Tt easily follows that g ¢ V H, and we are done since V H is an open subgroup (it is a
subgroup since V' is normal, and it is open since it is a union of cosets of V) containing

H.
O

Using Proposition 2.4, it is not difficult to show that profinite groups are closed under various
operations, such as passing to subgroups and quotient groups.

Example 2.5. If G is profinite, and K <. G is a closed subgroup, then K is profinite with
respect to its subspace topology. Indeed, it is compact and Hausdorff and it has a basis of
neighbourhoods of the identity given by open normal subgroups K N U, where U <, G is
normal.

Example 2.6. If G is profinite and K <. G is a closed normal subgroup, then G/K is profinite
with respect to the quotient topology induced by the projection G — G/K. Indeed, it is clearly
compact. Moreover, it is Hausdorff since K is intersection of open subgroups which contain it
by Proposition 2.4, so that the identity of G/K is closed and has a basis of open neighbourhoods
given by images of open subgroups of G which contain K. It then also follows that G/K is
Hausdorft.

Example 2.7. Providing a partial converse to Example 2.5 and Example 2.6, if G is a compact
Hausdorff topological group with a closed subgroup K <. G such that both K and G/K are
profinite, then G is profinite. We leave the argument to the interested reader.

The following justifies the terminology profinite. Recall that a poset P is said to be cofiltered if
for every finite collection py,...,p, € P there exists a p € P such that p < p; for each 1 <1i < mn.

Theorem 2.8. For a topological group G, the following are equivalent:
(1) G is profinite,
(2) we can write G = Um G, as a limit in the category of topological groups of diagram of
finite groups equipped with the discrete topology indexed by a cofiltered poset,
(8) we can write G = @Gi as a limit of finite groups in the category of topological groups.

Proof. We first show (3 = 1), so let G := @1 G, be a limit of a diagram of finite groups indexed

by a category I. Let I%%¢ denote the subcategory with the same objects but only identity
morphisms, so that the natural inclusion 7%5¢ < T induces a canonical map

lim@; — [ G
icl



P-ADIC ANALYTIC GROUPS HARVARD MATH 291Y, FALL 2023 11

This presents the source as a closed subgroup of the target, so using Example 2.5 it is enough
to show that the target is profinite. It is clearly compact Haudorff, by Tychonoff’s theorem.
Moreover, any open set containing the identity contains an open subgroup of the form

H Gl X H{ecj}g H Gz X HG] ZHGZ
iel\J jeJ iel\J jeJ i€l
for some finite subset J C I. Thus, the product is profinite, as needed.

Since (2 = 3) is immediate, we move to (1 = 2). Let P be the poset of normal open subgroups
of G. Since open normal subgroups are stable under finite intersections, this poset is cofiltered.
We have a natural comparison map

G — l&n G/U
UeP
and we claim it is a bijective homeomorphism. Note that the target is also profinite, by what
we have shown above. The comparison map is continuous since each of the quotients G — G/U
is continuous as U is open. Since the identity is the intersection of all open normal subgroups,
the comparison map is injective. Thus, it is enough to show that the image is dense.

Since the image is a closed subgroup, it is enough to show that if V < @Ue P G/U is an
open subgroup containing the image of GG, then it is the whole thing. Any such subgroup is a
preimage of a subgroup of G/U, along the projection

UeP
Since the composite G — l'ﬁerP G/U — G/Uy is surjective, we deduce the subgroup is the
whole thing, as needed. U

Example 2.9. If ' is a group, the profinite group

[:= lim I/N
—
N<G
[N:G]<oc0

given by the limit of finite quotients of I, is profinite. It is called the profinite completion of T'.
Example 2.10. The profinite completion of the free group Z on one generator arises naturally
as the absolute Galois group

Z ~ Gal(F,/F,)
of any finite field. The generator corresponding to 1 € Z is given by the Frobenius x — 9.

Warning 2.11. Beware that the profinite completion map I' — Tisin general neither injective
nor surjective.

Note that a profinite group is either finite or at least of cardinality of continuum. Despite this,
there is a good theory of finite generation in the setting of profinite (more generally, topological)
groups.

Definition 2.12. Let G be a topological group. We say that elements g1, ..., gq generate G if

(91---59n) = G;

that is, if the closure of the subgroup generated by them is the whole group. We say G is finitely
generated if it admits a finite list of generators.

As we have seen, any profinite group G is a limit of finite groups. Almost as if by magic, in
the profinite setting it is possible to verify that a group is finitely generated by verifying the
same about its finite quotients. To prove this, we will need the following lemma.

Lemma 2.13. Let X, be a diagram of nonempty compact Hausdorff topological spaces indexed
by a cofiltered poset P. Then the limit ylnaep X, is also nonempty.
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Proof. As in the proof of Theorem 2.8, forgetting the poset structure of P yields a natural map
lim X, — [ ] Xa
aEP «
which exhibits the limit as a closed subspace of the product. To be more precise, it is the
subspace of those families (z4) such that f, g(zs) = zg for every a < . In particular, both are
compact Hausdorff: the product by Tychonoff’s theorem, and the limit as a closed subspace.
For every finite subposet P’ C P, let

[ x)" <] X«

denote the subspace of those families (z,) which satisfy f, g(zs) = 23 if both a, 8 € P’. Since
P is cofiltered, for every such P’ we can find an «q such that ay < « for each a € P. Since X,
is non-empty, we can choose a point z,. Then, any family (z,) such that £, = fo,a(Ta,) lies
in ([T, Xa)¥ . We deduce that the latter is non-empty.
As from the explicit description of the limit we have
. P/
i X, = () [[%)"
aeP PICP a
where the intersection is taken over all finite subsets of P. Since it is an intersection of non-

empty closed subsets of a compact Hausdorff topological space, it is itself non-empty, ending the
argument. O

Remark 2.14. More generally, there is a notion of a cofiltered category, see [Lur09, 5.3.1.7],
generalizing that of cofiltered posets. Since any cofiltered category admits a final map from
a cofiltered poset by [Lur09, 5.3.1.16], Lemma 2.13 also holds for limits of nonempty compact
Hausdorff topological spaces taken over cofiltered categories.

Proposition 2.15. Let G be a profinite group such that for each open normal subgroup U, G/U
can be generated by at most d elements. Then G can be generated by at most d elements; in
particular, it is finitely generated.

Proof. As in the proof of Theorem 2.8, we can write
G~ UI%G G/U
as a limit of quotients by its open normal subgroups. If H is a finite group, we write
Geny(H) C H*¢
for the subset of d-tuples of elements which generate H. This is a functor on the category of

finite groups and epimorphisms. By assumption, for each open normal U < G, Gengy(G/U) is
nonempty. By Lemma 2.13, the limit

lim Geng(G/U) C lim(G/U)*? ~ G
is nonempty. A point of the limit can be identified with a tuple (g1,...,gq) of elements of G

with the property their images generate G/U for every open normal U. We deduce that the only
open subgroup which contains g1, ..., gq is all of G, so {g1,...,94) = G as needed. O

Warning 2.16. In the context of Proposition 2.15, beware that the uniform upper bound on
the number of generators of G/U cannot be dispensed with! In fact, all of G/U are finite, so
they definitely admit some finite number of generators. However, not all profinite groups are
finitely generated. For a specific example, consider

HF27

neZ
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the product of infinitely many copies of the field with two elements. This is abelian and any
element is of order 2, so that any finitely generated subgroup is finite hence closed. However,
the product is uncountable, so this profinite group is not finitely generated.

As we now show, in finitely generated profinite groups, the structure of their open subgroups
is somewhat constrained.

Proposition 2.17. Let G be profinite and finitely generated. Then for every m > 0, there’s
only finitely open subgroups H <, G of index m.

Proof. Let H <, G be an open subgroup of finite index m. Then H is the stabilizer of its own
coset in the G-set

G/H,
on which G acts continuously since H is closed. It follows that each such G arises as a preimage
of some subgroup of the symmetric group 5,, along a continuous homomorphism G — S,,,. As

any such homomorphism is determined by the images of the generators, there are only finitely
many such homomorphisms. We deduce that there are only finitely many such H, as needed. [

Corollary 2.18. If G is profinite and finitely generated, then any open subgroup H <, G
contains N <, H which is open and topologically characteristic in G; that is, preserved by all
continuous automorphisms of G.

Proof. If H is of index m, then we can take

N := N H,

H<,G,|H:G|l=m

the intersection of all open subgroups of the same index. This is again open, because the
intersection is finite by Proposition 2.17. Clearly, N is topologically characteristic. (I

Recall the classical fact, most easily proven using covering spaces by reducing to the case of
free groups, that if " is a finitely generated group and IV < I is a finite index subgroup, then I'/ is
also finitely generated. In fact, if I' can be generated by d elements and T is of index m, then the
Schreier index formula tells us that I can be generated by d’ = 1+ d(m — 1) elements. We now
show that the same is true in the setting of profinite groups and topological finite generation.

Proposition 2.19. If G is profinite and finitely generated, then any open subgroup H <, G is
again finitely generated.

Proof. Suppose that G can be generated by d elements and that H is of index m. Using
Proposition 2.15, it is enough to show that there exists some d’ such that any quotient H/V by
an open normal subgroup is generated by d’ elements.

By making V smaller if necessary, using Corollary 2.18 we can assume that V is normal in
G. In this case, U/V can be identified with a subgroup of index m inside G/V. Since the latter
can be generated by d elements, the Schreier index formula tells us that U/V can be generated
by at most d’ =1+ d(m — 1) elements. This ends the argument. O

3. PRO-p-GROUPS AND THE LOWER p-SERIES

Before we move on to p-groups, let us say a little bit more about finite generation. In the theory
of rings, an important notion is that of a Jacobson radical, which is given by the intersection of
all maximal left ideals (equivalently, all maximal right ideals). Informally, the elements of the
Jacobson radical are “small” and can often be safely ignored.

In the theory of profinite groups, the role of the Jacobson radical is played by the following
important subgroup.
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Definition 3.1. Let G be a profinite group. The Frattini subgroup is given by

(@) = N H,

H maximal proper
open subgroup of G

the intersection of maximal proper open subgroups; that is, those H<1,G such that if H < K < G
for some subgroup K, then K = G.

Remark 3.2. It is immediate from the definition that the Frattini subgroup is topologically
characteristic; that is, preserved by all continuous automorphisms of G. In particular, it is
normal. Moreover, it is closed as an intersection of closed subgroups.

Importantly, the Frattini subgroup is well-behaved with respect to passing to quotient groups.

Lemma 3.3. Let K <. G. Then ®(G)K/K < ®(G/K). If moreover K < ®(G), then
O(G)K/K = ®(G/K).

Proof. We have to show that ®(G)K is contained in every maximal proper open subgroup
H < G/K. For each such H, its preimage p~!(H) < G is a maximal proper open subgroup of
G, so that ®(G) < p~!(H) and thus ®(G)K < H.

For the second part, suppose that K <1. ®(G). Suppose that gK € ®(G/K), so that gK < M
for all maximal proper open subgroups which contain K. However, all maximal proper open
subgroups contain K by assumption, so g € M and thus g € ®(G) as needed. (]

The importance of the Frattini subgroup stems from the fact that its elements are “non-
generators” in the following sense:

Proposition 3.4. Let G be a profinite group. For a tuple g1,...,94 € G, the following are
equivalent:

(1) gi’s generate G,

(2) the cosets g;®(G) generate G/P(G).

Proof. The forward direction is clear. For the backward one, assume by contradiction that

(91,---,9n) # G.

Since a closed subgroup is an intersection of open subgroups which contain it, and any proper
open subgroup is contained in a maximal one, it follows that

<gla"'agn> SU

for U some maximal proper open subgroup. Since ®(G) < U, we deduce that
(91, ,9n)@(G) < U #£G,
which contradicts the hypothesis that the cosets g;®(G) generate G/®(G). O
The theory of finite groups is quite complicated, but a particular class of groups which is much
easier to understand is that of p-groups; that is, of those finite groups whose order is a power of
a prime. Finite p-groups have many favourable properties which do not hold for a general finite

group: for example, they are always nilpotent.
The profinite analogue of a finite p-group is given by the following notion.

Definition 3.5. A profinite group G is pro-p if for every open subgroup U <, G, the index
|G : U] is a power of p.

The following analogue of Theorem 2.8 is proven in the same way and we leave it to the
interested reader.

Proposition 3.6. For a topological group G, the following are equivalent:
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(1) G is profinite and pro-p,
(2) we can write G = @Gi as a limit of finite p-groups equipped with the discrete topology.

Remark 3.7. If G is pro-p and K <. G is a closed subgroup, then both K and G/K are also
pro-p. Conversely, if G is compact Hausdorff and K and G/K are pro-p, then so is G.

We observe that, similarly to finite groups, profinite groups have mazimal pro-p-subgroups.

Lemma 3.8. Let G be a profinite group. Then there exists a closed subgroup S < G with the
following properties:

(1) S is pro-p,

(2) for any open normal U <, G, SU/U < G/U is a Sylow subgroup of the finite group G/U.
In particular, S is mazimal among all closed subgroups of G which are pro-p. Moreover, any
two such subgroups are conjugate.

Proof. For each open normal subgroup U <1 G, write Syl(G/U) for the set of Sylow subgroups
of G/U. Since the image of a Sylow subgroup of a finite group in a quotient is again a Sylow
subgroup, Syl(—) forms a contravariant functor into sets indexed by the poset of open normal
subgroups.

By Sylow’s theorem for finite groups, Syl takes value in non-empty finite sets, and we conclude
from Lemma 2.13 that its limit

Syl(G) = Jim Syl(G/U)
U<G

is non-empty. An element of this limit can be identified with a compatible family of Sylow
subgroups of G/U whose limit is the needed subgroup S < G.

To see that any two such subgroups S1,.5; are conjugate, one applies the same argument to
the functor sending U to the set of elements of G/U that conjugate the images of S; and S3 in
G/U. O

Definition 3.9. If G is a profinite group, then a subgroup S < G satisfying the conditions of
Lemma 3.8 is called a p-Sylow subgroup.

We now go back to the Frattini subgroup. Our goal is to show that in the case of pro-p-groups,
it can be identified very explicitly. This rests on the following simple result:

Lemma 3.10. If G is pro-p, then every mazximal proper open subgroup U <, G is normal and
has index p.

Proof. Since U is open, it contains an open normal subgroup V' < U. Then, U is determined
by its image in G/V, which is a maximal proper subgroup of the finite p-group G/V. It follows
by induction on the nilpotence index of G/V that UV < G/V is normal and of index p, as
needed. 0

Proposition 3.11. If G is pro-p, then

o(G) =Gr G, G,

the closed subgroup generated by p-th powers and commutators.
Proof. We begin with (D) containment, where we have to show that if U <, G is a maximal
proper open subgroup, then G? [G,G] < U. By assumption, Lemma 3.10, U is normal and
G/U ~ C), is a cyclic group with p elements, so that it is abelian and of exponent p, as needed.

We now move on to (C). We have to show that if U is an open subgroup containing G? [G, G|,
then ®(G) < U. Observe that G/U is a finite elemenetary abelian p-group; in other words, we
have G/U ~ Fy™ for some n. It follows that ®(G/U) = 0 and since

O(G)U/U <P(G/U)=0

by Lemma 3.3, we deduce that ®(G) < U as needed. O
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Corollary 3.12. If G is pro-p and K <. G is a closed subgroup, then
P(G)K/K = ®(G/K).
as subgroups of G/ K.

Proof. Since both subgroups are closed, it is enough to show that they have the same image in
G/H where H is any open normal subgroup containing K. However, since both G and G/K are
p-groups, in both cases the image consists of

(G/UP[G/U,GIU] < GJU
by Proposition 3.11, as needed. O

Warning 3.13. Beware that Corollary 3.12 is not true without the assumption that G is pro-p,
even in the setting of finite groups. As an explicit example, consider the cyclic group C5 with
five elements. Multiplication by three 3: C5 — (5 is a group automorphism of order four, and
we can consider the associated semidirect product

F5 = C5 x CYy.
Explicitly, F5 has a presentation
Fs=(a,b| a® =e,b* =e,b"ab = a®)

It is not difficult to check that the subgroup generated by b and its conjugate generated by
aba~! = ba? are both maximal and do not intersect, so that ®(F5) = 0. However, F5 has C, as
a quotient, and ®(Cy) = 2Cy # 0.

As we now show, in the case of pro-p groups, not only is the Frattini subgroup quite easy to
describe, it also essentially controls whether a given pro-p-group is finitely generated.

Theorem 3.14. If G is pro-p, then the following are equivalent:

(1) G is finitely generated,
(2) ®(G) < G is open.

Proof. We first show the forward implication, so suppose that G can be generated by d < oo
elements. Let U <, G be an open normal subgroup containing ®(G) = G? [G, G]. Then G/U is
an abelian p-group of exponent p, so that G/U =~ F;‘?" for some n.

Since G/U is also generated by d elements, we must have n < d. We deduce that |U : G| < p?.
Since G is finitely generated, there is at most finitely many open subgroups with this property
by Proposition 2.17. We deduce that ®(G) is an intersection of finitely many open subgroups,
hence it is open.

The backward implication is immediate from Proposition 3.4, since if ®(G) is open, then

G/®(G) is finite and hence finitely generated. O

Warning 3.15. Beware that Theorem 3.14 fails spectacularly for general profinite groups. For
example, if we consider the free profinite group on one generator

7~ H L,
p
then its Frattini subgroup is given by

o(Z) = [[ vZy.

This is a closed subgroup which is not open.

The construction of the Frattini subgroup can be refined to become a first step of an important
canonical filtration on any pro-p-group.



P-ADIC ANALYTIC GROUPS HARVARD MATH 291Y, FALL 2023 17

Definition 3.16. Let G be a pro-p group. The lower p-series of G is the sequence of closed
subgroups defined inductively by

(1) A(G) =G
(2) Piya(G) = P(G)? [Pi(G), Gl.
Example 3.17. For any G, we have P>(G) = ®(G). More generally,
Q(Pi(G)) < Pina(G),

but beware that in general this inclusion is strict. We will later show that for “nice” pro-p-groups,
such as small open subgroups of p-adic analytic groups, this is an equality for all 4.

By induction, it is easy to see that each of the subgroups P;(G) is normal. Moreover, by
construction they have the property that for each ¢ > 1, the subgroup

Pi(G)/Pi11(G) < G/ Pia(G)

of the quotient is central and of exponent p. In fact, the lower p-series is the “fastest descending”
filtration with this property in the following sense:

Proposition 3.18. Let G be a pro-p-group and let
. <G3<G <G =G
be a descending filtration by normal closed subgroups such that for each i > 1,
Gi/Git1 < G/Giy1
is central and of exponent p. Then we have P;(G) < G; for each i > 1.

Proof. We prove this by induction on 4, the case of P;(G) = G1 = G being clear. If ¢ > 1, then
by inductive assumption P;_; < G;_1. To show that P; < Gj, it is enough to show that the
composite

P, = Pip_l [H_l(G), G] —P_1— Gi—l — Gi—l/Gi
is zero. However, the elements of P” | go to zero since G;_1/G; is of exponent p, and the
elements of [P;,_1(G), G] go to zero since they factor through [G;_1, G| and G;_1/G; is assumed
central in G/G;. O

Corollary 3.19. If G is a finite p-group, then P;(G) = 0 for all i large enough.
Proof. By Proposition 3.18, it is enough to show that there exists some finite filtration
OZGn«FlSGnSanl SSGlzG

where each group is central and of exponent p relative to the previous one. We prove this by
induction on the order #G = p™.

If n = 0, there is nothing to be proven. Otherwise, G has a non-zero center which contains
some cyclic group of order p. Taking G,, := C, < Z(G) and applying the inductive assumption
to G/C,, finishes the argument. O

Proposition 3.20. Let G be pro-p.
(1) If K <. G, then P;,(G)K/K = P,(G/K)
(2) We have (), P;(G) = {e}.
(8) If G is finitely generated, then all of the P;(G) are open and hence a basis of neighbour-
hoods of the identity.

Proof. We begin with (1). Since each of P;(G)/P;+1(G) < G/P;41 is central and of exponent
p, and both of these properties are stable under taking quotients, the same is true about their
images in G/K. We deduce from Proposition 3.18 that P;(G/K) < P;(G)K/K for each i > 1.

To see that P,(G)K/K < P;(G/K), we argue by induction. The base case is clear, and the
inductive step follows from the inductive formula for the lower p-series.
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To show (2), it is enough to verify that (), P;(G) is contained in any open normal subgroup
U. Since G is a finite p-group, by Corollary 3.19 we have

Pi(G)U/U = P(G/U) =0

for i large enough, where the first equality is part (1). It follows that P;(G) < U for i large
enough, as needed.

To show (3), we argue by induction, starting with G; = G which is open. If G;_; is open, it
is also finitely generated by Proposition 2.19. Since ®(G;_1) < G; is open by Theorem 3.14, we
deduce that so is G;, as needed. O

The last property we show, which is a little bit more involved, is that the lower p-series
filtration is compatible with the commutator:

Theorem 3.21. Let G be a pro-p-group. Then
[Pi(G), Pi(G)] < Piy;(G).

This requires a little bit of work, so before delving into the proof, let us discuss a little bit of
the motivation. Associated to any filtration by normal subgroups we have the associated graded

gr;(G) = P;(G)/Pi1(G).

In the case of a lower p-series, the quotients are abelian and of exponent p, hence the associated
graded is in fact a graded Fp-vector space. As a consequence of Theorem 3.21, the commutator
of G induces a function

[— —]: gr;(G) x gl"j(G) - gri+j(G)'
One can show that this function is in fact a Fp-Lie algebra structure. For particularly nice pro-p
groups this Lie algebra structure remembers a whole deal about G, and can be thought of as a
form of “linearization”.

To prove Theorem 3.21, we will need some basic formulas from group theory, which we recall.
If a,b,c € G are elements of a group , we write

a® :=b"tab
for the conjugation and
[a,0] :==a"ta® = a" b7 ab
for the commutator. This can be extended to three elements by declaring that
[a,b,c] := [[a,b],c].
Recollection 3.22 (Hall-Witt identity). The celebrated Hall- Witt identity says that
[a, 071, ¢’ [b,c Y a]® - [e,a” L b]* = e

for any group G and a,b,c € G. With enough patience, this can be verified by expanding the
left hand side out. As a consequence, we have the three subgroup lemma which says that if
A, B,C <1 G are the normal subgroups, then

[A,B,C] < [B,C, A][C, A, B].
Note that for subgroups we have
[A’ B] = [Ba A]
and similarly

[Aa [Bv C“ = [[A7 B]’ C]
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Recollection 3.23 (Conjugate-linearity of the commutator). In any group, the commutator is
linear up to conjugation in the sense that

[a,bc] = [a, d][a, b]°.
and
[ab, ¢] = [a, ]"[a, b].
Again, the proof is given by expanding both sides out. This is most useful when, for example,

we know that the commutators we’re interested are contained in the center, in which case the
conjugation can be omitted. Iterating these identities, we deduce that for any n > 0 we have

[a,b"] = [a,] - [a,b])" - [a,0]"" - ... [a, 8]

and similarly
1

[a™,b] = [a,b]*"  -...-[a,b]*-[a,b].
Proof of Theorem 3.21: For brevity, we write G; := P;(G) for the lower p-series. We want to
show that
[Gma Gn] § Gm+n7

and we argue by induction on n. For the base case of n = 1, we observe that
[G’ITH G] S m = Gm+1~

We now assume that n > 1. Since G, 4, is closed, it is enough to show that [G,,, G,] < N for
any open subgroup of G which contains G, 4,,. Since the lower p-series filtration is compatible
with passing to quotients by part (1) of Proposition 3.20, we can replace G by G/N and thus
assume that

(1) G is is finite and

(2) Gpim =0.
It follows from the second property that G, 1,1 is central and of exponent p. If x € G, and
y € Gp_1, then by induction we have [z,y] € Gpim—1. Using the conjugate-linearity of the
commutator of Recollection 3.23, where we can ignore the conjugations since these commutators
are central, we see that

(3.1) [z,97] = lg,2]" = e.
Moreover, using the three subgroup lemma of Recollection 3.22 we have that

(3'2) [GWH [anla G]] < [anlv [Gv Gm]] [G» [Gma anl]] = [Gnerfla G] [Gv Gnerfl] = {e}v

where we apply the inductive assumption that
[Gn—h Gm] = [Gma Gn—l} S Gn+m—1

which is central. Combining (3.1), (3.2) with another application of the linearity of the commu-
tator, we see that
[G’ﬂu Gn] = [G’ﬂ’u GEZ‘,]_ [anh G]] S {e}

which is what we wanted to show. O
4. TOPOLOGY OF FINITELY GENERATED PRO-p GROUPS

The goal of this lecture is to prove the following striking result of Serre.

Theorem 4.1 (Serre). Let G be a finitely generated pro-p group. Then any finite index subgroup
H < G is open.

Since the topology of a profinite group is completely determined by which of its subgroups are
open, Theorem 4.1 implies that for finitely generated pro-p groups, their topology is completely
determined by the group structure. In fact, we have the following strong consequence:
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Corollary 4.2. Let G be a finitely generated pro-p group and G’ be a profinite group. Then any
abstract group homomorphism G — G’ is continuous.

Proof. We can write G’ ~ @G; as a limit of finite groups. To show that an abstract group
homomorphism G — G’ is continuous, it is enough to verify that each of the composites

G—G -G,
is; that is, has an open kernel. But the kernel is a finite index subgroup, hence the result follows

from Theorem 4.1. O

Before we prove Theorem 4.1, we will need a few preliminary results.
Lemma 4.3. Let G be pro-p and H < G be a finite index subgroup, not necessarily closed. Then
the index |G : H| is a power of p.

Proof. By replacing H by the intersection of its conjugates, we can assume that H is normal. If
n > 1, we write

Gt = {g" | g€ G}
for the set of n-th powers. This is the image of the n-th power map G — G and hence is a closed
subset. Let m = |G : H| be the order, which we can write as
m = qp"
where ¢ is coprime to p. We will show that

(4.1) Gt c glm},

which since GI"} C H will imply that G /H is of exponent p” and hence a p-group, as needed.

Let N be an open normal subgroup. Since G/N is a p-group by assumption, we can find e > r
such that the |N : G| divides p¢ and so G{?*} C N. Since ¢ is coprime to p, we can find a,b € Z
such that

p" = am + bp°©
and thus for any g € G we have
9" =(g")"(¢g")" e GIMIN.
Since this holds for any N and G{"} is closed, we deduce that ¢?" € G{™}. This shows (4.1)

and hence the needed statement. O

The second result we will need is slightly more involved, and its proof requires a little bit of
theory of nilpotent groups which we now recall.

Recollection 4.4. A finite group G is said to be nilpotent if there exists a finite filtration
OZGC+1SGCS.SG1:G

such that for each i > 1, G;/G;11 < G/G;41 is central. It follows by induction that each of
G; < G is a normal subgroup. If a group is nilpotent, then its lower central series defined
inductively by

(1) n(G) =G,

(2) 7i41(G) = [7(G), G]
terminates at a finite stage in the trivial subgroup. If 7.(G) # 0 but v.41(G) = 0, we say that
G is of nilpotence indezx c.

Example 4.5. Finite p-groups are nilpotent (for example, by Corollary 3.19).
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Lemma 4.6. Let G be a finite nilpotent group generated by ai,...,aq € G. Then any element
x € |G, G] of the derived subgroup can be written as a product of d commutators

T = [glval] Tt [gd’ad]
for some g; € G.
Proof. We prove this by induction on the nilpotence index ¢ of G. If ¢ < 1, then G is abelian
and there is nothing to prove.
Now suppose that G is of nilpotence index ¢ > 1 and that the needed statement holds for all
nilpotent groups of smaller nilpotence index. For brevity, we write G; := 7;(G) for the lower
central series. Observe that G. = [G.—_1, G] is in the center. Using the conjugate-linearity of the

commutator of Recollection 3.23, which is simple linearity here as all of these commutators are
in the center, we deduce that the map

[ —]: Geer x G — Z(G)

is multiplicative in each variable. As the target is abelian, we deduce that it factors through a
linear map

G, @G = Z(G)
from the tensor product of the abelianizations. Since G is an abelian group generated by the

images of the a;, any of elements can be written in the form 1 ® a1 + ... + 4 ® agq for some
x; € G._1. Thus, any element w € G, can be written in the form

w = [xl,al]-...-[xd,ad].

for some x; € G._1.
By inductive assumption, the result holds for G/G., so that any element of the derived group
can be written as

[g1,a1] -+ .. - [ga, aa] w

where w € G.. Using the previous paragraph, we deduce that any element of [G,G] can be
written as

lg1,a1] - ... - [gds ad] - [x1,01] - - .. - [2g, ad)

with z; € G. Since the commutators [x;, a;] are in the center, using conjugate-linearity we can
rewrite this product as

[91561,@1] Teee [gdxd, ad}

which is what we wanted to show. O

Proposition 4.7. Let G be a finitely generated pro-p group. Then the derived subgroup |G, G]
is closed.

Proof. Let a1,...,aq be generators of GG, and consider the continuous map

[~ a1]-... [~ ad: G4 = G

whose image X C G is closed and contained in [G, G]. We claim that X = [G, G] which implies
that [G, G] = [G, G] as needed. Since both X and the closure of the derived group are closed,
it is enough to verify that they have the same image in the quotient G/N for any open normal
subgroup N <, G, which is am immediate consequence of Lemma 4.6 as G/N is a nilpotent
group generated by the images of the a;. O

We are now ready to prove Serre’s theorem.
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Proof of Theorem 4.1: Let H be a finite index subgroup of G, which we can assume to be normal.
By Lemma 4.3, G/H is a p-group, so that |G : H| = p". We prove the result by induction on
n > 1, since the case of n = 0 is trivial.

We first tackle the case of n = 1, in which we have G/H ~ C,, a cyclic group of order p.
Since G is finitely genererated pro-p, we can rewrite the Frattini subgroup as

(@) = G?[G, G| = GG, G = G @G, G,

where the first equality is Proposition 3.11, the second is the fact that in G/[G, G] the p-th powers
form a subgroup, and the last one is a consequence of the fact the derived subgroup is closed by
Proposition 4.7. Since G/H is abelian of exponent p, we deduce that we have ®(G) < H. Since
the Frattini subgroup is open by Theorem 3.14, we deduce that so is H as needed.

Now assume that |G : H| = p™ with n > 1. Since G/H is a p-group, by iteratively choosing a
subgroup isomorphic to C), in the center of the quotient we can construct a sequence of normal
subgroups

H=H,<H, 1<...<Hy=G
where each one is of index p in the next one. By what we’ve shown in the previous paragraph,
H, is open inside G. It follows from Proposition 2.19 that H; is also finitely generated and
pro-p. Since |H,, : H;| = p"~!, from inductive assumption we deduce that H,, is open in Hj,
and thus also in G. This ends the argument. O

5. POWERFUL FINITE p-GROUPS

In this lecture, we will study a very important class of finite p-groups which are known as
powerful. This class the has the advantage of being quite general (for example, we will prove later
in the course that any p-adic analytic group has an open subgroup which is a limit of powerful
finite p-groups) and at the same time sharing some favourable properties of abelian groups.

Continuing from previous lectures, if G is a group, we write

Gt = {g" | g€ G}
for the subset of p-th powers and
Gr = (Glrh
for the subgroup they generate. Two important properties of abelian groups which we will show
are shared by all powerful p-groups are that

(1) Gy = G”k; that is, the p*-th powers form a subgroup,

(2) the map x — 2P defines a group homomorphism ka/kaJrl ot

JartTs,
Informally, powerful p-groups are those which are “abelian up to p-th powers”. The precise
definition, which is different at odd and even primes, is as follows:

Definition 5.1. A finite p-group G is said to be powerful if
(1) [G,G] <GP and p > 2,
(2) [G,G] < G* and p = 2.

Warning 5.2 (The even prime). As we see, the definition of a powerful p-group is slightly
different when p = 2. An adjustment is in some sense necessary, since if G is a group of
exponent 2, then for any x,y € G we have

e=(zy)® = ayzy =2 'y oy = [z, Y]

and thus the group is abelian. Thus, for any finite group we have [G, G] < G?, and the obvious
analogue of the definition of being powerful at odd primes has no teeth when p = 2.
30f course, if G is abelian, then z — zP is an endomorphism of G, even before passing to quotients. In the

powerful case, this is in general only true if we consider this as a map between the quotients GP /GP *
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Thus unfortunately means that some of the proofs of basic properties of powerful groups need
to be slightly adjusted when p = 2. In these notes, we take the convention of only stating results
which are true at all primes (or otherwise being specific as to what is true at what prime), but
we will usually only give the proof in the case of p > 2. The arguments for p = 2 are minor
variations; a reader interested in seeing the details should consult [DDSMS03].

Example 5.3. Abelian p-groups are powerful.
Example 5.4. Let p > 2 and consider group of order p* given by the semi-direct product
G := (Cp2) x C,, with respect to some non-trivial homomorphism C), — Aut(Cy2) ~ (Z/p*)*.
Then G/GP can be identified with
(Cp2/pCp2) x Cp ~ Cpy x Cp ~ Cpy x Cp,
which is abelian. Thus, G is a powerful, non-abelian p-group.
Warning 5.5. Not all p-groups are powerful. For example, if p > 2, then the group of order p3
with explicit presentation
(z,y,2 | 2" =y = 2" =e,[1,2] = [y, 2] = ¢, [x,9] = 2)
is not powerful, since it is of exponent p but it is not abelian. This group can be equivalently
described as (C), x Cp,) x C, or as unitriangular 3 x 3 matrices over the field F,,.
When working with powerful groups, a relative notion is often useful.

Definition 5.6. Let G be a finite p-group and let N < G be a subgroup. We say that N is
powerfully embedded in G, which we denote by N p.e. G, if

(1) [N,G] < NP and p > 2 or

(2) [N,G] < N* and p = 2.
Remark 5.7. A finite p-group G is powerful if and only if it is powerfully embedded in itself.
Remark 5.8. Observe that if N p.e. G, then N is a normal subgroup of G.

The following stability under quotients follows straight from the definitions:

Lemma 5.9. If N < G and K < G are subgroups, the following hold:
(1) if N p.e. G, then NK/K p.e. G/K,
(2) if K < NP, then the converse holds: if NK/K p.e. G/K, then also N p.e. G.

The following technical lemma, while strange-looking at first sight, is useful in inductive
arguments.

Lemma 5.10. Let G be a finite p-group with p > 2. Let N < G be a normal subgroup and
suppose that N is not powerfully embedded in G. If p > 2, then there exists a normal J 1 G
such that

NPIN,G,G] <Y < NP[N, G|
and |Y : NP[N,G]| = p.

Proof. If N is not powerfully embedded, then N? < NP[N,G]. Since both are normal subgroups
of a p-group G, we can find a normal J < G such

NP < J < N?|N, G]

and such that the second inclusion is of index exactly p (for example, by taking the preimage
of a maximal proper subgroup of [N, G]N?/NP, which is necessarily normal since [N, G] is).
We claim that J has the needed properties, of which the only remaining is that [N, G,G] < J.
This is equivalent to saying that [N, G]J/J is central in G/J, which is clear since it is a normal
subgroup of order p, and p-groups cannot act trivially on cyclic groups of order p. O
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Remark 5.11. Lemma 5.10 has a variant at p = 2, namely one can show in the same situation
there exists a normal J such that

N*[N,G)?[N,G,G] < J < N*N,G),

where the second inclusion is of index exactly 2. This turns out to be enough to also prove
Proposition 5.13 at p = 2, which in these notes we only prove at odd primes.

Remark 5.12. The usefulness of Lemma 5.10 is as follows: suppose we have a subgroup N <G
which we want to show is powerfully embedded. Arguing by contradiction, we can assume that
it is not, and we can find a subgroup J as in Lemma 5.10. Writing G := G/J and N := NJ/J
for the image of N, we see that

(1) N is of exponent p,

(2) [N,G] is central in G and is of order exactly p.
These two properties guarantee that P is also not powerfully embedded in G. This allows one
to only study the possible failure to be powerfully embedded in the restrictive class of examples
satisfying these two properties.

Proposition 5.13. Let G be a finite p-group and N p.e. G. Then we also have NP p.e. G.

Proof. Suppose for contradiction that N? is not powerfully embedded. Replacing G by a quotient
by a suitable subgroup produced by Lemma 5.10 as in Remark 5.12, we can assume that

(1) (NP)P =0 and

(2) [N?,G] is of order exactly p and is central in G.

Pick elements n € N and g € G. Since N p.e. G, we deduce that [N, G, G] < [N?,G] < Z(G),
where the last subgroup is the center. Using the conjugate-linearity of the commutator of
Recollection 3.23, which is ordinary linearity here as the relevant commutators are central, we
deduce that the map

w i [n,g,w]
defines a group homomorphism G — Z(G). It follows that we have

(5.1) H[n,g,nj] = H[n,g’n]j = ([n, g, n]p)p—l/z —e,
J=0 =0

where the last equality follows from the fact that [V, G, G] < [NP,G] and the latter is of order
p. We now consider the bracket

0

oo [nyg]®

N

[nP,g] = [n, g n,g

which we can rewrite as
[nvg] : [n’g,np—l] : [TL, g} : [n7gvnp_2] Tt [nug] : [n,g,no].
Since all of the triple commutators are central, we can collect them together and moreover their
product vanishes by (5.1). It follows that we have
[n?, 9] = [n, g
which necessarily vanishes since [N, G]? < (NP)? = 0. This shows that [N?,G] = 0, which
implies that NP p.e. G, as needed. O

Recall that associated to a finite p-group G we have the lower p-series of Definition 3.16. This
is a descending filtration of G by subgroups defined inductively by
(1) P (G):=G and
(2) Piy1(G) := P(G)P[P(Q),G] for i > 1.
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We now show that the lower p-series of a powerful p-group is exceptionally well-behaved, and
in many ways resembles the filtration by p-th powers one has on any abelian p-group. The
following two theorems establish crucial properties of powerful p-groups which we alluded to at
the beginning of the lecture.

Theorem 5.14. Let G be a powerful finite p-group and write G; := P;(G) for its lower p-series.
Then

(1) G; p.e. G for all i,
(2) Giy1 =G} = ®(Gy),
(8) the map x — xP defines an onto group homomorphism
Gi/Git1 = Giy1/Giga
for any i > 1.

Proof. We prove (1) and (2) together by induction on 4. For the beginning of the induction,
observe that since G is powerful, we have G; p.e. G1. Now suppose inductively that we know
that G; p.e. G. Then, we have [G;, G] < G¥, so that

®(Gy) < Py (G) = GY[G, G < GY < @(Gy)

and thus all of these groups are equal to each other. Moreover, G;+1 = GY < G is powerful by
the inductive assumption and Proposition 5.13.

We now move on to (3). Since we had already shown that for powerful p-groups the lower
p-series is just the sequence of subgroups of p*-th powers, by reindexing we can take G = G;
and thus assume that ¢ = 1. We then have to show that x +— 2P defines a group homomorphism

Gl/G2 — GQ/Gg.

Since this property doesn’t depend on G3, we can assume that G3 = 0. In this case, we have
Gb =0, [G,G] < Gy and G2 < G is central, since G is powerful and Gs p.e. G. If 2,y € G, then

we have
p—1

(wy)? = 2PyPlz,y] 2 = aly?

where the first equality follows from the fact that to commute the z-s past the y-s we need to
insert the commutators [x,y], all of which are central and hence be grouped together, and the
second from the fact that [z, y] € G2 hence [z, y]P = e. This ends the argument. O

Lemma 5.15. If N p.e. G and x € G, then the subgroup H = (N,z) generated by N and x is
powerful.

Proof. We claim that we have [N, H] = [H, H]. To see this, notice that H/[N, H] is has the
image of IV in its center, and is generated over its centre by a single element. Since any element
commutes with itself and the center, H/[N, H| is abelian, which gives the claim. Then

[H,H]=[N,H] < N? < H?,
where the first inequality is the assumption that N p.e. G, which is what we wanted to show. [

Warning 5.16. In the context of Lemma 5.15, beware that (N, z) < G need not be powerfully
embedded. The conclusion is only that (N, z) is powerful as a group on its own.

Theorem 5.17. If G is powerful, then
Gr =G ={g" | geG);

that is, the subset of p-th powers forms a subgroup.
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Proof. We prove this by induction on the order #G = p™. If n = 0, then the group is trivial and
there is nothing to prove.
Suppose that n > 0 and let g € GP. Since the homomorphism in part (3) of Theorem 5.14 is
onto, we know we can write
g=a"y
for z € G and y € G3. Let’s write H = (Go,x) for the subgroup generated by Gy and x, which
is powerful by Lemma 5.15. We have g € HP, since y is in G3 = G5. We now have two cases:
(1) If H # G, then since H has smaller order than G, the inductive hypothesis gives that
g = hP for some h € H, so that g is also a p-th power in G.
(2) If H = G, then since G/G3 is a cyclic group generated by an element z, and since
Gy = ®(G) is the Frattini subgroup, G itself is generated by z. It follows that G is
abelian, which also gives the needed claim.

O

6. PRO-p-GROUPS OF FINITE RANK

In the last lecture, we introduced the notion of a powerful finite p-group. The condition of
being powerful naturally extends to the profinite context in the following way:

Definition 6.1. A pro-p-group G is powerful if
(1) [G,G] <GP and p > 2 or
(2) [G,G] < G* and p = 2.
We say an open subgroup N <, G is powerfully embedded, denoted by N p.e. G, if
(1) [G,N] < N? and p > 2 or
(2) [G,N] < N*and p=2.

As we will see, in the pro-p context the notion of being powerful arguably is even more
important than in the finite case, as it turns out to be closely related to a very natural finiteness
condition known as being finite rank. Since all finite p-groups are finite rank, this condition does
not naturally arise in the finite context.

We first collect basic properties of powerful pro-p-groups, all of which follow immediately from
the case of finite groups.

Proposition 6.2. Let N <, G be an open subgroup. Then N p.e. G if and only if for each open
normal O <, G we have NO/O p.e. G/O.

Proof. This is immediate from the formula
Gr =(Gro,
where the intersection is taken over all open normal subgroups of G, and similarly for G4. [

Corollary 6.3. A pro-p-groups G is a powerful if and only if it can be written as a cofiltered
limit of powerful finite p-groups and surjections.

Proof. If G is powerful, then G ~ @G /O, where the limit is taken over the poset of open
normal subgroups.

Conversely, suppose that G ~ lim G, can be written as a cofiltered limit of powerful finite
p-groups and surjections. If N <, G is an open subgroup, then it contains the kernel of the
surjection G — G, for some «, so that G/K is a quotient of G,. It follows that G/K is also
powerful. O

Recall that in Definition 3.16 we introduced the lower p-series, which is a filtration of a
pro-p-group G by subgroups defined inductively by

(1) A(G) =G
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(2) Pita(G) = P(G)? [P(G), G].
We now observe that, as in the finite case, for powerful pro-p-groups the lower p-series has a
particularly simple form.
Theorem 6.4. Let G be a powerful pro-p-group. Then for any ¢ > 1 we have

(1) Piy1(G) =GP = {g" | g € G} and
(2) Pi11(G) is powerfully embedded in G.

Proof. Both P;,1(G) and GP' are stable under passing to finite quotients (in the sense that
their image in a finite quotient is the corresponding subgroup of the quotient group), so the
first equality is true as it is true when G is a finite p-group by Theorem 5.14. Similarly, as the
condition of being powerfully embedded is also detected in finite quotients by Proposition 6.2,
conclusion (2) also follows from the finite case.

We are left with showing that GP* = {g?" | g € G}. Since both subsets are closed, the latter
as an image of a continuous self-map of G, it is enough to verify that they have the same image
in G/O for any open normal O, which is a consequence of Theorem 5.17. O

We now move to the discussion of rank, which we first do in the finite case.

Definition 6.5. Let G be a finite group. Then we write
(1) d(G) = inf{|X| | X C G,(X) = G} for the minimal number of generators of G and
(2) tk(G) =sup{d(H) | H < G} for the rank of G; that is, the smallest number d such that
all subgroups of G can be generated by d elements.

Warning 6.6 (Important!). In most of group theory literature, what we call in Definition 6.5
the minimal number of generators would be called rank and what we call rank would be instead
called subgroup rank. Our non-standard convention follows that of [DDSMS03], on which this
lecture is based.

We will be mainly interested in groups of finite rank, and “groups of finite subgroup rank”,
while unambiguous and consistent with the literature, does not quite have the same ring to it.

Remark 6.7. For any finite group G, we have
d(G) = d(G/2(G))
as a consequence of Proposition 3.4.
It is clear from the definitions that we always have
d(G) < tk(G).

If G is abelian, these two quantities are in fact the same?. This is not true in general, even for
p-groups, as the following example shows.

Example 6.8. Let F3 be a 3-dimensional vector space over F3, the field with tree elements.
This admits a linear cyclic action of C5 defined by

(1,0,0) — (0,1,0),(0,1,0) — (0,0,1),(0,0,1) — (1,0,0).
It is not difficult to see that the semi-direct product G := F3 x C3 is generated by two elements

((1,0,0),0) and ((0,0,0),1). However, it has F3 as a normal subgroup which cannot be generated
by two elements. It follows that rk(G) > d(G).

The following beautiful result gives another piece of evidence that powerful p-groups are
“morally abelian”.

4For example, because any finite abelian group A is (non-canonically) isomorphic to its Pontryagin dual
Hom(A,Q/Z). Since Pontryagin duality takes monomorphisms to epimorphisms, it follows that any subgroup of
A is isomorphic to some quotient of A, and so can be generated by the same number of elements.
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Theorem 6.9. If G is a finite powerful p-group, then rk(G) = d(G).

Proof. For brevity, we write Go := P»(G) = GP and G5 := P3(G) = G%, where the second
equality is Theorem 5.14. By induction on the order of GG, we can assume the result holds for
G, since the latter is also powerful. If we write r := d(G) and m := d(G2), then since x — aP
defines an onto homomorphism
T G/G2 — GQ/Gg,

of F,-vector spaces, we have m < r.

We have to show that if H < G be a subgroup, then d(H) < r. We write e = d(HG2/G2),
which means we can choose hq,...,h. € H such that

HGy = (hy,...,he) Gs.
We have that dimg, (ker(7)) = r —m, and thus
dim(HGs2 /G2 Nker(m))) <r—m
and therefore
(6.1) dim(r(HG2/G2)) >e—r—m=m— (r —e).

Let K := H N Gy. Since ®(K) < &(G3) < Gs, it follows from (6.1) that the subspace of
K/®(K) spanned by hY,..., h? is of dimension at least m — (r — e). But dim(K/®(K)) < m
since the inductive assumption holds for G5 and K < (G5. Thus there exist ki,...,k._. such
that

K= (M, ...;" k1, ... kp_e)®(K) = (hY, ... W2 Ky, ... ke_e)
We then have
H=HNHGy=HN{hi,...,he)Ga = (h1,...,he)K = (h1,..., he,k1,.. . kr—e),
which shows that d(H) < r, as needed. O

Let’s move to the context of profinite groups. We had previously defined a profinite group
G to be finitely generated if there exists a finite subset x1,...,x, such that G = (x1,...,2,) is
equal to the closure of the subgroup they generate. Thus, we have a notion of a minimal number
of generators, given by

d(G) = inf{|X| | X <G, (X)=G}.

One would expect that there is also an analogue of rank in this context, but there are several
possible variations: one could try to look at the number of generators of closed subgroups, of
open subgroups, or perhaps at the ranks of finite quotients. Luckily, all of these are equal:

Lemma 6.10. Let G be a profinite group. Then
sup{d(H) | H <. G} =sup{d(0) | O <, G} = sup{rk(G/O) | O <, G}

Proof. Clearly the left hand term is greater than or equal to the middle one.

We now show that the middle term is greater than or equal to the right one. Assume that
d(0O) < d for all open normal subgroups O <1, G. We have to show that if O is open normal
and K < G/O, then d(K) < d. Since K is a quotient of its preimage, which is also an open
normal subgroup of G and so generated by d elements, we deduce that K is also generated by d
elements.

Finally, we show that the right term is greater or equal to the left one. Assume that rk(G/0) <
d for all open normals O; we have to show that if H <. G is a closed subgroup, then d(H) < d.
As a closed subgroup, H is a limit of its images in the finite quotients G/O. Since all of these
images are generated by at most d elements by the assumption about the rank, we deduce that
so is H by Proposition 2.15. O
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Definition 6.11. Let G be a profinite group. The rank of G, denoted by rk(G), is given by any
of the three equivalent expressions of Lemma 6.10.

Note that unlike for finite groups, the rank of a profinite group might very well be infinite.
For example, it is always infinite if G is not finitely generated, as is the case for the profinite
group described in Warning 2.16. The following fundamental result characterizes finite rank

pro-p-groups.
Theorem 6.12 (Lubotzky-Mann). For a pro-p group G, the following are equivalent:

(1) G has an open subgroup P <1 G which is finitely generated and powerful,
(2) G is of finite rank.

We encourage the reader to take a moment to marvel at the beauty of Theorem 6.12. This
fundamental result relates a natural finiteness condition on a pro-p-group, namely of being of
finite rank, to the condition of being powerful, which is of very different, equational nature. It
also clearly demonstrates the importance and centrality of the theory of powerful groups. In fact,
considering how natural the latter notion turns out to be, and how well p-groups are understood
overall, it is quite surprising that powerful groups were not introduced until 1987°!

The rest of this lecture will be devoted to the proof of Theorem 6.12. Note that in the finite
setting, we already established a relationship between being powerful and rank in Theorem 6.9.
To begin with, we need a partial converse to the latter; that is, we show that a finite p-group of
a specified rank is not “not too far” from being powerful in a quantitative way.

Notation 6.13. If r > 0, we write GL,(F,) := Aut(F}) for the general linear group over the
field with p elements. We write U,.(F,) < GL.(F,) for the subgroup of upper unitriangular
matrices; that is, those which are upper triangular and have 1s on the diagonal.

Equivalently, U,.(F,) is the subgroup of those automorphisms of F,, which preserve the stan-
dard complete flag
2 r
0<F,<F’<..<F}
of subspaces and which act by the identity on the associated graded. As an upper unitriangular
matrix is uniquely determined by the entries above the diagonal, which are arbitrary, we see

that
|U"’(FP)‘ B p(rfl)JF(T*Q)Jr...Jrl _ pr(r—1)/2.

As we have

GL(Fp)| = (0" =1)- (0" =p)- .- (0" =" )|
by a standard argument of choosing the images of basis elements, we see that U, (F,,) < GL,(F,)
is a p-Sylow subgroup.

Definition 6.14. Let G be a finite p-group and r > 0. The subgroup V(G,r) < G is the
intersection

V(G,r) = [ ker(e),

$:G—=GL,.(Fp)
of kernels of all homomorphisms G — GL,(F,). Equivalently, it is the intersection
V(G,r) = ﬂ ker(¢),
$:G—U,.(Fp)
of kernels of all homomorphisms G — U,.(F,).
Remark 6.15. Note that the equivalence of the two variants of Definition 6.14 follows from the

fact that U,.(F,) < GL,(F)) is p-Sylow, hence is conjugate to all other p-Sylow subgroups. As
G is a p-group, its image is contained in some p-Sylow subgroup, and the equivalence follows.

5In the celebrated work of Lubotzky an Mann, see [LM87a] and [LM87b].
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Remark 6.16. It is clear from the definition that V(G,r) < G can be characterized as follows:
it is the subgroup of those elements g € G which act trivially on any G-representations over Fy,
of dimension at most r.

Remark 6.17. If G is a finite p-group and N <1 G is a normal subgroup, then we have
V(G,r)N/N <V(G/N,r),
since homomorphisms G/N — GL,(F,) can be identified with a subset of homomorphisms
G — GL,(F,). If N < V(G,r), then
V(G,r)/N =V(G/N,r),
as in this case such homomorphisms are in bijection.

We now show that V(G,r) differs from G itself by a relatively small number of elementary
abelian subquotients.

Notation 6.18. For r» > 0, we write
A(r) := [logy(r)],
the ceiling of the logarithm. In other words, A(r) is the unique integer such that

2)\(’!‘)—1 < r S 2)\(7‘).

Lemma 6.19. The group U,(F,) can be built as an iterated extension of \(r) elementary abelian
groups.

Proof. We prove this by induction on r, the case r = 1 being trivial. If r > 1, let s = [r/2]
and s’ = r —s. If ¢: F, — F, be an automorphism preserving the standard complete flag
of subspaces, let ¢1, ¢2 be the unique linear automorphisms which make the following diagram
commute

’
s T s
FP FP FP

bbb
F, — F, — F;
where we identify FZ/ ~ F}/F;. In other words, ¢, is the restriction of ¢ to F; and ¢ is the
induced map on the quotient. The association ¢ — ¢1 X ¢o defines a map

(6.2) U,(F,) = Us(F,) x Uy (F)p)

whose kernel is by group of linear automorphisms which act by identity on both F; and the
quotient.

Any automorphisms with this property is of the form 1+ v, where v: F}) — F} acts by zero
on the subspace F and the quotient. Any two such v1,v2 compose to zero by a diagram chase
using the diagram above, hence

(1+U1)'(1+7)2):1+Ul+’02+’l}1’02:1+01+1}2.

This shows that the kernel of (6.2) is elementary abelian. Since the inductive assumption applies
to the product Us(F,) x Uy (F,), we see that U, can be built as an iterated extension of

A(s) +1 = A\(2s)

If r is even, then 2s = r and we are done. If r is odd, then we have 2s = r + 1, but in this case
we also have A(2s) = A(r) since A is lower semicontinuous and only jumps at powers of two. [

Corollary 6.20. Let G be a p-group of rank v. Then |G : V(G,7)| < p™ ("),
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Proof. Since by construction G/V (G, r) embeds as a subgroup of a product of U,.(F,), it follows
from Lemma 6.19 that it can be built using iterated extensions out of A(r) elementary abelian
groups. Since the groups which appear in this way are subquotients of G, they are of rank at
most r, and hence each is of order at most p”. Combining these two claims we obtain the needed
bound. O

Proposition 6.21. Let G be a finite p-group and let N << G be a normal subgroup such that
d(N) <r and W an arbitrary subgroup. Suppose that either

(1) p>2and N <W < V(G,r) or

(2) p=2and N <W <V(G,r)%
Then N p.e. W.

Proof. We only prove the case of an odd prime. When p = 2, the obtained statement is slightly
different, since in the basic reduction step one has to use the variant of Lemma 5.10 outlined in
Remark 5.11, which takes a slightly different form.

We argue by induction on the order of N. Assume by contradiction that N is not powerfully
embedded in V(G, R). Using Lemma 5.10, we can pass to a suitable quotient of G and by
replacing N and W by their images in the quotient assume that

(1) NP =0,

(2) I[N, W] =p.
Note that in the quotient we still have W < V(G,r) by Remark 6.17. We can find a normal
subgroup M <1 G such that

(1) [INNW]<M <G
and where the second inclusion is of index exactly p. Since N/[N, W] is elementary abelian and
generated by at most r elements and M /[N, W] is a proper subgroup, we have d(M/[N,W]) <
r — 1. Since [N, W] is cyclic, we deduce that d(M) < r. As M is of strictly smaller order than
N, applying the inductive hypothesis we deduce that M p.e. W; that is,

[M,W] < MP < NP =0,

so that M is central in W. Since M < N is then also central with a quotient cyclic, we deduce
that IV is abelian, necessarily elementary abelian of rank at most r. From the definition of
V(G,r), it necessarily acts trivially on N by conjugation, so that N is central in V(G,r) and
hence W. This is a contradiction to [N, W] being of order exactly p, ending the argument. [

Corollary 6.22. Let G be a finite p-group of rank r. Then
(1) if p > 2, then V(G,r) is powerful,
(2) if p=2, then V(G,7)? is powerful.
Proof. This is an application of Proposition 6.21 to either N = V(G,r) or N = V(G,r)2. O
Combining the above results, we obtain the following useful statement.

Proposition 6.23. Let G be a finite p-group of rank r. Then G has a characteristic subgroup
P < G which is powerful and of index at most

(1) p") if p> 2,
(2) PO ifp=2.

Proof. At odd primes, V(G,r) <G has the needed properties by a combination of Corollary 6.20
and Corollary 6.22. When p = 2, we can take V (G, r)?, which is of index at most

27‘A(r)+r _ 27"()\(7") .o
since V(G,7)/V (G, r)? is elementary abelian and hence of order at most 27. O

We are now ready to prove the main result of this lecture.
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Proof of Theorem 6.12: Suppose first that G has an open subgroup P <I G which is finitely
generated and powerful. Since for any closed K <, G, the index |K : K N P| is bounded by
|G : P|, it is enough to show that P itself is of finite rank. If P is generated by r elements, then
so can all of its finite quotients, which are thus of rank at most r by Theorem 6.9 as they are
also powerful. We deduce that P is also of rank r.

Conversely, suppose that G is of finite rank r. Consider

V(G,r):= ﬂ ker(¢),

$:G—GL.(F,)
where the intersection is taken over all continuous homomorphisms. Since G is finitely generated,
there are only finitely many such homomorphisms so that V (G, r) is open. We can write G as

lim G/O,

0<,G,0<V (C,r)
the limit of quotients indexed by the poset of open subgroups contained in V(G, r). Since V (G, 1)
is closed, we have
V(G.r) = m V(G,r)/O =~ lim V(G/O, ),

where the second equivalence is Remark 6.17. If p > 2, then each of V(G/O,r) is powerful by
Corollary 6.22, and hence so if V (G, ) as their limit. If p = 2, we can take V (G, r)? instead. [

Remark 6.24. Using Proposition 6.23, one can give Theorem 6.12 a more quantitative form:
if G is a pro-p-group of rank r, then it has an open characteristic powerful subgroup of index at
most p" ") (or 27 A when p = 2).

7. UNIFORM POWER

In the previous lecture, we have proven the remarkable Theorem 6.12, which shows that a
pro-p-group is of finite rank if and only if it has an open subgroup which is powerful and finitely
generated. Today, we will show that such groups always have open subgroups which exhibit
strong self-similarity.

Definition 7.1. We say that a pro-p group G is uniformly powerful (or simply uniform) if

(1) G is finitely generated,
(2) G is powerful,
(3) for all ¢ > 1 we have
Gi: Gia| = [Gigr s Gigal,
where G; := P;(G) is the lower p-series.
Note that the first two conditions are equivalent to being of finite rank; we will use this

equivalence freely in what follows. Informally, Definition 7.1 can be summarized as saying that
a group is uniform when it is "not too large” and its lower p-series “moves at a constant pace”.

Remark 7.2. Note that a finite p-group is uniform if and only if it is zero. Indeed, for finite
groups we have G; = 0 for i large enough, which forces all of G; to be zero by uniformity.

We will need the following slightly more elaborate form of Theorem 6.12:

Lemma 7.3. Let G be a pro-p-group of finite rank. Then, there exists a characteristic open
subgroup V < G such that if N <. G is normal closed and N <V, then N is powerful.

Proof. If G is of rank r, we write V(G,r) for the intersection of the kernels of all continuous
homomorphisms G — GL.(F,). We can then take

(1) V:=V(G,r)ifp>2,

(2) V:i=V(G,r)?ifp=2.
The needed property then follows from Proposition 6.21. O
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Proposition 7.4. If G is a pro-p-group of finite rank, then G; is uniform for all i large enough.

Proof. Since G; form a basis of open neighbourhoods of the identity by Proposition 3.20, they
are powerful for ¢ large enough as a consequence of Lemma 7.3. Since z +— 2P defines an
epimorphism G;/G;+1 — Giy1/Gite for all ¢ by Theorem 5.14, the sequence of numbers

|G1G2|Z|G2G3|Z

is decreasing. Since they are non-negative, this sequence must eventually stabilize, at which
point GG; become uniform. O

Uniform groups have the following beautiful characterization.

Theorem 7.1. If G is a powerful pro-p group, then the following are equivalent:
(1) G is uniform,
(2) G is torsion-free; that is, if g" = e for n >0, then g = e.

Proof. (1 = 2): We show that if G is not torsion-free, then it’s not uniform. Since G is pro-p,
this means there exists some g # e such that g? = e. Choose an i such that g € G; \ Gj41. It
follows that g defines a non-zero element in the kernel of the map

Gi/Gi+1 — Gi+1/Gi+2

defined by = — zP. Since this map is surjective, we deduce that |G; : G;11| > |Git1 : Gigzl, s0O
that G is not uniform.

(2 = 1): We show that if G is not uniform, then G is not torsion-free. By assumption, one
of the maps G;/Gi+1 — G;11/Gi42 has non-zero kernel, so that there exists € G; \ G;41 such
that P € G;12. By replacing G;, we can assume that ¢ = 1.

We will inductively construct a sequence s, z3, ... such that

(1) a9 =z,

(2) zk41 = xx (mod Gy)

(3) =} € Gry1.
The base case is determined by the first condition, so suppose that x, has been chosen. Since
G /Gni1 = Gri1/Gpya is an epimorphism, we can find z,, € Gy, such that 22 = 22 (mod G,42).
We can then set z,,41 1= 2,2, '

Finally, let = := limy_, o, x; this limit exists as this sequence is Cauchy by the second condition
above and G is compact. Then

zP = lim 2} € ﬂG’i =0,

k—o0

so that G is not torsion-free, since z € G1 \ Ga. O

Corollary 7.5. Any pro-p group G of finite rank has an open characteristic subgroup U <, G
such that any open normal closed subgroup N <. G satisfying N < U is uniform.

Proof. Firt, let V' be an open subgroup as in Lemma 7.3. Then V; < V is uniform for some i
by Proposition 7.4 and hence torsion-free by Theorem 7.1. All of its closed subgroups are also
torsion-free, and hence uniform since they’re powerful by the choice of V. O

The following will be needed to define the dimension of a pro-p-group of finite rank.

Lemma 7.6. Let G be a pro-p group of finite rank, and A, B < G be uniform open subgroups.
Then d(A) = d(B).

Proof. Since B is open and P;(A) is a system of open neighborhoods, for some i > 0 we know
P;(A) < B. Since the minimal number of generators and rank coincide for powerful pro-p-groups
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by Theorem 6.9 and the fact that a rank of a profinite group is the supremum of ranks of its
finite quotients, this gives

d(4) = d(A/P(4)) = d(Pi(A)/Piy1(4)) = d(Fi(4)) < d(B),

where the second equality is the unifomity of A. By symmetry, we deduce that also d(B) < d(A),
as needed. O

Definition 7.7. Let G be pro-p group of finite rank. The dimension of G is given by
dim(G) :=d(A)
where A <, G is any uniform open subgroup.

Remark 7.8. To motivate Definition 7.7, observe that for real Lie groups one shows that a
small neighbourhood of the identity is diffeomorphic to an open subset of the tangent space
through the exponential map, and the dimension of a Lie group is the same as the dimension of
the tangent space. For p-adic analytic groups, the role of such a small neighbourhood is played
by uniform open subgroups.

Again, notice the curious feature that in the p-adic case, the dimension can be defined in
purely group-theoretic terms. Even the topology plays no role, as long as they’re compact, as
by Serre’s Theorem 4.1 all finite index subgroups are open.

The following is a basic consistency check of Definition 7.7.

Proposition 7.9. Let G be pro-p of finite rank and let N <. G be a closed normal subgroup.
Then

dim(G@) = dim(N) + dim(G/N).

Proof. We first show this in the specia lcase when G, N, and G/N are all uniform. Then
dim(G) = dimg,(G/GP) and similarly for N and G/N. We have

dim(@) = dimg, (G/G?) = dimg, (NG?/GP) + dimg, (G/NGP).

Ssince G/N is torsion-free by Theorem 7.1, we necessarily have N? = GP N N, so that we can
rewrite the above as

dimg (N/(GPNN))+dimp (G/NGP) = dimp, (N/N?)+dimg (G/NGP) = dim(N)+dim(G/N),

which is the needed claim.

We now tackle the general case. By Corollary 7.5, we can find an open characteristic subgroup
G’ < G such that if K <1, G and K < @', then K is uniform. Similarly, we can choose such
subgroups N’ < N and H/(G'NN') < G'/G'NN’. Since N/(G' N N’) is finite and H/(G'NN’') is
uniform and thus torsion-free, we necessarily have NN H = G’ N’. Thus, all three of H <, G,
NNH<,Nand H/(NNH) <, G/N are uniform and by the first part we have

dim(G) = dim(H) = dim(H N N) + dim(H/H N N) = dim(N) + dim(G/N).
(]

Remark 7.10. Observe that in the context of Proposition 7.9, both N and G/N are automati-
cally of finite rank, as this property is clearly closed under taking quotients and closed subgroups.
Conversely, it is not difficult to show that if N and G/N are finite rank, then so is G.

We will now describe how a choice of generators of a uniform group induces a coordinate
system on the whole group. This can be seen as the first solid piece of evidence towards Lazard’s
Theorem 1.1 which characterizes p-adic analytic groups as those topological groups which are
locally uniform. In this case, we will see that uniform groups (and hence all pro-p groups of finite
rank, locally) are homeomorphic to Z, in a semi-canonical way. This requires some preparation.
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Lemma 7.11. Let G be a powerful finite p-group generated by aq,...,aq. Then any element of
G can be written in the form

A1 A2 Ad
ayt cap? ..o a)

for some \; € Z.

Proof. We prove this by induction on the length of the p-series. If Go = 0, then G is abelian, and
the result is clear. If we have n > 2 with G,, # 0 and G,,+1 = 0, then by inductive assumption
the result applies to G/G,,. It follows that any element g € g can be written as

g=a) -ag‘Q-...-ag‘dm
with « € G,,. As G, is generated by b; := af%l by repeated application of part (3) of Theo-
rem 5.14 and G, is central, the result follows by writing x as a product of b; and moving things
around. (]

In any group, one can make sense of expressions of the form ¢* where g € G and \ € Z. We
now show that if G is pro-p, then A can even be a p-adic integer.

Construction 7.12. Let G be a pro-p group. We claim that there is a unique continuous
mapping

Gx2p— G
written as
(9.A) = g
which restricted to G x Z gives the usual n-th power mapping ¢" :=g-g-...-g.

Since Z C Z, is dense, it is enough to show existence, as uniqueness will be automatic. We
can write G ~ @Ga as a limit of finite p-groups, and thus it is enough to construct such an
extension to

G X7 — Gy

However, for any g, € G, we have g]} = gg“’d, where p? = |G| is the order. It follows that we
have a commutative diagram

G X Zy

[

G X7 — Gx7Z/p? —— Gy,
which provides the needed extension.

Remark 7.13. Explicitly, the p-adic powers of Construction 7.12 can be calculated as follows:

if g€ G and A € Zj, then
g = lim g
11— 00
where on the right hand side we have the standard powers and A; € Z is a sequence of integers
converging A; — A in Z,. This follows from continuity, and such a sequence can always be chosen

by density of ordinary integers inside the p-adics.

Theorem 7.14. Let G be a uniform pro-p group and let ai,...,aq be a minimal system of
generators. Then the map
d
Zy— G
given by
(Ayeesda) = @yt -o.a)?,

the p-adic powers of Construction 7.12, is a homeomorphism.
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Proof. Since U/pU ~ U/U; as groups as a consequence of For any k > 1, G/Gj41 is a finite
p-group of exponent p®. It follows from the construction that the above mapping fits into a
commutative diagram

7 — G

| |

(Z/p")? — G/Gra

The bottom arrow is surjective by Lemma 7.11. As G is uniform of rank d, the quotient G/Gg41
has exactly p*? elements and we deduce that the bottom arrow is a bijection. As the map
Zg — G can be identified with the inverse limit of these maps, we deduce that it is a bijection,
too, and hence a homeomorphism as it is continuous. ([

8. THE p-ADIC GENERAL LINEAR GROUP

In this lecture, we will verify that the archetypical example of a p-adic analytic group GL4(Z,,),
is virtually a pro-p group of finite rank; that is, it has an open subgroup which is a pro-p group
of finite rank.

Definition 8.1. If n > 1, the n-th congruence subgroup I',, < GL4(Z,) is the open subgroup
given by the kernel
I'y, :=ker(GL4(Zp) — GL4(Z/p™)).
Explicitly, I';, is the subgroup of matrices of the form
I,={1+p"a|ac MyZp)},

where 1 is the identity matrix and My(Z,) is the set of all p-adic matrices. From this description,
it is clear that I',, is a basis of open neighbourhoods of the identity element. In particular,
GL4(Z,) is profinite.

Lemma 8.2. We have
|GLa(Zy) : T1| = (0" = 1) - (@ =p) - ... - (0 = p™)
and
|Fn : 1—‘nJr1| = pd2
for each n > 1.

Proof. Since any invertible matrix over F,, can be lifted to a matrix over Z,, which is then
automatically invertible, too, the first index is equal to |GLg(F})|, which we observed is equal
to the given expression in §6. The second index is equal to |ker(GL4(Z/p" ™) — GL4(Z/p")|,

which is pd2 since any matrix over Z/p™ has exactly pd2 lifts to Z/p"t1. [l

Corollary 8.3. The profinite group GL4(Zy) is virtually pro-p; that is, it has a pro-p open
subgroup.

Proof. This follows from the second part of Lemma 8.2, since I'; is open and pro-p. O
We now study the basic relationships between the congruence subgroups.
Lemma 8.4. Let a € GL4(Z,) and x € My(Z,). Then for any n > 1, we have
a=(a+p"z) modT,.

Proof. Since the images of a and a + p"x in GL4(Z/p™) are the same, they generate the same
coset with respect to the kernel, which is I',,. [l

Lemma 8.5. For any n > 1, we have [['y,T] < Tay,.
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Proof. Let 1+ p™a and 1 + p™b be elements of I';,. Then
(1+p"a)(1 4 p®b) = (14 p"a + p"b+ p*™ab) = (1 + p"a + p"b) mod Ty,

where the second equivalence is Lemma 8.4. The result follows since p™a + p"b = p™b + p"a.

O
Lemma 8.6. For anyn > 1, we have I'? <T')4;.
Proof. If 1 + p™a € T',,, then the binomial formula gives
n _ p n p nk k
(8.1) (1+p a)p—1+<1)p a+ Z (k)p a
2<k<p
which we can rewrite as
p p k k _ +1 p (k—1)—1 _k
1+(1>p”a+ Z (k)p”a =14+p" (a—i—Z(k)p” a”)
2<k<p
as needed. O

Proposition 8.7. Assume that eithern > 1 andp > 2 orn > 2 and p = 2. Then every element
of I'yy41 is a p-th power of an element in T'y,.

Proof. Let 1+ p"*la € T',41, we have to solve the equation
1+pz)P —1—ap"t!
flay = 122

pn+1
for a matrix x € My(Z,). Note that this equation has p-adic integral coefficients by Lemma 8.6.
We will show that such a matrix exists using Newton’s method. More precisely, we will induc-
tively construct a Cauchy sequence z1,xs,... of matrices in the subring generated by a such
that

=0

f(z;) =0 mod p’
We claim that we can take z; := a. To see this, note that the binomial expansion of the p-th

power gives
_ _ p nk—n—1,_k
fo)=@-apr Y (F)prtniat,
2<k<p
so that

) =3 ()ortat

This is divisible by p as needed since

(1) p =2, in which case n > 2, so that nk —n—1>1,

(2) p> 2, in which case (12’) is divisible by p for k = 2, and nk —n —1 > 1 when k > 2.
Note that this is the only place where the distinction between p = 2 and p > 2 comes into play.
We also calculate that

fl(x) = (1 +p a)P™h,
so that f’(a) is invertible. Since the subring of matrices generated by a is a finite Z,-algebra, it

is p-complete, and applying Hensel’s lemma’, we see that inductively defining

Lr4l ‘= Ty — f(-'L'r)
r+ T f’(zr) .
yields a Cauchy sequence which converges to the needed solution. O

6Hensel’s lemma is often stated only for local rings, see [Stal8, Tag 04GM], but since Z, is henselian, the
subalgebra of matrices generated by a is a finite product of p-complete local rings. Thus, the convergence of the
series produced by the Newton’s method can be checked in each of these local rings separately. Moreover, it is
common to assume that f is monic, but this is not necessary in the case of complete local rings.


https://stacks.math.columbia.edu/tag/04GM
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Theorem 8.8. Assume that eithern > 1 andp > 2 orn > 2 andp = 2. Then 'y, is a uniformly
powerful pro-p group of dimension d2.

Proof. By a combination of Proposition 8.7 and Lemma 8.6, we see that
Fn/rﬁ = Fn/Fn—H

If p > 2, then the right hand side is abelian by Lemma 8.5. If p = 2, then we deduce that
Fn/rfz = Fn/rn+2

which is similarly abelian since n > 2. We deduce that I';, is powerful. Moreover, by Lemma 8.2,
for any k£ > 1 we have

2
|Py(Tn)/Pis1(Tn)| = [Topim1/Tngil = p*

from which we deduce at once that I, is finitely generated and uniform. (I

Corollary 8.9. The general linear group GLq(Z,) is virtually o uniform pro-p group.

Proof. By Theorem 8.8, T'; for p > 2 and I's for p = 2 are open subgroups which are uniformly
powerful pro-p. O

9. THE ADDITIVE STRUCTURE OF A UNIFORM GROUP

In Theorem 7.14, we had seen that if U is a uniform group of dimension d, then any choice
of generators determines a homeomorphism

®d ~,
Z9? ~ G.

Using this homeomorphism, the abelian group structure of the left hand side can be transferred
to G, but this is not a good idea, as this new abelian multiplication of G depends on the choice
of generators. In this lecture, we will see that a uniform group instead supports an intrinsic
abelian multiplication, which we will refer to as addition, which is defined in terms of and related
in interesting ways to the original multiplication of G.

Remark 9.1. If G is a real Lie group, then the behaviour of its multiplication in an infinitesimal
neighbourhood of the identity (up to first order) is encoded by the induced multiplication

T.G x T.G = T.G.

on the tangent space. It is not difficult to show (using the Eckmann-Hilton argument) that
the induced multiplication on the tangent space coincides with its addition coming from the
structure of a vector space. In this sense, the multiplication of any real Lie group is abelian up
to first order.

The main idea behind today’s construction is to replace the multiplication of a uniform group
G by multiplication induced from its small subgroups. One then hopes that as in the case of
real Lie groups discussed in Remark 9.1, in the limit the multiplication becomes abelian.

The restriction to the case of uniform groups comes from the fact that they can be canonically
identified (as topological spaces) with their subgroups appearing in the lower p-series, which we
show now.

Lemma 9.2. Let G be a pro-p group and write G; := P;(G) for its lower p-series. Then for any
n,k, the map x — " induces a function of sets

G/Gry1 = Gny1/Gryksr

If G is powerful, this map is a surjective, and bijective if G is moreover uniform.
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Proof. 1t’s enough to do the case n = 1, as the other cases are obtained by iterating the statement.
Suppose that
xr=y mod Gry

so that x = yz for z € Giy1. Then
P = yP2? mod (G, Gpi1]
which since [G, Gi11] < Gri2 and 2P € Gy o gives
2P =¢y? mod Ggya,

which is what we wanted to show. If G is powerful, then every element of G,,11 is a p™-th power
by Theorem 6.4 and surjectivity follows. If G is uniform, then both sets are of the same order
pd(@Fk and hence the surjection must be a bijection. O

Warning 9.3. We have shown in Theorem 5.14 that if G is powerful and k = 1, then z — 2P not
only defines a function of sets G/Gr11 — G2/Gk12, but even a group homomorphism. Beware
that this is not in general true for £ > 1, even if G is powerful.

Corollary 9.4. Let U be uniform. Then for any n, the map x — x¥" defines a homeomorphism
U— Un+1.

Proof. This map can be identified with the limit of bijections between finite sets of Lemma 9.2
as k — oo, and hence is a homeomorphism. O

Note that the homeomorphism of Corollary 9.4 is not in general a group homomorphism.
However, using this map we can transfer the group structure of U, 1 onto U in the following
way:

Construction 9.5. Let U be a uniform pro-p group. If x,y € U, we write
zAny ="y )P,
where p~": U,,4+1 — U is the inverse to the p”-th power map.

Remark 9.6. Note that the map 4, makes U into a topological group with respect to its usual
topology. This is the unique group structure such that = — 2?" defines a group isomorphism
(U, +1) ~ (Un+1,-), where - is the standard multiplication of U, ;.

Lemma 9.7. If U is uniform and x,y € U, then
TH+pyYy=x+,_1y mod U,.
Moreover, for any u,v € U, we have
UT +p vy = +,y mod U,.
Proof. Since [U,,U,]| < Us,, by Theorem 3.21, we have

(xpn_lypn_l)p = ((xy)pnﬂ)p mod Us,,.

Taking p™-th roots, this yields
TH+n1yYy=x+n,y mod U,.

as needed. For the second statement, we want to show that

n P " n AP
UT +p, VY = ((ux)p (vy)? ) = (mp y? ) mod U,,.

Taking p™-th powers shows that the above is equivalent to

n

(uz)”" (vy)”" ="y mod Uny,

which follows from Lemma 9.2. O
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Observe that as a consequence of the first part of Lemma 9.7, for any =,y € U, the sequence
rT+1Y,T+2Yy,...
is Cauchy and hence has a unique limit in U. Thus, the following makes sense.
Definition 9.8. If U is uniform, the addition is a function U x U — U defined by
(x,y) = ax+y:= 7}1_)12037"_713/'

Informally, each of +,, spreads out the multiplication of U, onto the whole group U. As
U,+1 become smaller as n grows, the case of real Lie groups leads us to expect that +,, should
become more and more simple. Thus, we would expect that in the limit, as in Definition 9.8,
the resulting map has a particularly simple form. We now verify that this is indeed the case.

Proposition 9.9. The map +: U x U — U together with the original topology makes U into an
abelian topological group with identity e € U and inverse given by (—)~1: U — U.

Proof. We first check that e is the identity. Since e?” = e, we have z +, e = z for all z € U, so
that
r+e=limz+, e=limzr = .

1

For inverse, we similarly observe that = +, x7 = e for all n, so that

z+z ' =limz 4+, 27! =lime = e.

Continuity of addition follows from the second part of Lemma 9.7.
For associativity, we again use Lemma 9.7 to observe that

(x4+y)+z=(x+ny)+2z mod Uyyq

=@ +ny) +nz mod Uy

=z+, (y+nz) mod U,

=z+ (y+2) mod U,qg.
Since this is true for all n, we get associativity.

We are left with showing that addition is commutative. Since [Upt1,Un+1] < Uzpia by
Theorem 3.21, we have
(mpnyp"> = ypnxpn mod Usp4o.
Taking p"-th roots, we get that
TH+ny=y+nx mod Upyio.

Passing to the limit as n — oo, we get x +y =y + x. O

By Proposition 9.9, a uniform pro-p group U admits a second group structure on the same
set of elements. To keep the two group structures apart, we continue to write the original
multiplication of a uniform group U using juxtaposition or - and use + to denote the addition
of Definition 9.8. These two are related in interesting ways, as we now show.

Lemma 9.10. Let U be a uniform group and x,y € U. Then
(1) if [x,y] = e, then x +y = zy,
(2) 2™ = mx,
(3) PFU = Upy1.

Proof. For the first part, we have

—-n

n n p
9C+ny=(33p yp)
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Since z and y commute, this is equal to

—n

((xy)”")p = zy.

As this holds for all n, we deduce that x +y = xy. The second part follows from the first one by
induction, since x commutes with all of its powers. The third part is a consequence of the second
one and the fact that all elements of Uy, are p*-th powers, as proven in Theorem 6.4. O

Note that as consequence of the third part of Lemma 9.10, U,, < U is a normal subgroup
with respect to either multiplication or addition. We now verify that with respect to either it
determines the same division into cosets.

Lemma 9.11. The additive cosets of U, C U coincide with the multiplicative cosets. That is,
for any a € U we have

a+ U, =aU,.
Proof. If v € U,,, then
a+v=a+(ve)=a+e=a mod U,.
So a + v = au for some u € U, and a + U,, C aU,. Conversely,
au—a=a—a=e¢ modU,.

Thus au — a = v for some v € Uy, and therefore au = a + v, showing that aU, C a + U,. [l

It follows from Lemma 9.11 that for any n and k, the two quotients

(Um +)/(Un+k7 +) = (Um ')/(Un+k7 )
can be canonically identified as sets. When k& = 1, they even coincide as groups:

Lemma 9.12. For any n, + and - induce the same group structure on U, /Up41.

Proof. By Theorem 5.14, x +— 2P" defines a group isomorphism U, /U,+1 = Upir/Unipr1. It
follows that +j define the same group structure on U, /U,+1 as standard multiplication and
hence so does their limit +. [l

Proposition 9.13. The addition makes U into a uniform group of dimension dim(U).
Proof. Since p"U = U, 11 form a basis of neighborhoods of the identity and
(9-1) (U, +) : p"U] = [(U,") : Un41]

by Lemma 9.11, we see that (U,+) is a pro-p group. Since U/pU ~ U/Us, is finite, we deduce
that (U, +) is finitely generated. It is powerful since it is abelian. It is also uniform of the same
dimension as U by 9.1, ending the argument. O

By virtue of Proposition 9.13, the additive structure of a uniform group is not entirely dissim-
ilar from the multiplicative one. However, it is much more simple as it is abelian, using which
we can describe it completely. Recall from Construction 7.12 that in a pro-p group one can take
powers of elements by p-adic integers, which defines an action of Z,,.

Theorem 9.14. Let U be uniform pro-p group of dimension d. Then for any set ai,...,aq
of generators, (U,+) is a free Z,-module generated by a1,...,aq, so that we have a topological
group isomorphism

~ 7d
(U, +) = Z2.
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Proof. By Lemma 9.12, addition and multiplication define the same group structure on U/Us,
so that any set of generators for U under multiplication is also a set of generators for U under
addition. By Theorem 7.14, the map Zg — U defined by

()\1,...,/\(1)—>)\1a1+...+)\dad

is a homeomorphism. Since it is also a group homomorphism as (U, +) is abelian, the claim
follows. o

Since the addition of a uniform group was defined by looking at its multiplication in smaller
and smaller subgroups, informally one can interpret Theorem 9.14 as saying that in an infinites-
imal neighbourhood of the identity, the multiplication is essentially linear.

Remark 9.15. One can think of (U, +) as the Lie algebra of U. In line with this heuristic,
we will later show that the commutator of U induces a Lie bracket on the Z,-module (U,+).
Using the fact that any pro-p group of finite rank has an open uniform subgroup, one can use
this construction to associate a Lie algebra to any pro-p group of finite rank (which in this case
is defined only over Q,, essentially since we have to make a choice of a uniform subgroup and
there might not be a canonical one).

One can obtain several pleasant consequences of Theorem 9.14 by observing that since addition
is defined purely in terms of the group structure and the topology, the construction

U (U,+) € Mody,

is clearly functorial in continuous group homomorphisms between uniform groups. This yields
the following:

Corollary 9.16. Any continuous automorphism of U acts linearly on (U,+). Thus, any choice
of a basis of (U,+) induces an identification

Aut(U) <. GL4(Z),)
of the group of continuous automorphisms of U with a closed subgroup of the general linear group.

Using the fact that any group acts on itself by conjugation, we can prove the following elegant
result.

Theorem 9.17. Let G be a pro-p group of finite rank and dimension dim(G) = d. Then there
exists an exact sequence of topological groups

0—Z, = G — GL4(Zp) x F,
where F' is a finite p-group and e < d.

Proof. By Proposition 7.4, G has a normal open uniform subgroup U <1, G. We look at the map
G — Auwt(U) x G/U

which is a product of the conjugation action of G on U and the quotient map. By Corollary 9.16,
Aut(U) can be identified with a closed subgroup of GL4(Z,). We are left with identifying the
kernel of this map, which is the center Z(U). Since the kernel is abelian, of finite rank and
torsion-free as U is, by Theorem 7.1 it is uniform and hence isomorphic to a free module over
the p-adics by Theorem 9.14. This ends the argument. ]

Corollary 9.18. A profinite group is virtually a finite rank p-group if and only if it is an
extension of closed subgroups of GL4(Zp).

Proof. We have shown in Corollary 8.9 that the general linear group is virtually a uniform
pro-p group; in particular, virtually pro-p of finite rank. This property is clearly closed under
extensions, providing one direction. The converse follows from Theorem 9.17, since both the
p-adics and any finite group can be embedded as a subgroup of the general linear group. O
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Remark 9.19. The linear action of U on (U, +) through conjugation can be thought of as the
p-adic analogue of the adjoint representation from the theory of Lie groups. In the latter case,
if G is a Lie group, conjugation induces a map G — Aut(g) into the automorphims of the Lie
algebra. The kernel of this group homomorphism is the center Z(G) < G. Following the same
argument as in Theorem 9.17, this proves that any Lie group of dimension d is an extension of
a subgroup of GL4(R) (necessarily closed if G is compact) and an abelian Lie group.

10. FORMAL GROUPS LAWS

Informally, formal group laws are a formal analogue of algebraic groups, where instead of
remembering the whole variety one remembers the multiplication only in an infinitesimal neigh-
bourhood of the identity. They arise naturally, in either the real of p-adic context, from the
Taylor series expansion of the multiplication, and are an important refinement of the Lie alge-
bra.

We will discuss more general formal group laws, as well as their relationship with p-adic
analytic groups, later in the course. Today, we will focus on a particularly nice class of formal
group laws, namely those which are 1-dimensional and commutative. These beautiful objects
naturally arise in stable homotopy theory, and their automorphism groups are often p-adic
analytic, as we will show in the next lecture.

Definition 10.1. A (1-dimensional, commutative) formal group law over a commutative ring
R is a power series F'(z,y) € R[z,y] such that

(1) F(z,0) =z (right unitality),

(2) F(0,y) =y (left unitality),

(3) F(F(x,y),2)) = F(z, F(y, 2)) (associativity),

(4) F(z,

) F(y,z) (commutativity).
Warning 10.2. Beware that in addition to the notion of a formal group law, there is also a
more geometric notion of a formal group. These are closely related, but are not quite the same;
roughly, the latter is a coordinate-free version of the former, at least locally. In this course, we
will be content with only discussing formal group laws, since the additional complication is not
needed for our applications.

Remark 10.3. For a more thorough exposition of formal group laws in a language similar to
ours, including their underlying geometry, we recommend notes from the previous course [Pst21].

Notation 10.4. If F(z,y) is a formal group law, it is common to write
T+py=Fz,y).
In this notation, the above axioms take the form
(1) T +F 0= x,
() (x+ry)+rz=z+F (y+r 2),
(4) e+ry=y+rm
In other words, + (considered, for example, as an operation on power series with no constant

term) behaves like an ordinary addition: the sum of any finite number of objects doesn’t depend
on their order or the order of multiplication itself.

As discussed in the introduction, a natural source of formal group laws is given by algebraic
groups.
Construction 10.5 (Formal group laws from varieties). Let k be a field and let A be an abelian
group object in k-varieties which is of dimension one as a variety. Any such variety is smooth,
and using this fact one can show that the completion of the local ring

@A,e ~ k[[x]]
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at the identity e € A is non-canonically isomorphic to the ring of formal power series’. The
multiplication of A induces a continuous map

¢: kz] ~ @A,e — @A,e®k6A,e >~ kfx1, 2]

which is determined by the image F(x1,z2) := ¢(x) of the generator. The commutativitiy and
associativity of the group multiplication of A imply that F'(x1,x5) is a formal group law.

Example 10.6 (The additive and multiplicative formal group law). Let G, ~ A}, be the additive
group of a field k; that is, the affine one-space considered as a group under addition. In this
case, Construction 10.5 yields the additive formal group law

Fu(w,y) =5 +y.
If we instead take the multiplicative group G,, ~ A} \ {0}, then we obtain the multiplicative
formal group law
Fn(z,y) =z +y+ay.
Formal group laws informally encode multiplication on some geometric object. Because of

that, they naturally form a category, with morphisms a natural analogue of maps of geometric
objects they correspond to.

Definition 10.7. Let F,G be formal group laws over a ring R. Then a morphism of formal
group laws ¢: F — G is a power series ¢ € R[x] with no constant term such that we have an
equality

P(F(z,y)) = G(o(x), ¢(y))

of power series in two variables.

Note that if given a ring homomorphism ¢: R — R’ and a formal group law

F= Zai,jxiyj € R[z,y],
applying ¢ to each coefficient separately we obtain a new formal group law
¢ F = dlai;)z'y’ € R[z,y]

over the target ring. Similarly, we can apply ¢ to coefficients of an endomorphism, so that it
actually assembles into a functor

¢*: {Formal groups laws over R} — {Formal groups laws over R’}

between the corresponding categories.

Remark 10.8 (The moduli stack of formal groups). Restricting to formal group laws and
isomorphisms, to each ring we can functorially associate a groupoid, which we can identify with
a l-truncated anima. This yields a covariant functor of co-categories

{Formal groups laws over —}: CRing — 8,

where the target is the co-category of anima. The Zariski sheafication of this functor is known
as the moduli stack of formal groups and often denoted by My,.

The functor My, is not far from being an algebraic stack, as one can show that it is a quotient
of an affine scheme by a flat action of an affine group scheme. This moduli stack is deeply related
to patterns in homotopy theory, as first discovered by Quillen, and an often used informal slogan
is that

“The behaviour of stable homotopy theory is controlled by the geometry of the moduli stack of
formal groups.”

7Tt is this non-canonical choice of a coordinate that distinguishes between formal group laws and formal groups.
We will not discuss the latter, but we mention here that the choice of a coordinate is not needed when one works
with formal groups instead.
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Note that this moduli stack is just a convenient way of packaging information about formal group
laws and their isomorphisms, so this is just saying that many phenomena in stable homotopy
theory can be directly related to formal groups. This is one piece of motivation to understand
this beautiful subject.

An interesting example of an isomorphism of formal group laws is provided by the classical
exponential function.

Example 10.9. Let k be a field of characteristic zero and consider the power series

Then

dlx+y)=et —1=e"e¥—1=(e"—1)+(eV — 1) + (" = 1)(e¥ — 1),
so that ¢: F, — F,, is an isomorphism between the additive and multiplicative formal group
laws of Example 10.6.

Note that in the context of Example 10.9, it is crucial that we work in characteristic zero, or
else the exponential power series is not well-defined, as it involves division by factorials. In fact,
this is an instance of general phenomena: in characteristic zero, (one-dimensional, commutative)
formal group laws are not particularly interesting, as the following result shows.

Theorem 10.10 (Lazard). Let k be a field of characteristic zero. Then:

(1) any formal group law over k is isomorphic to the additive one,
(2) all automorphisms of the additive formal group law are of the form ¢(x) = Ax for some
X € k; that is, End(F,/k) ~ k as rings.

Proof. This is not difficult, see [Rav03, A.2.1.6]. O

In positive characteristic, the situation is more complex; in particular, the additive and mul-
tiplicative formal group laws are not isomorphic. To distinguish between them, it is helpful to
look at the analogue of multiplication by p.

Definition 10.11. Let F € R[x,y] be a formal group law. The p-series of F' is given by
plr(x) =x+p+...+F 2.

Remark 10.12. Since F' is commutative, the p-series is in fact an endomorphism of F, corre-
sponding to the element p in the endomorphism ring End(F/R).

Remark 10.13. Moreover, if ¢: F' — G is an isomorphism of formal group laws, then
polplrod™ = ple,
so that their p-series differ only by a conjugation by an invertible power series.
The unitality axiom of the formal group laws forces the p-series to be of the form
[p]F(x) = px + higher order terms.

Since a power series is invertible under composition if and only if the leading term is, we deduce
that the p-series is invertible if and only if p € R is invertible. In particular, over a field, the
p-series is an isomorphism when and only when we’re working outside of characteristic p.

This suggests that one measure of complexity of a formal group law in positive characteristic
would be how badly does it p-series fail to be invertible, leading to the notion of a height.

Lemma 10.14. Let F be a formal group law over a field k of characteristic p. Then either
[plr = 0 or the p-series can be written as

[plr(z) = 6(a")

for an invertible power series ¢ and a unique n > 0.
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Proof. This follows from Lemma 12.10, proven in a subsequent lecture. For now, we recommend
the reader take this result on faith. (|

Definition 10.15. Let F' be a formal group law over a field of characteristic p. If

[plr(z) = d(a")
with ¢ invertible, then we say that F is of height n. If instead [p]r(x) = 0, then we say that F
is of infinite height.

Example 10.16. Let’s calculate the heights of the additive and multiplicative formal group
laws of Example 10.6 in positive characteristic. In the additive case, we have

[PlF, (z) = pz =0,
so that the height is infinite. In the multiplicative case, we have
plF, (x) = (x+1)" =1 =2P,
so that height is equal to one.

Since the p-series of isomorphic formal group laws differ by a conjugation an invertible series
as observed in Remark 10.13, a corollary of the calculation of Example 10.16 is that the additive
and multiplicative formal group laws are not isomorphic in positive characteristic.

A fundamental result of Lazard shows that locally in the étale topology, height is a complete
invariant.

Theorem 10.17 (Lazard). Let k be a separably closed (for example, algebraically closed) field
of positive characteristic. Then:

(1) two formal group laws over k are isomorphic if and only if they are of the same height,
(2) formal group laws of any height 1 < n < oo exist.

Note that Theorem 10.17 does not say anything about automorphisms of formal group laws.
In fact, these behave quite differently in the case of infinite height, where the automorphism
group depends on the field and is quite enormous, and in the case of finite height, where the
automorphism group depends on the base field only very mildly and has favourable properties:
it is a p-adic analytic group. We will discuss this in more detail in the next two lectures, where
we also sketch the construction of formal group laws of arbitrary finite height.

11. LUBIN-TATE FORMAL GROUP LAWS

In this lecture, we will use a technique due to Lubin-Tate to construct formal group laws of
arbitrary finite height, as well as some of their endomorphisms. In the next lecture, we will then
describe their endomorphism ring explicitly.

The axioms of a formal group law, which we described in Definition 10.1, look deceptively
simple, but when expanded out in terms of the coefficients of the power series in question become
quite complicated. Because of that, it is in general difficult to write down a formal group law
explicitly by hand, except where it comes from a algebraic group as in Construction 10.5.

An insight due to Lubin and Tate is that formal group laws in positive characteristic can be
written down essentially inductively, and the key observation is that this is easier to do in mixed
characteristic rather than positive one. We are mostly interested in the situation of perfect fields,
where a canonical lift to mixed characteristic is provided by the construction of Witt vectors
which we now recall.

Recollection 11.1. We say that a commutative ring W is a ring of Witt vectors if it satisfies
the following three properties:

(1) W is p-complete; that is, W ~ @W/p”,

(2) W is flat over Zp,
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(3) the Fp-algebra W/pW is perfect; that is, the Frobenius  + P is an isomorphism.
The construction W — W/pW provides a functor

(11.1) CAlg™™ — CAlgp™

from the full subcategory of rings spanned by rings of Witt vectors to the full subcategory of
rings spanned by perfect F,-algebras. One can show using obstruction theory that (11.1) is an
equivalence of categories, and so has an inverse which we write as

R € CAlgy™ — W(R) € CAlg™™" .

We call W(R) the ring of Witt vectors of R; it is the unique lift of R to a flat, p-complete
Z,-algebra.
Example 11.2. We have
W(Fyp) = Zy,
since the latter is flat over itself, p-complete and reduces to F,. More generally, if ¢ = p™, then

we can write the finite field with ¢ elements as F, = F,[(,—1], where {,_1 is a primitive (¢—1)-th
root of unity. Using this description one can check that

W(Fq) = Zp[(qfly

Warning 11.3. The ring of Witt vectors of Recollection 11.1 should be more properly called
the ring of p-typical Witt vectors, since there are other variants of this construction (including
for algebras which are not perfect). For an exhaustive account, see [Hes05]. In this course, we
will not need other variants, in fact we will only work with Witt vectors of finite fields as in
Example 11.2.

Definition 11.4. Let R be a perfect Fj-algebra. The Witt vector Frobenius is the unique ring
automorphism

o: W(R) - W(R)
which reduces to the Frobenius modulo p; that is, such that
o(w)=2P mod p

for all w € W(R).

Note that the Witt vector Frobenius exists since the reduction mod p functor is an equivalence
between rings of Witt vectors and perfect F,-algebras, so that any map of the latter (such as
the Frobenius) lifts uniquely to rings of Witt vectors.

Example 11.5. In the case of the ring of Witt vectors of a finite field as in Example 11.2, the
Frobenius is given by the unique ring automorphims such that

o(Cg-1) = Cf_ﬁ
that is, the Frobenius permutes the primitive (¢ — 1)-th roots of unity.

To construct a formal group law of arbitrary finite height over F,, we will instead construct
it first over the ring of Witt vectors. The following technical lemma of Lubin and Tate does all
of the heavy lifting.

Lemma 11.6 (Lubin-Tate). Let R be a perfect F,-algebra such that r = r? for all v € R and
let f(x) € W(R)[x] be a power series such that

(1) f(x) =pz mod 22,

(2) f(z) =29 mod p
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Then, for any linear form
¢($) =a1T1 +...aTk
linear form with coefficients in W(R) there exists a unique unique power series

o(x) € W(R)[x1,...,xk]
such that
(1) 5 lifts ¢; that is, we have

qZ(xl, coyxg) = @(x1, ..., ) + terms of degree two and higher,
(2) 5 commutes with f; that is,

F@, .. oan)) = (f(@1), ..., flaw))

Proof. For brevity, we write z to mean x1, ..., x,. We will construct by induction a compatible
sequence of degree n polynomials ¢, (z) such that the second equations holds modulo terms of
degree n + 1 and higher, and that ¢, (z) is unique subject to this property. The needed power
series will be then given by

() == lim ¢y, (),
the limit taken in the x-adic topology. The base case holds with ¢1(z) := ¢(x).
Now assume that ¢, (x) is already constructed. By inductive assumption, the “error”

vanishes up to degree n. We define

(bn—i-l = ¢n(x) + C(Z‘)

where ¢(z) is a “correction term”, homogeneous of degree n + 1, such that

E(¢n+1) = f(dn41(2)) = dnpa (f(2)).

vanishes modulo terms of degree n 4+ 2. To see what equation ¢ should satisfy, observe that by
our assumption on f, we have that

F(¢ns1(2)) = f(du(2) + c(z)) = f(9n()) + pe(x) mod 2"+

and similarly

bns1 (F(2)) = Dn(F(@)) + () = 6a(F(2)) + p"e(x) mod 272,
Thus E(¢p11) =0 mod 22 is equivalent to
(11.2) E(¢n) = (—p —p")e(x) mod "2,

The left hand side is of degree at least n+ 1, and we claim that its homogeneous part E(dy,)n+1
of degree (n + 1) is divisible by p. We can thus define

C(.I‘) = _E(d)n)n-i-l’
p(1—p")
where we use that 1 — p™ is a unit in any p-complete algebra, which gives the correction term
with the needed properties. Note that since p is a non-zero divisor in W(R), a ¢ satisfying (11.2)
is necessarily unique.
We are left with verifying the claim that E(¢,,),+1 is divisible by p; equivalently, that its
image vanishes in W(R)/p ~ R. Since in the quotient f(z) = 29, this amounts to checking that

¢n(2?) = ¢n(x)? as a power series over R. This holds for any power series ¢, (z) = Y, a;2", as
Z alz? = Z a; x7
i i

because a! = a; by our assumption on R. (]

7
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Note that the most important part of Lemma 11.6 is that the resulting power series is unique.
This uniqueness is not true for power series over R; in fact, the proof proceeds by observing that
over R itself any power series commutes with f(z) = 9. The uniqueness is used in the proof of
the following fundamental result:

Theorem 11.7. Let R be a Fp-algebra such that r = r? for all v € R and let f(x) € W(R)[z]
be a power series such that

(1) f(x) =pz mod 22,

(2) f(z) =2% mod p.
Then, there exists a unique formal group law F(z,y) € W(R)[x,y] with f as an endomorphism.
Moreover, [p|r(z) = f(x); that is, f is precisely its p-series.
Proof. Note that by unitality, if F' is a formal group law, then we have

F(z,y) = x + y + higher order terms.

If f is its endomorphism, then we additionally have

F(f(x), f(y) = f(F(2,y)).

By Lemma 11.6, there exists a unique power series with these two properties, which we denote
by

Flz,y) = (z +y).
We claim that F'(z,y) is a formal group law; by construction, it is unital. To verify that it is
associative, observe that F(F(z,y),z) and F(z, F(y, z)) are both power series in three variables
which are equal to z + y + z modulo terms of higher degree and which commute with f. By the
uniqueness part of Lemma 11.6, we deduce that

F(F(aj,y),z) = F(l‘,F(y,Z))

Commutativity follows from the same argument applied to F(x,y) and F(y,z), which both
reduce to x + y and commute with f.

Finally, to see that we have [p|r = f(z), observe that both sides commute with f and are
equal to pz relative to terms of higher degree. O

Definition 11.8. The unique formal group law over Fy(z,y) with p-series [p]r = f(z) is called
the Lubin-Tate formal group law of R.

Remark 11.9. Using a variation of Lemma 11.6, one can show that any two Lubin-Tate formal
group laws (associated to possibly different power series f(x), but such that f(z) = x? mod p
for the same g = p™) are canonically isomorphic. For details, see the previous course [Pst21,
§14].

Note that arguably the most simple power series f(x) satisfying the conditions of Lemma 11.6
is
f(z) = po + 7.
The Lubin-Tate series associated to this f(x) has a special name.

Definition 11.10. The Lubin-Tate formal group law I',, over Z, with p-series [p|r, = pzr + x¢
is called the Honda formal group law of height n.

Note that the reduction of T',, to F,, (which by abuse of terminology we also call the Honda
formal group law) is of height n, since f(z) = 2% = 2?" mod p. In particular, we deduce the
second part of Theorem 10.17, which we state again in slightly different form:

Corollary 11.11. Over any field k of characteristic p, there exist formal group laws of arbitrary
height 1 < n < co.
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Proof. Since any such field contains F,,, it is enough to show this in this case. When n is finite,
the needed formal group law is given by the one of Honda of Definition 11.10. For n = oo, we
can take the additive formal group law of Example 10.6. O

Remark 11.12. In this course, we will not prove the more interesting part of Theorem 10.17,
namely that over a separably closed field formal group laws are classified up to isomorphism by
their height. For a detailed proof, see [Pst21, §15].

The set of endomorphisms
End(F/R) := {f(x) € R[z] | f is an endomorphism of F'}
of a formal group law F over a ring R can be made into a ring, with multiplication

(@) Enar/r) 9(z) = f(g())

provided by composition and addition

f(@) +enar/r) 9(2) = f(2) +r g(z) = F(f(2), 9(x))

provided by addition using F' itself. This construction is functorial in the ring in the sense that
if : R — R’ is a ring homomorphism and I’ := ¢*F, then applying ¢ to ceofficients of a power
series gives a ring homomorphism

End(F/R) — End(F'/R).

A useful property of Lubin-Tate formal group laws which makes them convenient from our
perspective is that they come equipped with a canonical family of endomorphisms in a way
compatible with the structure of the endomorphism ring.

Construction 11.13. Let w € W(R). Then, by Lemma 11.6 there exists a unique power series,
which we denote by

[w](z) := wez,
such that [w](x) = wx + higher order terms and such that [w] commutes with f.
Proposition 11.14. The power series [w](x) of Construction 11.13 is an endomorphism of the
Lubin-Tate formal group law associated to f. Moreover, the construction

w — [w](z)
induces an isomorphism of rings

W (R) —=— End(F;/W(R)).

Proof. To check that [w](x) is an endomorphism, we have to verify that

Fy(fw](2), [w](y)) = [w](F (2, y))-

However, both sides agree on linear terms and commute with f, hence this follows from the
uniqueness part of the Lubin-Tate lemma. To verify that w — [w](z) is a ring homomorphism,
we have to check that

(1) [w+ w'](z) = [w](z) +r; [w'](z) (addition),

(2) [ww'](z) = [w]([w'](z)) (multiplication),

(3) [1](z) = x (unit).
These three identities again follow from the fact that in each case both sides commute with f and
agree on linear terms. To see that w — w is an isomorphism, observe that any endomorphism
commutes with the p-series, hence is uniquely determined by its leading term. O
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12. THE MORAVA STABILIZER GROUP

In previous lecture, we introduced a construction of Lubin-Tate formal group laws, which are
formal group laws over rings of Witt vectors with a prescribed p-series. In this lecture, we will
calculate their endomorphism ring of their reduction modulo p.

As we observed in Remark 11.9, up to isomorphism, a Lubin-Tate formal group law F over
W (R) depends only on the integer ¢ such that

[plr(z) = 2 mod p.

In other words, up to isomorphism they depend only on the height of their reduction mod p,
which we recall is the integer n such that [p](x) = 2P" 4 higher order terms. Thus, without
loss of generality we can focus on the Honda formal group law of Definition 11.10, which is the
unique formal group law I'), over Z, with p-series

[Plr, (z) = pr + 27,

where ¢ = p". Today, we calculate the automorphism group of I';, over the algebraic closure F,,

and show that it is a p-adic analytic group of dimension n2.

Notation 12.1. We generally do not distinguish between I'j, as a formal group law over Z,
and its reduction mod p, which is a formal group law over F,. We will, however, be careful
about distinguishing between endomorphisms defined over different rings, as these can be quite
different from each other.

Note that by a result of Lazard, which we stated in Theorem 10.17, all formal groups of height
n over F7p are isomorphic, and thus so are their endomorphism rings. Thus, our calculation
would give exactly the same result for any other formal group law of height n. One reason it is
convenient to choose I',, specifically, besides its explicit construction, is the following:

Proposition 12.2. Let k be a field of characteristic p which has a primitive (¢ — 1)-th root of
unity. Then, any inclusion Fy — k induces an isomorphism of endomorphism rings

End(T",/F,;) ~ End(T,/k).
In particular,

End(T',/F,) ~ End(T,,/F,).

Proof. Let ¢: ', — T',, be an endomorphism with coefficients in k and write ¢(z) = Y a;z°.
Since it is an endomorphism, ¢ commutes with the p-series [p|r, (x) = 2%, so that we have

> ala® = () an) =[plog=¢olp] =) ax’.
It follows that af = a; for each 7 > 0, hence a; € Fy, as needed. O

As a consequence of Proposition 12.2, when working with the Honda formal group law, we can
focus on endomorphisms over F. In Proposition 11.14, we saw that the Lubin-Tate construction
provides a isomorphism of rings

W(F,) —— End(T,/W(F,)).
We can compose with reduction mod p to obtain a ring homomorphism
(12.1) W(F,) = End(T,,/F,).

However, the latter map is no longer surjective, as there are endomorphisms of I',, over F, which
cannot be lifted to an endomorphism over the Witt vectors. A principal example of such a
endomorphism is the Frobenius which we now define.

Lemma 12.3. The power series S(x) = aP is an endomorphism of I';, over Fp,.
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Proof. Since T, is a reduction of a formal group law over the p-adics, we have T',(z,y) =
> aijx'y’ with a; ; € Fy, so that af ; = a; ;. Thus,

STa(e,y) = (X aaiy’ )P = 3 as ey =T, (S(2). S()).
O

Definition 12.4. We call the endomorphism S € End(T',,, F,) defined by S(x) = P the Frobe-
nius of the Honda formal group law.

We now show that the endomorphism ring can be described explicitly in terms of the Lubin-
Tate construction and Frobenius:

Theorem 12.5. The ring homomorphism Equation (12.1) and the Frobenius induces an iso-
morphism of rings
~ W(F (S
End(T', /Fgq) =~ (Fo)l >/(S” =p,Sw=w’S)
where (—)(S) denotes the ring obtained by attaching a new non-commuting variable and w — w°

is the Witt vector Frobenius on W (F).

Note that the endomorphism ring inherits a canonical topology as a closed subspace
End(T',,) C Fy[z],
where we equip the target with the limit topology coming from the identification

F,[a] ~ I F,[a] 2"
Concretely, a sequence of endomorphisms converges to zero if they eventually become divisible
by «™ for all n. Observe that

(1) as a closed subspace, the endomorphism ring is complete with respect to this topology,
(2) since under the Lubin-Tate construction, p* — [p]f (x) = 2*9, which becomes highly
divisible by = as k grows, the map

W(F,) — End(T,)
is continuous, where we equip the Witt vectors with the p-adic topology.

These two observations are useful, as they mean that one can evaluate certain infinite sums in
both the Witt vectors and endomorphism ring, by taking limits of finite sums, in a compatible
manner.

The proof of Theorem 12.5 will proceed in steps. We first verify that the two relations
involving the Frobenius and the endomorphisms coming from the Lubin-Tate construction do
hold.

Definition 12.6. We say that an element a € W(Fy) is a Teichmiiller representative if a? = a.

Lemma 12.7. We have that:

(1) any element @ € F, has a unique lift to a Teichmiiller representative,
(2) any w € W(F,) can be uniquely written as

w=>ap'
i>0
where a; are Teichmiiller representatives.

Proof. The first part is immediate from Hensel’s lemma aplied to the polynomial f(z) = 29—z,
whose derivative f’(xz) = —1 over F is nowhere vanishing. For the second part, let ay be the
unique Teichmiiller representative of the reduction of w mod p, so that

w = ag + pw’
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for a uniquely defined w’. Inductively applying the construction to w’ leads to the needed series
expansion. O

Lemma 12.8. Let a € W(F,) be a Teichmiiller representative. Then
[a](z) = az € W(F,)[z],
where the left hand side is Construction 11.13.
Proof. Observe that the left hand side commutes with the p-series
[plr, = px +a?
by construction. To see that so does the right hand side, we calculate
paz) + (ax)? = pax + ala? = a(pz + z9).

It follows from Lubin-Tate lemma that the two are equal, as they both have the same linear
term. O
Lemma 12.9. In End(T',,/F,), the following equalities hold:

(1) 8" =p,

(2) Sw=w’S for each w € W.
Proof. The first equality is saying that

5" (z) = [plr,.,
which is clear since both sides are equal to 27 = zP".
We move to the second equality, where in terms of power series we have to show that

S([w](@)) = [w7)(="),
where [—] denotes Construction 11.13. We first show it in the special case when w = a is a
Teichmiiller representative. In this case, we have [a](z) = @z, where @ is the image of a in F,
and we calculate
S(la](2)) = (az)? = @"z" = aP(a”) = [a”](S(2)),
where we use that (a?)? = aP. Since by Hensel’s lemma any element of F, has a unique lift to
an element satisfying a? = a, we deduce that a” = aP on such elements, proving the claim.
By Lemma 12.7, a general Witt vector can be uniquely written as

w=>"ap,
where a; are Teichmiiller representatives. Since p is central in the endomorphism ring, we deduce
that in End(T,,/F,) we have

Sw:S(Zaip Za"pS w?

since p? = p as o is a ring automorphism. This ends the argument. O

Note that Lemma 12.9 implies that the choice of the Frobenius and the Lubin-Tate construc-
tion yield a ring homomorphism

W(Fq)<5>/(5n — . Sw = w§) ~ End(T/Fy)

We will complete the proof of Theorem 12.5 by showing that this is an isomorphism of rings (in
fact of topological rings).

We will need the following basic result of homomorphism of formal group laws in positive
characteristic.

Lemma 12.10. Let Fy, Fs be formal group laws over a field k of positive characteristic p and
let ¢: Fy — F5 be a homomorphism. Then either
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(1) ¢(x) =0,
(2) ¢(z) = (xP") for some n > 0 and some power series v invertible under composition;
that is, such that

(x) = Ax + higher order terms
with A # 0.

Proof. Let ¢ be non-zero. If ¢(x) = Aoz + higher order terms with A # 0, then there is nothing
to be done, so suppose that A\g = 0. Since ¢ is a homomorphism, we have

O(Fi(z,y)) = F2(o(x), ¢(y))-

This is an equality of power series in two variables, and taking a partial derivative in the y
direction we deduce that

(12.2) Oy F1)(z,y) - ¢'(Fi(2,y) = ¢'(y) - (9, F2)(6(), 6(y))-
Since for any formal group law F'(x,y) unitality implies that

F(z,y) = x + y + higher order terms,
we have

(07 F)(z,y) = 1 + higher order terms.

Substituting y = 1 into (12.2), we obtain an equality of power series in x of the form
(1 + higher order terms) - ¢'(z) = ¢'(0) - (9, F2)(¢p(z),0).

Since ¢'(0) = Ag, the right hand side vanishes. As (1 + higher order terms) is invertible under
multiplication, we deduce that ¢'(x) also vanishes. Since

¢'(x) = (O aw') = iaa' ™,
we deduce that the only powers appearing in ¢(x) are p-th powers, so that ¢(x) = ¢ (zP).
If () = A1z + higher order terms with A; # 0, we are done. If not, the identity

Fa(p(2”), ¥ (y")) = o(Fi(z,9)")

shows that 1) defines a homomorphism : o*F} — F5, where o* F} is pullback of a formal group
law along the Frobenius o: k — k, explicitly defined by

o* (Z ai jx'y’) = Z af’ja:iyj.
We can thus apply the previous reasoning to . Inductively, we obtain the needed statement. [

Remark 12.11. One can give a much more geometric proof of Lemma 12.10 using the theory
of formal groups and invariant differentials, see [Pst21, Proposition 13.7].

Remark 12.12. If F' is a formal group law with coefficients in F,, then ¢*F = F, where
0: k — k is the Frobenius. In this case, the proof of Lemma 12.10 shows that if ¢ is an
endomorphism of F' which can be written as ¢(z) = (2" ), then 1) is also an endomorphism.
Note that the relationship between the two can then be written as an equality

b=y 5"
in End(F/k).

Proposition 12.13. Any endomorphism ¢ € End(T',,/F,) can be written uniquely as a conver-
gent sum

¢:a0+a15+a252+...

with a; Teichmiiller representatives.
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Proof. Write ¢(x) = Az + higher order terms. Using Hensel’s lemma, we can uniquely lift A to
an element A € W(F,) satisfying A? = A. Since the leading term of [\] is A by construction, the

leading term of ¥ — A, which in terms of power series is given by
T, (¢(x), [~ (z)) = Az + higher order terms + (—\)a + higher order terms,

vanishes. It follows from Lemma 12.10 and Remark 12.12 that in the endomorphism ring we
have

p=X+9S

for some endomorphism . Applying the construction inductively to ¥ we obtain the needed
expression as an infinite sum. O

Proof of Theorem 12.5: By Lemma 12.9 we have a ring homomorphism
(12.3) ‘VWO@»@n:nSw:UP$-+mmwMFQ

which we will show is an isomorphism. If ¢ is an endomorphism, then by Proposition 12.13 we
can write it uniquely as
=) as’,

where a; € W(F,) and a = a;. We can divide this sum according to the value of ¢ modulo n,

which yields
o= as)+. (Y wsh = > OapT sh),
i=0

i=n—1 0<k<n—1 i=k

where we use that S™ = p. This means that
o= >, ws
0<k<n—1

for wy, € W(F,) defined by

i—k
Wy = E aip .
i=k

Any any Witt vector can be uniquely written in this form for some a; satisfying af = a,,
we deduce that the endomorphims ring is free as a left module over W(F,) on the basis of
{1,8,...,8" 1}. As the same is true for the source ring of (12.3), the map is necessarily an
isomorphism. (I

Remark 12.14. Note that if a € W(F,) is a Teichmiiller representative, then we verified in
Lemma 12.8 that the element of End(T',,/F,) corresponding to it under Theorem 12.5 is given
by

[a](2) = bz,
where b := @ is the reduction mod p. Concretely, Proposition 12.13 thus implies that any
endomorphism ¢(z) of the Honda formal group law can be uniquely written as

gb(x) = bol‘ +Fn bl.’lfp +Fn bg.’I}p2 + ...
for a sequence b; € F,. Beware, however, that
br +r, b'x # (b+ )z,

so that such expressions cannot be added naively! In terms of Theorem 12.5, this corresponds
to the fact that a sum of Teichmiiller representatives is a not in general a representative itself,
so that the power series expressions of Lemma 12.7 also cannot be naively added.
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Remark 12.15. Note that under the identification of Theorem 12.5, the Witt vectors W (F,)
are not central in the endomorphism ring, since they do not commute with the Frobenius S.
Thus, the endomorphism ring is not an algebra over the Witt vectors. It is, however, an algebra
over the p-adic numbers

Zy, ~W(F,) CW(F,).
As it is free of rank n over W(F,) (which itself are of rank n over Z,, as dimg (F,) = n), it is

free of rank n? over L.
It follows that

Qp @z, End(', /Fy),

which we can interpret as the ring of endomorphisms up to isogeny, is a Q,-algebra of dimension
n?. It is not difficult to see using our explicit description that it is a central division algebra;
that is, it is a division algebra whose center is exactly Q.

Local class field theory shows that over QQ,,, such algebras are classified by a so-called Hasse
invariant, which is an element of Q/Z, see [Ser13, Chapter XIII]. In the case of the endomorphism

ring of the Honda formal group law, this Hasse invariant is equal to %
‘We now move on to the group of automorphisms.

Definition 12.16. The (non-extended)® Morava stabilizer group at prime p and height n is the
given by
Gy == Auw(l', /Fy),

the group of automorphisms of the Honda formal group law.

Concretely, G,, is the group of units of the endomorphism algebra

W(Fq)<s>/(sn = p, Sw = w’S) =~ End(Fn/Fq)

and it follows from Proposition 12.13 that it any of its elements can be uniquely written as a
power series

a0+a15+a252+...
where a; are Teichmiiller representatives and ag # 0.

Using our description of the endomorphism ring and our previous work on the general linear
group, it is not difficult to see that G, is a virtually a pro-p group of finite rank. To see
this, note that End(T,,/F,) is free of rank n? as a module over the p-adics, as we observed in
Remark 12.15. As the automorphism group acts on the endomorphism ring by multiplication
on the left, a choice of a basis determines an injective group homomorphism

Gn — Gan (Zp)

which identifies the Morava stabilizer group with a closed subgroup of the general linear group.
As the latter is virtually pro-p and of finite rank by Theorem 8.8, we deduce the following:

Proposition 12.17. The Morava stabilizer group G,, is virtually a uniform pro-p-group.

However, the embedding into GL,2(Z,) is somewhat inefficient, as the target is much larger
than the source. Due to the importance of G, in stable homotopy theory, we prove Proposi-
tion 12.17 directly, by identifying an explicit uniform subgroup in Proposition 12.25 below.

Remark 12.18. Our motivation for an identification of an explicit uniform subgroup is that
the needed calculations give some basic insight into the structure of the Morava stabilizer group.
For example, we will see that dim(G,,) = n?, where dimension is that of Definition 7.7.

8The extended Morava stabilizer group is the semi-direct product G, x Gal(Fq/F;,). We will not consider
it in this course, but it is this slightly larger group which appears most naturally in applications. Beware that
many sources would use our notation G, to denote the extended group.
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The endomorphism ring has a canonical topology induced by the identification
~ 1im End(T, /F
End(T' /F,) ~ lim (Ta/ Q)/Sk End(T,,/F,)

(note that S* End(T,, /F,) is actually a two-sided ideal, so this is a limit of rings). This topology
coincides with the topology inherited from the z-adic topology on F,[z], as well as with the
p-adic topology, since S™ = p. This suggests a canonical filtration on the Morava stabilizer

group.
Definition 12.19. The canonical filtration on G,, is given by the open subgroups
FiGy := Gy Nker (End(, /F,) — End(Tn/Fo) ).
i er( End(T,/F,) 7S% End(T,/F,)
so that FyG,, = G,, and
F.G, ={1+ apS* + ak+1Sk+1 +...}

Note that the canonical filtration is a filtration by normal subgroups. Using the description
in terms of power series in .S and a short calculation, we see that:

Lemma 12.20. We have that
(1) the map
(ap+a1S+...)—~a € Fy
induces an isomorphism
Gn/F1G, ~ Fy
(2) for each k > 1, the map
(1+arS*+...)—a, €F,

induces an isomorphism
Fan/Fk+1Gn >~ Fq.

Corollary 12.21. The groups FyG,, for k > 1 are pro-p.

To prove that G, is virutally uniform, we have to study the structure of the p-th power map,
which we do now.

Proposition 12.22. Let kK > n. Then the map © — xP restricts to a function
G, — Fk+nGn

and induces a bijection
Fan/FkJrlGn = Fk+nGn/Fk+n+lGn

Proof. Let © = 14 axS* 4+ ap 1S+ + ... € F,G,,. Collecting the terms, we can write

z=1+wSs*,
where w = aj, + ax4+1S + . ... Using the binomial formula, we obtain
P — 1 k p kyi _ .p k+n p ki
x + pwS” + Z <Z>(wS) P =14 wS" "+ Z (z (wS™)".
2<i<p 2<i<p

All of the terms on the left are divisible by S?*, and since k > n and thus k +n < 2k, we see
that

2P =1+ a, S + terms with higher S powers.
It follows that under the identification of both quotients with F, of Lemma 12.20, z > 2P
corresponds to the identity, hence is a bijection as needed. O
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Remark 12.23. Using the same argument as in the proof of Proposition 12.22, one can analyze
the way the p-th powers in G,, interact with the canonical filtration for general k, without the
simplifying assumption that k > n. The formulas get only slightly more involved, see [Hen98,
§3] for details.

Corollary 12.24. If k > n, then

(Fan)p == Fk+nGna

where the left hand side is the closure of the subgroup generated by the p-th powers. In particular,
F;G,, (and hence Gy, itself) is finitely generated.

Proof. Since both sides of the equality are closed subgroups, and since the canonical filtration
forms a basis of neighbourhoods of the identity, it is enough to verify that

(Fan)ka+n+mGn = FkJrnGn

for all m > 0. We prove this by induction. If m = 0, there is nothing to prove, so assume that
m > 0. Applying Proposition 12.22; we have

(Fk+mGn)ka+n+mGn = Fk+n+m71Gn~
and thus
(Fan)ka+n+mGn - (Fan)p(Fk+mGn)ka+n+mGn — (Fan)ka%»n%»mflGn - FkJrnGna

where the last equality is the inductive assumption. This ends the argument.
To see that Fj,G,, is finitely generated, recall that by Proposition 3.4 a pro-p group is finitely
generated if and only if the quotient by the Frattini subgroup is finite. Since

Fk+nGn = (Fk:Gn)p < (I)(Fk:Gn)a

the result follows since Fy1,G, < FxG,, is of finite index. We deduce that the Morava stabilizer
group is itself finitely generated, as FyG,, < G, is also of finite index. (]

Proposition 12.25. Suppose that either
(1) k>mn andp > 2,
(2) k>2n and p =2,

Then F},G,, is a uniformly powerful p-group of dimension n?.

Proof. To check that FyG,, is powerful, we have to verify that

Fan/(Fan)p ~ Fan/Fk+nGn

(or F;G,,/Fi12,G,, when p = 2) is abelian, where the identification is Corollary 12.24.
Let z,y € F;G,, which we can write as 2 = 1 + wS* and y = 1 + vS*, where w,v are
endomorphisms. We have to check that the images of x,y commute with each other in the

quotient ring

End(T,,/ Fq)/5k+n End(T',,/F)

that is; that the bracket [z,y] = xy — yx vanishes. Since the bracket is linear in each variable
and 1 is central, we have

[z,y] = [vS*, wS*] = vS*wS* — wSFvS*.
Since the left ideal and right ideal generated by S* coincide, this is a term divisible by $2*, and
hence S*¥*7 (or S¥+27 if p = 2). We deduce that F;G,, is powerful, as needed.

As FyG,, is finitely generated by Proposition 12.25, to check that it is uniform we have to
verify that the subquotients arising in the lower p-series have the same size. However, we have

Fan/Fk+nGn ~ ‘Fq|n = pn

as a consequence of Proposition 12.25, ending the argument. O



P-ADIC ANALYTIC GROUPS HARVARD MATH 291Y, FALL 2023 59

13. NORMED ALGEBRAS AND POWER SERIES
In this lecture, we begin our study of the analytic properties of p-adic groups.

Definition 13.1. A (non-archimedean) norm on a ring A is function |—|| : A — R>¢ such that
(1) |la|| =0 if and only if a = 0.
(2) [labll < f[al[[o]l
(3) lla+ bl < max({[al, [[b])-

A normed algebra is a ring equipped with a choice of a norm.

Warning 13.2. Beware that there is a more general notion of an archimedean norm, in which
the last inequality is replaced by the weaker one ||a + b|| < ||a]| + ||b]|. A typical example would
be the classical absolute value of a rational number. We will not consider archimedean norms in
this course.

A norm on A induces a metric by the formula
d(a,b) :=|la—b|.

In particular, a normed ring carries a canonical topology with respect to which the norm is
continuous.

Example 13.3. Any ring A admits the trivial norm, in which
lalleriv =1
for all a # 0. The induced topology is discrete.
Example 13.4. If A = Q and p is a prime. If ¢ € Q, then its p-adic valuation is the unique
v(q) € Z
such that ¢ = p”(‘”a/b with a, b coprime to p. The p-adic norm is defined by
lgllp == p~*@
By restriction, this determines a norm on the integers Z.

Remark 13.5. Two norms are said to be equivalent if they induce the same topology. By a
classical result of Ostrowski, all (non-archimedean) norms on Q are equivalent to the p-adic norm
for a uniquely determined prime p or the trivial norm.

Construction 13.6. A filtered ring is a ring R equipped with a decreasing filtration
..CR,CRICRy=R
by submodules with the property that
R;R; C Riyj.

In particular, this implies that each R; < R is a two-sided ideal. Suppose that we have a filtration
which is separated; that is, such that
(Ri=0.

i>0
In this case, for each positive real ¢ we can define a norm on R by
0] == 0,
l|z|| ;=c " if x € Ry \ Rpt1-

Note that all of these norms are equivalent in the sense that they induce the same topology, and
that R; form a basis of open neighbourhoods of zero.

Example 13.7. In the context of Construction 13.6, if we take R = Z, R; = p'Z and ¢ = p,
then we recover exactly the p-adic norm of Example 13.4.
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Definition 13.8. We say that a normed algebra is complete if it is complete with respect to
the metric induced by the norm.

Example 13.9. Any ring A is complete with respect to the trivial norm of Example 13.3.

Construction 13.10. The inclusion of the full subcategory of complete normed algebras admits
a left adjoint. In other words, any normed algebra (A, ||—||) admits an initial map

(A N=1) = (A, 1-1)

into a complete one. We call A the completion of A. Concretely, A can be constructed as
equivalence classes of Cauchy sequences, and A can be identified with the subring of sequences
equivalent to a constant one.

Example 13.11. Let R be a filtered ring equipped with the norm of Construction 13.6. In this
case the completion in the sense of Construction 13.10 can be identified with the completion
with respect to the filtration; that is

R ~1lim R/R,.

Example 13.12. The completion of the rationals with their p-adic norm is given by the p-adic
numbers (Qp, ||—||,) with the unique extension of the norm on the rationals. Concretely, any
non-zero p-adic integers can be written as x = p"u for unique n € Z and u € Z;, and

n

] =p™",

We now discuss convergence of series in a complete normed algebra. Since we only work with
non-archimedean norms, this is much easier than the corresponding story in real analysis.

Definition 13.13. Let A be a complete normed algebra, T a countable index set and let (a¢)ier
be a family of elements in A. We say that a sum ;. a; converges to s € A and write

-
teT
if for all reals € > 0 there exists a finite subset 77 < T such that for all finite subsets 7/ C T" C T

we have
HZ a,— || <e.
teT”

Note that if we replace A by the real numbers, then the notion of convergence given in
Definition 13.13 corresponds to absolute convergence. In the case of non-archimedean norms,
this is equivalent to conditional convergence, as the following shows.

Lemma 13.14. Let T be a countable set, (ai)icr a collection of elements of A and suppose that
we have an ordering ti,ts, ... of elements of T. Then

doter ar = s if and only if im, o0 D01 cf oy Gty = 5.

Proof. We first show forward implication. Let € > 0, by assumption there exists a finite subset T’
such that for all 7" O T" we have ||, ar —s|| < e. Let N > 0 be such that 7" C {t1,...,tx}.
Then for all n > N we have

IS a4, —sll <e

1<k<n
It follows that the left hand side converges to zero as n — oo, so that (3 ;. @, —s) = 0 as
needed.
We move to the backward implication. Let € > 0, and choose N > 0 such that

I an —sl<e

1<k<n
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for all n > N. This implies that if m > n, then

llat,, [I = I( Z ag, —s) — ( Z at, — 8)|| < max(e, €) <e.

1<k<m 1<k<m-—1
Take T" = {1,..., N} and suppose that 7”7 O T’. Then
Zat—s:( Z ag, —8) + ( Z ay) < max(e,€), < €,
teT” 1<k<N teT\T"

where we use that the norm of the second sum is bounded by the norms of the summands, ending
the argument. O

Corollary 13.15. If A is a complete algebra, then > a; converges if and only if there exists an
(equivalently, for any) ordering of T such that ||as, | — 0.

Proof. 1If ||as, || — 0, then since

1> an ]l < max({flag, || | n < k < m}),

n<k<m

the sequence Y, .., @+, is Cauchy. Since A is assumed to be complete, it converges. [l

Proposition 13.16. Let T be a countable set and (at)ieT a collection of elements of A. Then

(1) if 3 e ar = s then
Il < sup(fla|),
teT

(2) if 3 e ar = s and there exists to € T such that |lag, || > ||la¢| for any t # to, then
Il = llae-

Proof. We start with the first part. By Lemma 13.14, after choosing an ordering, we have

so that

Isll = tim | 3 a,

< max flag, SSupa A
1<i<n 19‘9,,” t teT” |

For the second part, we have Y, . a; = ay, + >, £t Ot- Since the second term is norm-bounded
by |las,|| by the assumption and the first part, the result follows. (]

We will be interested in normed algebras which admit an action of the p-adics.

Definition 13.17. A normed Qp,-algebra is a normed algebra A together with a Q,-algebra
structure such that

[Aall < [IAllp[lal
for all A € Q, and a € A.
Lemma 13.18. If A is a normed Q,-algebra then
[Aall = [IAl[llall

Proof. Tt’s enough to show that ||[Aa|| > ||Al]]ja|| when A # 0, as otherwise both sides are equal
to zero. We have

lall = A" Aa]l < [ATH[[Aa]
and multiplying both sides by [|A|| gives the desired inequality. O
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Suppose that we have a formal power series f(z) € A[X] with coefficients in a normed Q,-
algebra. If we write f(z) = > a;x%, then by substituting z — X € Q, we obtain a sequence of
elements of A. In good cases, this converges, and the fundamental identity property tells us that
the sums of these sequences determine the coefficients.

Proposition 13.19 (Identity). Let Y a;z* be a formal power series in a normed Q,-algebra.
Suppose there is an open neighborhood V- C Q, of zero such that for all A € V, we have

> aiX =0
Then a,, = 0 for all n.

Proof. If a,, = 0 for all n, there is nothing to show. Otherwise, choose m such that a,, # 0 and
that m is smallest with this property.
Pick \g € V, A # 0 and write ro = [|Ao||. Since Y a;\§ is convergent, we deduce that
lim||a; Ay || = lim||a;||r = 0.

In particular, these terms are bounded, so we can choose a real constant C' such that ||a;||r§ < C
for all i. Now choose A1 € D such that r; = | \{|| satisfies

. ra
r1 < min(ro, -0 Tmi C|'| m| ).
Then for all n > m we have
n __ n—1 n __ n—1 T(r)n”am”
lanllr = llanllry™ - 71 < llanllry = flan|ry™" - ===
and continuing
1 ra 1.1 THa T, _
oy~ B2 gy - 2y Bl < Byt
and L L
" M amll _ T laml|
R =

It follows that
lan AT ]| < llamAtll
for all n # 0. As the left hand side converges to zero as n — oo, we deduce that
sup({{lanAT[| | n # m}) < lamAy*[],

and from the second part we deduce that Proposition 13.16
1D anAtll = llamAT'|| # 0,
i

which is what we wanted to show. O

Similarly, a power series with coeflicients in @Q,, under suitable convergence hypothesis, can
be used to define a self-map of a normed algebra. We will be interested in defining in this way
functions in more than one variable, and here we have to be a little bit careful - since multi-
plication in a normed algebra is in general not commutative, formal power series in commuting
variables are not suitable for our purposes.

Definition 13.20. Let X,..., X,, denote a set of variables. The monoid of words in X is given
by the free monoid
W:=W(Xq,...,Xm)
on {X1,...,Xm}. The degree function on words is defined as the unique monoid homomorphism
deg: W — (ZZO, +)
with the property that deg(X;) =1 for all 1 <1i <m.
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Concretely, any word can be written as a (possibly empty) product of the variables and the
degree is given by
deg(Xil Xi2 N Xlk) = k.
In other words, the degree is the number of the factors in the product expression.

Definition 13.21. The ring of non-commutative polynomials in variables X1, ..., X, is the free
ring

Qp(X1,..., Xm) = Qu[W]
on the monoid of words. The ring of non-commutative power series in variables Xi,..., X,, is
the completion

Qul( X1, X)) = Im QW] (1)
at the double-sided ideal I generated by words of positive degree.

Concretely, non-commutative power series can be uniquely represented as (possibly infinite)

expressions
E QW

weWw
indexed by words, where a,, € Q,. Multiplication and addition is performed using the usual
formulas, which at any step always involve only finitely many terms and so are well-defined. The
ring of non-commutative polynomials can be identified with the subring of those expressions
such that a,, = 0 for all but finitely many words.

Definition 13.22. Let A be a complete normed Q,, algebra and let FI(X) € Q,(X1,...,Xm)
be a formal power series in non-commuting variables. Given z = (x1,...,2;,) € AX™, we say
that F' can be evaluated at x if

F(z) = Zaww(ac)
exists, where w(—): W — (A4, ) is the unique homomorphism of monoids satisfying X; — x;.
In the context of Definition 13.22, let Ev, C Q,{X ) be the subset of those power series which

can be evaluated at . Through some manipulation using double sums which we leave to the
interested reader, one can show that

(1) Ev, is a Qp-subalgebra which contains the ring of non-commutative polynomials,
(2) on this subalgebra, the association F'(X) +— F(x) defines a Q,-algebra homomorphism

Ev, — A.
We now define a particularly nice class of functions which arise from this construction.

Definition 13.23. Let r > 0 be a real constant and consider the open subset
Vi =A{(z1,...,2pm) € A | |Ja;|| <rforall 1 <i<m}

We say that a function f: V.. — A is strictly analytic if there exists a non-commuting power
series

F(X)= Z Ay W
weW
in m variables such that
(1) we have
lim|| @y, |48 = 0
as deg(w) — oo,
(2) for each x € D, we have
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Remark 13.24. The above definition only applies to functions defined in a neighbourhood
of zero. We will slightly abuse the terminology, and more generally say that if g € A, then
f: Vi 4+ 29 — A is strictly analytic if its translate f(— 4 z¢): V;. — A is strictly analytic in the
sense of Definition 13.23.

Note that the first condition of Definition 13.23 does guarantee that F(x) = ) a,w(x) exists
for all x € V,., since
(13.1) laww(@)| < [law 795
However, it is strictly stronger than just asking for all of F'(x) to exist. Intuitively, it asks that

> apw(x) converges “for a good reason”; that is, with a uniform bound depending only on ||z||.

Remark 13.25. If a function f: V,. — A is strictly analytic, then by a repeated application of
Proposition 13.19 one can show that a power series F' representing it is unique.

Proposition 13.26. Let f: V. — A be strictly analytic. Then f is continuous.

Proof. Let € > 0 be a real constant. Choose N such that |a,|[ri°&") < ¢ if deg(w) > N. For
any z € V., we can write

F(x) = Fi(x) + Fa(x)
where

Fi(z) = Z ayw(x)
deg(w)<N
and similarly

Fy(x) > w().

deg(w)>N

Using (13.1) and the first part of Proposition 13.16 we see that F5(z) has a norm bounded by e.

The function x — Fj(x) can be obtained in finitely many steps using the addition, multipli-
cation, and scalar multiplication of A, all of which are continuous, so that it is continuous, too.
It follows that there exists a § > 0 such that if ||z’ — x| < J, then

[F1(2) = Fi(z)|| <e
We then have
[1F(2') = F(z)ll = [[(F1(2") — Fi(2)) + (F2(a') — F2(2))]] < max(e,€) = €
so that F' is continuous. (]

We now define two classical functions, the exponential and logarithm, which are useful in
relating pro-p-groups of finite rank to Lie algebras.

Definition 13.27. The exponential is the power-series in one variable
1 n
E(X) =D — X"
n>0
The logarithm is given by
(_1)n+1
L = — X"
()= 3 0y
n>1
Warning 13.28. Be careful to observe that the way we define the logarithm power series is

the Taylor expansion of the classical logarithm function around 1 € R, not around 0. The latter
does not make sense.

To verify that the power series of Definition 13.27 define functions, we need an upper bound
on the norms of their coefficients.
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Lemma 13.29. Let n > 1. Then the p-adic valuation of the factorial satisfies
n—1
p—1

v(n!) <

so that .
!, < pr=t.

Proof. We have to count how many times n! is divisible by p. Choose k > 0 such that p* < n <
pFt1. Since there are L%J numbers k < n divisible by p, LI%J number divisible by p? and so on,
we see that n! is divisible by p at most

no_n n n(l-p %) n-1

et = <

p P p* (1-p) p—1
times U

As a consequence, we deduce the following:

Theorem 13.30. Let A be a complete normed Qp-algebra and write
ffweallzl <t} p>2

{reAlllzll <3} p=2
Then the exponential and logarithm power series define strictly analytic functions which we
denote by

exp: Ag = 1+ Ay

xn
n>0

and

IOgZ A() +1— A(]

-1 n+1$n
(1) 3 ELT
n>1 n
Proof. We only do the odd prime case; the even prime is analogous. For the exponential we have
Xn
EX)=1+) —
n>1
and the claim is that
(1) | &|p" <p~!foralln>1,
(2) | Lllp™™ = 0 as n — oco.
Here, the second property guarantees that & defines a stritly analytic function on Ag and the
first one that exp(x) € 14+ Ag if x € Ag. By Lemma 13.29, we have

1, _ n—1 n—l—nptn —(p—2)n—2
I=llp™ <prip™ =p r T =pT e
which satisfies both properties. For the logarithm, the analysis is analogous using power series
£, where we use that |1 < [|4]. O

n!
Note that the power series & and £ satisfy a number of classical properties, namely that
(1) LEX)—1) = X,
(L£(X)) =X +1,
(nX) = £(X)"

(2) €
(3) €
(4) L((1+X)" — 1) = n&(X).
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Under reasonable convergence conditions (which are satisfied in this case), composition of
formal power series (which is well-defined on power series with no constant term) corresponds
to composition of strictly analytic functions. This yields the following:

Proposition 13.31. Let A be a complete normed Q,-algebra and let Ay be as in Theorem 15.30.
Then for all x € Ay, we have

(1) log(exp(z) — 1) =,

(2) exp(log(1+ ) = 1+,

(3) exp(nz) = exp(a)”,

(4) log((1+ x)") = nlog(1l + x).

Warning 13.32. Beware that the series defining the logarithm and exponential might sometimes
converge for x & Ag, but this case, Proposition 13.31 need not hold.
As an explicit example, consider

(=2)"(=1)"*
(13.2) log(—1) = log(1 —2) = WZZl —_—
In the field of 2-adic numbers, this is a convergent series. In formal power series, we have
(14+X)2-1)=2X+ X% =2-(X)
(this is the multiplicativity of the logarithm), from which we deduce that

(=2)"(=1)"*! (2 (=2) + (=2*)" (=)
ox(-1) =2, 3, CAEUT o - o
n>1 n>1
It follows that
exp(log(—1)) = exp(0) =1 # —1.
The issue here is that the exponential converges on x = 0, but it does not converge on the
individual terms of (13.2).

14. THE COMPLETED GROUP ALGEBRA

If G is a finite group, the category of G-representations in abelian groups is equivalent to the
category of left modules over the group algebra Z[G|]. In this lecture, we will study a variant of
this construction for profinite groups acting continuously on Z,-modules, which requires one to
take the topology of both the p-adics and the group itself into account.

We will show that the completed group algebra has very favourable properties when restricted
to reasonable profinite groups. Today, we will show that

(1) if G is finitely generated pro-p, then the topology of the completed group algebra is
induced by a canonical norm determined by the augmentation ideal, see Definition 14.6,

(2) if G is powerful, then the completed group algebra admits a set of topological generators
given by monomials,

(3) if G is moreover uniform, then the expression in terms of monomials is unique, see
Theorem 14.10.

The third property is one of the way in which the completed group algebra of a uniform group
behaves like a power series ring, a theme we will explore further in the next lecture.

Definition 14.1. Let G be a profinite group. The (p-adic) completed group algebra is the limit
Z,[G] == lim Z,[G/N]
N<,G

taken over the poset of normal open subgroups of G.
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Note that each of Z,[G/N] is a finite free Z,-algebra and so is p-complete; that is,
2,G/N) = 7" [G/N].

This limit expression endows Z,[G/N] with a limit topology. The maps making the diagram in
Definition 14.1 are continuous so that Z,[G] is also naturally a topological ring.

We will be mainly interested in this construction when G is finitely generated and pro-p. In
this case, we recall from Proposition 3.20 that we have a canonical basis of open neighbourhoods
of the identity given by the lower p-series we denote by

G = Pi(G).
As a consequence, Z,[G] can be written as a sequential limit. To see this, notice that since G,
are open, we have canonical projection maps
Zy[G] — Zy|G/Gy] — Z/p*[G/ Gy
Lemma 14.2. Let G be a finitely generated pro-p group. Then
Z,[G] ~ m Z/p" /Gy
as topological rings.
Proof. By construction, the map from the left hand side to the right hand side is surjective. To
see that it is injective, let « € Z,[G] be non-zero, so that it has a non-zero image along
Z,[G] = Z,[G/N]

for some open normal N. Since the target is p-complete, = also has non-zero image in Z/p®[G /N]
for some a. Since G, form a basis of neighbourhoods of the identity, we have G, < N. Then we
have a factorization
2,[G] - Z/°1G/G.] - Z/p"[G/N]
for ¢ = max(a,b), so that = has also non-zero image in the middle term.
As the comparison map is a continuous bijection between compact Hausdorff spaces, it is a
homeomorphism. O

We would like to apply the theory of complete normed algebra developed in previous lectures
to Zp[G]. To do so, we will equip the group algebra Z,[G] with a norm such that Z,[G] can be
identified with the completion with respect to the norm. This is a non-trivial task, as the norm
should encode at the same time the p-adic topology of Z, and the profinite topology of G.

To construct the needed norm, we will use an appropriately multiplicative family of ideals
and Construction 13.6. As motivation for our arguments, observe that one way to express
Lemma 14.2 is that

Zp[G] =~ @ZP[G]/IIC’
where
I = (G = 1) + p"Z, [G]
and
(Gr — 1) :==ker(Z,|G] — Z,|G/Gk)).
Instead of working with the family of ideals I}, it is more convenient to work with powers of a
single ideal, which we can do using the following calculation.

Notation 14.3. If G be a finitely generated, pro-p, then we write J for the ideal
J=I5 = (G-1)+pZ,|G] C Zy[|G].
It coincides with the kernel of the composite
Z,G] - Z, - F,

and is often called the augmentation ideal.



P-ADIC ANALYTIC GROUPS HARVARD MATH 291Y, FALL 2023 68

Proposition 14.4. For each k > 1, we have

(1) Jk D Iy,

(2) I, D JkIG/Grl,
In particular, taking either J* or Iy, as a basis of open neighbourhoods of Z,[G] defines the same
topology.

Proof. We prove the first statement by induction on k. Since it holds for &k = 1 by definition, we
assume k > 1. Asp € .J, we have p* € J* and it is thus enough to show that (G} —1) < J*. This
is the equivalent to showing that the G-action on Z,[G]/J* factors through G/Gj. As these are
the generators of G = ®(Gg_1), we only have to check that elements of the form

(1) 2P for x € Gg_1,

(2) a7ty tay’ for x € G_1,y € G.
We analyse these cases separately. If we write u = = — 1, then the binomial theorem implies that
inside Z,[G] we have

2 —1=(u+1)P—-1=uP +puw
for some element w. If z € Gi_1, then v € J* 1 and so w? € J*=Vr < JF and similarly
pu € J-JF1 = JF Thus, 2P — 1 € J* as needed.
For the case of group commutators, write u =2 —1 € J* ! and v =y — 1 € J. Then

1

ey ey — 1 =27y ey — yx)r Ty (we — vu)

since 1 is central. As uv —vu € J*, the result follows.

We now move to the second part, namely that J*I/Gxl C I, Since G/G}, is a finite p-group,
there exists a basis of the Fy-vector space F,[G/Gj] such that the action factors through the
upper unitriangular subgroup

Uic/ci|(Fp) € GLig /Gy (Fp)
(studied previously in §6, see Notation 6.13), as it is a p-Sylow subgroup of the general linear
group. It follows that for any g € G, the action of
g—1lelJ

is an action by a strictly upper triangular matrix of size |G/Gj| x |G/G|. The product of any
|G /G| such matrices is zero and we deduce that (G —1)I9/%+ C (G}, —1)+pZ,[G] and similarly
J C (G — 1) + pZ,|G]. Tt follows that

Jk|G/Gk\ < ((Gk _ 1) +pr[G])k C (Gk - 1) +kap[G] = 1.

Corollary 14.5. We have
7" ={0}
k>0

as ideals of Z,[G].

Proof. Any non-zero element of Z,[G] can be expressed as a finite sum z = ), A\;g; such that
all g; € G are distinct and \; € Z,, are non-zero. We can find a £ large enough such that all g;
are distinct in G/Gy. Choosing a k' > k such that \; & pk,Zp, we see that the image of z is
non-zero in

Zp[G/ (G — 1) +p" Z,[G)) = Z/p" [G/G).

It follows from Proposition 14.4 that z is not contained in J’“/‘G/G’c/'7 ending the argument. [l

9This is just the ordinary group commutator, but we don’t use the bracket notation so that we don’t confuse
it with the Lie bracket of Z,[G], which is different.
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As a consequence of Corollary 14.5, the J-adic filtration on the group algebra is separating,
so can be used to define a norm as in Construction 13.6.

Definition 14.6. Let G be a finitely generated pro-p group. The standard norm on the group
algebra is given by

0] := 0,
||| :=p ™ if 2 € J\ JVT

Proposition 14.7. The standard norm on Z,|G] has the following properties:

(1) the completion with respect to the norm can be identified as a topological ring with the
complete group algebra of Definition 14.1,
(2) the canonical map G — Zy[G] is a homeomorphism onto its image.

Proof. For the first part, observe that we have an identification
ZylG) ~ i Z,[G)/J* ~ i Z,[G)/ I, = Z,[G],

where the left hand side is the completion with respect to the norm, the middle isomorphism is
Proposition 14.4 and the right isomorphism is Lemma 14.2.

For the second part, as G is compact and the group algebra is Hausdorff (as the topology
comes from a metric), it is enough to verify that the canonical map is continuous. The group of
units of the group algebra has a basis of open neighbourhoods of the identity given by 1 + J*.
Since (G — 1) C I C Ji by Proposition 14.4, we deduce that the canonical map takes Gy, to
1 + J* and hence is continuous. O

Remark 14.8. Since Proposition 14.7 identifies Z,[G] with a completion with respect to a
norm, it equips the completed group algebra with its own norm which we also refer to as the
standard norm. This norm can be described explicitly analogously to that of Z,[G]: it is the
norm associated through Construction 13.6 to the filtration by powers of the ideal JZ,[G] =
ker(Z,[G] — F,).

We wnow describe how in the case where G is powerful, a choice of generators of G gives a
convenient set of generators of the completed group algebra (as a topological Z,-module). This
requires a little bit of notation, which we introduce first.

Notation 14.9. For the rest of the lecture, G denotes a powerful, finitely generated pro-p-group.
We fix a choice
gis---s9m

of topological generators of G and write
bi =g; — 1e ZP[G]

Note that we have b; € J; equivalently, ||b;|| < p~! with respect to the standard norm.
If () = (1, - - ., i) € N¥™ is a multi-index, its degree is given by deg(®) = a1 + ... + am.
Given generators as above, we write

Am

and similarly
b =t bee,

Beware that since the group algebra is not commutative, these expressions do depend on the
order of the g;, so that we implicitly assume that our set of generators is ordered.
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Theorem 14.10. Let G be a powerful, finitely generated pro-p-group with a choice of generators
gi. Then any x € Z,[G] can be written as an infinite sum

z= > A

(a)eNX™

with Ao € Z,, and b as in Notation 14.9. If G is uniform and g; is a minimal generating set,
then such an expression is unique.

Observe that since [|b;]| < p~', we have [|[\,b(®)| < p~de&(®) Tt follows that any infinite sum
as in Theorem 14.10 is automatically convergent, for any finitely generated pro-p-group. This is
one of the ways in which monomials in the b; are preferable to the “obvious” basis of monomials
in g;, which are units and hence of norm one.

The proof of Theorem 14.10 will take the rest of this lecture.

Lemma 14.11. For any multi-index (8) we have

®) _ N TN
g Z(m) <am>b ,

(@)

where the sum is taken over all multi-indices () and similarly

B) — N (_q)dee®—deg(a) (B1) . (Pm) (@
b =3 "(-1) <a1> (am g

(@)

Proof. Observe that both of the sums are in fact finite, since the binomial coefficients vanish if
a; > (; for any 1 <4 < m. Since g; = b; + 1, we have

gP® = (by + 1) - (b + 1)

Expanding the right hand side using the binomial theorem yields the first formula. The second
one follows by similarly expanding the right hand side of

b = (g1 — 1) - (g — 1)

Notation 14.12. If k£ > 1, we write

T, = {(a) e N*™ | a; < p"! for all i}

for the set of multi-indices which are term-wise less than p*~1.
Lemma 14.13. The images of elements b(®) with o € Ty, span Z,[G/Gy]. If G is uniform and
the chosen set of generators g; is minimal, then these elements form a basis.

Proof. By Lemma 14.11, the span of images of b(*) with o € T}, is the same as that of ¢(®) with
the same constraint. By Lemma 7.11, any element of the powerful finite p-group G/Gj can be
written as
g(o‘) =g ... g,

for some multi-index a. As any element of G/G}, satisfies g”ki1 = 1, we see that we can assume
that a € T}, showing the first part.

If G is uniform with a minimal generating set of cardinality m, then |G/Gg| = pE=Dm which
is the rank of Z,[G/Gy] as a Z,-module. Since this is also the cardinality of T, we deduce that
these elements must also form a basis. O
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Proof of Theorem 1/.10. Consider the map of topological abelian groups
H Zp ~ map(N*"™ Z,) — Z,[G]

aeNxm
given by
(Aa) = > Aad®.
(@)

Since [|b(®)|| — 0 when deg(a) — oo, this is well-defined and continuous. As the source is com-
pact Hausdorff, the image is closed, and it is dense by Lemma 14.13 since Z,[G] =~ Wm Z,, [G/Gk]
as topological rings. We deduce that the image is the whole completed group algebra, as needed.

Now suppose that G is uniform; we show that expressions in monomials are unique. Suppose
by contradiction that we have

(14.1) > Aab@ =0

and that at least one ), is non-zero. By dividing by p if necessary, we can assume that at least
one of them is non-zero mod p.
Let k be an integer. Since (14.1) holds, there exists a finite subset S C N*" such that T}, C S

and
HZ )\ab(a)H < p|G/Grl
a€ES
so that
Z A\ b ¢ JIG/Grl,
a€ES

We then have

(14.2) D A =3 A = 3 Ab().
Ty S

S\T

Since any element of (G — 1)!G/C*| acts trivially on F,[G/GY%], as we observed in the proof of
Proposition 14.4, we have JI¢/Gxl C (Gy, — 1) + pZ,[G]. Thus, as a consequence of (14.2) we
have

SN € (JUG) 1 (Gr — 1) + pZ,[C]) = (G — 1) + pZ, G,

T
Since b for o € T}, form a F,-basis of F,[G/G}] by Lemma 14.13, this implies that A\, = 0
mod p for a € T,. As k was arbitrary, we deduce that A\, = 0 mod p for all o, which contradicts
our assumption. O

15. THE GROUP ALGEBRA OF A UNIFORM GROUP

In Theorem 14.10, we had shown that in the completed group algebra of a uniform group G,
any element can be uniquely written as a convergent sum

Z )\ab(a)

of monomials in b; = g; — 1, where g; is a minimal set of generators. Today, we will describe the
standard norm of Z,[G] in terms of these coordinates. As applications, we will be able to show
that

(1) the standard norm of the complete group algebra extends uniquely to its rationaliza-
tion, giving a complete Q,-algebra where we can apply the logarithm and exponential
inroduced in §13 to relate a uniform group to a suitable Lie algebra, see Theorem 15.5,

(2) the completed group algebra has a canonical filtration whose associated graded is a
polynomial ring, allowing us to deduce that it has excellent ring-theoretic properties, see
Theorem 15.9.
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The following is the main result of today’s lecture:

Theorem 15.1. Let G be a uniform group with a minimal set of generators gi,...,gm. Then
for any element

> Aab € 7,[G]

we have
1> b = sup({[|p**= @ Ao |1}) = sup({p™ 9= [ A]}),

where the right hand side is the standard norm of Definition 14.6 and the sum and suprema are
taken over o € N*™,

The proof of Theorem 15.1 will require some preliminaries. Throughout this lecture, G denotes
a powerful group and we write

J =ker(Zp[G] = Fp) = (G — 1) + pZy[G]

for the ideal defining the standard norm of the complete group algebra (note that this is really
the completion of the ideal of Z,[G] introduced previously in Notation 14.3, although we use the
same notation), so that the norm is defined by

ol =0,
||| :=p~ ™ if x € J*\ J"TH

We will need to study this ideal, and the way it interacts with p, in more detail.
Lemma 15.2. Let G be powerful and for each k > 0, write

Jpar1 1= pJ* + JEH2 C R,
Then for any x € J* and any g € G, we have

[, 9] € Je+11,
where the bracket [z, g] := xg — gx denotes the Lie bracket of the group algebra.
Proof. Note that since the bracket is bilinear in each variable, we have
[z, 9] =[z,g -1 =2(g—1) = (9 - D=

and since g — 1 € J, the bracket defines a linear map

[—, gl JR/JEHL 5 JhHL ) Jhet2,

We have to show that the image of this map is contained in J*+11,

If k = 0, then since J°/J! is additively spanned by 1, which is central, the bracket vanishes.
If k = 1, then since J/J? is spanned by b; and p (which is central), we can assume that = = b;.
We have

[bi, 9] = [959] = 99:(9; "9 9:9 = 1) = ggs(2" = 1)

where we use that since G is powerful we can write g, lg=1g;g = 2P for some z € G. Since
(z—1)? =2 —1 modp and (2 — 1)? € JP, we have 2P —1 € JP 4+ pZ,[G]. If p > 2, this
is the desired statement. If p = 2, then g;lg_lgig € G35 and hence g;lg_lgig — 1€ Js by
Proposition 14.4.

For k > 1, we argue by induction. Any element of J* can be written as a linear combination
r = uw with u € J¥ and w € J. Then

[uv, g] = uvg — guv = uvg — ugv + ugv — guv = ulv, g] + [u, glv

and the result follows from the inductive assumption applied to [v, g] and [u, ¢g]. O
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Lemma 15.3. Let G be powerful with a set of generators g; and associated elements b; = g; — 1.
Then
Jk _ Zpkfdcg(a)zpb(a) + Jk+1,
[

where the sum is taken over o € N*™ with deg(a) < k.

Proof. Let us write Wy, = span({p*~°8(®)p(®) | deg(a) < k}). Since p,b; € J, we have W}, C J*,
so that
JE Wy, < JR
We have to show that the converse holds as well.
The case of k = 0 is clear, and we argue for £k = 1. By Lemma 14.13, we have

(15.1) Zp[G] = > b + ker(Z,[G] — Z,[G/Ga)),
aeTs
where T = {o € N*™ | o; < p}. Since
ker(Z,[G] — Z,[G/Gs]) C J?
by Proposition 14.4 and similarly b(®) € J? when deg(a) > 1, we can rewrite (15.1) as
LGl =2Zp-1+ > Zph'™ +J°.
deg(a)=1
Since the latter two summands are contained in J, intersecting this equality with J we obtain
T=(INZy- D)+ > Zh + I =Wy +.J%,
deg(a)=1
since J NZ, -1 = Z, - p, which is what we wanted to show.
For k > 1 we argue by induction. By inductive assumption applied to kK — 1 and 1, we can
write
JE = JENT = (Wyey + TE)Y (W + J?) C Wy Wy + TR
Thus, to finish the proof it is enough to verify that Wy_, W, 4+ J*Tt C W), + J*+1. As W, is the
linear span of p,b; and pWjy_; C Wy, we only have to check that
pkflfdeg(a)b(a)bi c Wk +Jk+1
for every 1 < ¢ < m and every word of degree deg(a) < k — 1. Note that if i = m, then
b@b,,, = @) where o/, = o, + 1 and o, = o for i < m, in which case
pkflfdcg(a)b(a)bm — pkfdcg(a')b(a’) € W.
As usual, the difficulty lies in the group algebra not being commutative.
Let f = (a1,...,0;,0,...) and b = (...,0, 41, ..., ) be the division of («) into the “front”
and “back” parts, so that b5(*) = b(H)p®) Then
primdes(@)p(@)p, — ph—1=deg(@)p(Hp®)p, — ph—i=degla)y (N pb) 4 Hh—1=deg(@)p(H[p®) p,].
The left summand is p*~1~9°8(®) times a monomial of degree deg(a) + 1 and thus belongs to
Wi. For the right summand, observe that by Lemma 15.2 we have
[b(b),bz] c decg(b) + Jdcg(b)+2
and thus
pkflfdcg(a)b(f) [b(b)’bl} c pkfdcg(a)‘]dcg(a) + Jk+l.
Since Jdes(@) C Wdeg(a) + Jdeg(a)+17 pkfdeg(a)Wdeg(a) C Wy and pkfdeg(a)Jdeg(a)Jrl C Jk+1’
this ends the argument. O

We are now ready to prove an explicit formula for the norm of a completed group algebra in
terms of the monomial basis.
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Proof of Theorem 15.1. We have to show that given an element z = Ao 0@ we have

(15.2) ]| = sup(p~ 4 | xall,)

Since p,b; € J, we have ||\ b(¥|| < p~?(Pa)=des(@) " where v(—) is the p-adic valuation. Thus,
the left hand side of 15.2 is bounded by the right hand side, and we only have to verify the
inequality going to the other way.

If = 0, then A\, = O for all a and there is nothing to show. Instead, suppose that ||z| = p~¢,
so that x € J¢\ JT!. Using Lemma 15.3, we can write it as

(15.3) T = Z pc—deg(a)uaycb(a)+x/
deg(a)<c

with 2’ € J°t!. Expanding 2’ similarly and continuing inductively, we obtain that

=S 3 gy, @

k>c \deg(a)<k

which we can rewrite as

T Z z:pk‘—deg(a)uaJc ple).
e} k>c
Since G is uniform, the uniqueness part of Theorem 14.10 applies, so that
(15.4) Ao = Zpk*degm)ua,k.
k>c

Assume by contradiction that p~4°8(®)||\, |, < p~¢ for each «; equivalently, that [|[A.|l, <
plesl@)=c_ Since ||pF~de8( @)y, 1| < p~¢ for k > ¢, by (15.4) this can only happen if also

c—deg(a)u | < pdeg(a)—c;

a,c|

Ip
equivalently, when each u,, . is divisible by p. Then
pc—deg(a)ua Cb(o¢) c ch C Jc+1
and hence x € J¢*! as a consequence of (15.3). This contradicts the assumption that ||z|| = p~¢,
ending the argument. O

While Theorem 15.1 can seem somewhat opaque at first sight, it has many important conse-
quences which we now outline.

Notation 15.4. The rational completed group algebra is given by
QPHG]] =Qp ®z, Zp[[G]]‘
Note that since Z,[G] ~ Jim Z,[|G/Gj] is torsion-free, we have an inclusion
i: Z,[|G] — Q,[G].
Any element of the target can be written as p~™ - i(z) for some z € Z,[G] and n > 0.

Theorem 15.5. If G is uniform, then the standard norm on Z,[G] uniquely extends to a norm
on Q,[G] which makes the latter into a normed Q,-algebra.

Proof. Any Q,-algebra norm has the property that ||p~"z|| = p"|lz| by Lemma 13.18. As any
element of the rational group algebra can be written as p~"z for some x € Z,[G], it is clear
that if an extension of the norm exists then it is unique. To see that the above formula gives a
well-defined norm, suppose that

’
p_kx _ p—lc m/
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for some z, 2’ € Z,y[G] and k, k' > 0. We have to show that in this case

k K
lzllp" = [l [lp" -
By symmetry, we can assume that k > k’. The first centered equality can then be rewritten as

!
T = pkik x'.

If we write z = 5 Aob(® and similarly for 2/, then by the uniqueness of monomial expressions
we have
Al F AL
We deduce that ||z|| = |[p*~*||,]|z’|| as a consequence of the supremum formula for the norm of
Theorem 15.1. This shows the formula is well-defined.
Subadditivity and submultiplicativity of so-defined norm on Q,[G] can be verified by mul-
tiplying by a large enough power of p™ and using the corresponding property of the norm of

Zp[Gl.- O
As another important consequence of Theorem 15.1, observe that for any k > 0, we have
TF={z € Z,[G] | el <p7} = { D Aab | |Aall < p*s®7F}

OLENX"L

The second expression immediately implies the following;:

Corollary 15.6. Elements of the form

phdes@)  p(e)

with deg(a) < k form a basis of the F,-vector space J*/JF+1,
One can rephrase Corollary 15.6 in the following way: the basis of J/J? is given by
(15.5) Db1, .. b

and for each k > 2 the basis of J¥/J**! is given by ordered monomials in these elements of
length k. In particular, we deduce that the dimensions of these vector spaces are given by the
same formula as in the case of a polynomial ring:

Corollary 15.7. Let G be a uniform group of dimension m. Then

dime(Jk/Jk+1) _ <m + k

. ) =dimg,({p € Fp[zo,...,7n] | p homogenuous of degree k})

The associated graded gr;(Z,[G]) of the completed group algebra is the graded ring given in

degree k by

o1 (Z[G)i = J* 1T,
with product induced from that of the completed group algebra. It is an Fj-algebra which by
Corollary 15.7 is in degree k of the same dimension as the graded polynomial ring Fy,[zo, . .., Tm],
where each x; is of degree 1.

One might then guess that perhaps gr,(Z,[G]) itself is just a polynomial algebra. This is
almost true. To see this, observe that the associated graded is generated in degree one, with
generators given by images

Pib1, ... by € J)J?
of elements of (15.5). If these elements commute with each other, then we have an induced
homomorphism of graded rings

F,lzo,...,zm]) = gr;(Z,[G])

defined by
To D
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and _
T — bz
for 1 <4 < m. This is surjective in each degree since the images of z; generate the target, and
thus must be also injective by the dimension count of Corollary 15.7. It is in this sense that the
associated graded is almost a polynomial ring, with the obstruction being that the images of b;
need not commute (the image of p certainly does, as p is central).
However, observe that by Lemma 15.2 we have

[bi, b]] S pJ + J3
for any 1 <4,j < m. It follows that in the associated graded we have
(15.6) [bi.bj] € B g1 (Z,[G).
This essentially shows the following:

Theorem 15.8. Let G be a uniform group and consider the p adic filtration

.. C D% gr(Zp[G]) € B gr,(Zp[G]) € gry(Z,[G])
on the associated graded of the J-adic filtration on the completed group algebra, where p € J/J?
is the image of p. Then the associated graded of the p-adic filtration is isomorphic as a bigraded
ring to
F,lz0,21,. .., %m]

where |zo] = (1,1) and |z;| = (1,0) for 1 <i < m, where the first degree is J-adic and the second
p-adic.
Proof. The ring homomorphism is specified by

To = 5»
which is in p-adic filtration one, and

T; —r bi,
which is in p-adic filtration zero. By (15.6) the bracket between b; is zero in the associated
graded of the p-adic filtration, and so all of these elements commute and we have the needed
ring homomorphism. Using the description of elements of gr;(Z,[G]) in terms of products of

monomials in p and b: we see that this map is surjective and injective by (a slight refinement
of) the dimension count of Corollary 15.7. Thus, the map is an isomorphism. O

As a consequence of the description of the associated graded, we deduce that the completed
group algebra itself has excellent ring-theoretic properties.

Theorem 15.9. Let G be a uniform group of dimension m. Then the completed group algebra
Zy[G] has the following properties:

(1) it is left and right noetherian,

(2) has no zero-divisors,

(8) it is of global dimension m + 1; that is, for any left (or right) modules we have

Ext7 1q)(M, N)
for s >m+1.

Proof. One can show that if A is a ring complete with respect to a filtration whose associated
graded has any of these three properties, then so does the algebra itself. This is not difficult,
but would take us too far off course, so we instead refer the reader to the comprehensive account
given in [HVOHvO96].

In the case at hand, the bigraded polynomial ring F, [z, ..., Z,] has all three of these proper-
ties, and hence so does gr ;(Z,[G]) by Theorem 15.8 (note that the p-adic filtration is complete
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by degree considerations). We deduce that the completed group algebra also has these three
properties. O

Corollary 15.10. Let G be a profinite group which is virtually uniform (for example, this is
true if G is pro-p of finite rank by Corollary 7.5). Then Z,[G] is both left and right noetherian.

Proof. Let U <tG be an open uniform subgroup and let g1,...,gx € G be a set of representatives
for cosets G/U. Then Z,[G] is free on the images of g; as a module over Z,[U], in particular
finitely generated. Since the latter ring is left and right noetherian by Theorem 15.9, we deduce
that so is Z,[G]. O

16. BAKER-CAMPBELL-HAUSDORFF FORMULA

The logarithm and exponential functions of Proposition 13.31 allow one to relate the addition
and multiplication of a complete normed Q,-algebra. Applied to a group algebra of a suitably
nice profinite group, this allows one to identify the group itself with a linear subset of its group
algebra (namely the image of the logarithm). This subset should rightfully be thought of as the
Lie algebra, as we will explore in the next lecture.

Transporting the multiplication through the exponential, we obtain a group structure on the
image of the logarithm, and it is natural to ask about a formula for this induced multiplication.
This is the subject of the Baker-Campbell-Hausdorff formula which we discuss today.

Recall that in Definition 13.27 we introduced the exponential

EX) =) %X"

n>0

and logarithm

(-
L(X) = — X"
)=y CU
n>1
power series. If A is a complete normed Qp-algebra, then these two power series define the
logarithm and exponential functions which are inverse bijections

exp: Ag =2 1+ Ap: log

An elementary calculation shows that in the ring Q,[X, Y] of power series in two commuting
variables, we have an equality

(16.1) L(EX)EY) —1) = L(X) + L(Y).

This means that for commutative normed algebras, the exponential and logarithm exchange
multiplication and addition. In particular, in a group algebra of an abelian group, the only trace
of the group multiplication is the module structure of the Lie algebra. This is not surprising, since
we have seen in §9 that abelian uniform groups are very easy to describe, all being isomorphic
to a free Zy-module. Today, we will analyze the difference between the two sides of (16.1) in
non-commuting variables, which is encoded by the following power series.

Definition 16.1. Let Q,{X,Y") be the power series ring in two non-commuting variables. The
Baker-Campbell-Hausdorff power series ®(X,Y) € Q,(X,Y) is given by

B(X,Y) = L(E(X)EY) — 1).

To get some practice in working with power series in non-commuting variables, let’s calculate
the low degree terms. Since

2

X
EX)=1+X+ 5 + terms of degree at least three
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and similarly for €(Y"), we have

2 2

X* Y
EX)EY)-1=X+Y + XY + -5 + > + terms of degree at least three.

Substituting this into the logarithm, we obtain

Xz vz o1
(X, Y)=X+Y + XY + > + 5 - i(X +Y)? 4 terms of degree at least three,

which since (X +Y)? = X2+ Y2+ XY + Y X we can rewrite as
1
P(X)Y)=X+Y + §(X, Y) + terms of degree at least three,

where (X,Y) = XY — Y X is the Lie bracket. The following celebrated theorem tells us that
the appearance of the bracket is not an accident, and that the whole failure of (16.1) to hold in
non-commuting variables is expressible in these terms.

Notation 16.2. If L is a Lie algebra (for example, an associative algebra with the induced Lie
structure (a1, aq) := ajas — asaq), then the iterated bracket of length n is defined inductively as

(a1,a2,...,a,) = ((a1,...,Gn-1),an).

Theorem 16.3 (Baker-Campbell-Hausdorff). Write the homogeneous decomposition of ®(X,Y)
as
(X,Y) =) un(X,Y),

n>1
so that each u,(X,Y) is a linear combination of words of degree n. Then
(1) (X, Y)=X+Y,
(2) for eachn > 2, up,(X,Y) is a linear combination with rational coefficients of brackets in
X andY of length n.

Remark 16.4. The algebra Q(X,Y) is the free associative Q-algebra in two variables, and
by inspecting universal properties thus be identified with the universal enveloping algebra of
L(X,Y), the free Lie algebra in two variables. By Poincaré-Birkhoff-Witt theorem, see [KIK96,
§3.1], the canonical map

(16.2) LIX,Y) = (X,Y)

is injective. In this langauge, Theorem 16.3 is saying that each of the polynomials u,(X,Y) is
in the image of (16.2), and so defines an expression which can be evaluated in any Lie algebra,
despite the fact that its definition uses associative algebras in an essential way.

This is important, as it allows one to define a multiplication on any Lie algebra in which
®(X,Y) can be shown to be convergent. We will use this in the next lecture to show that
certain Z,-Lie algebras can be used to produce uniform groups.

Note that we have already calculated that Theorem 16.3 holds for n < 2. With enough
patience, one can also calculate by hand that

1 1
uz(X,Y) = E(X,Y,Y) BT

After that, the formulas become quite involved and our proof will proceed in a different way.

Since Theorem 16.3 is a purely algebraic statement about certain formal power series over
the rationals, it admits purely algebraic proofs. Since in this class we’re working with complete
normed Q,-algebras, it will be convenient to give a proof using this technology, but we also
outline the more usual argument.

(X,Y, X).
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Remark 16.5 (The “standard” proof). To highlight a variety of approaches to this problem, we
sketch the more standard algebraic argument leading to the Baker-Campbell-Hausdorff formula.
After spelling out the necessary theory, it is not much shorter than the one given here, but it
is arguably more conceptual, resting on a few fundamental properties of Lie algebras which are
important in their own right. For details, see [Sch11, §16].

The algebra of non-commutative polynomials Q(X,Y’) has a canonical Hopf-algebra structure
with comultiplication determined by A(X) =X ®14+1®Y and A(Y) =Y ®1+4+1®Y. This
comultiplication extends continuously to one on Q{X,Y)), the ring of power series.

Given a Hopf algebra, one says that an element z is

(1) primitive if A(z) =201+1® Z,

(2) groupike if A(z) =2 ® z.
An easy calculation shows that primitive elements form a Lie-subalgebra, and grouplike elements
form a subgroup of multiplicative units.

As observed in Remark 16.4, the ring Q(X,Y’) can be identified with the enveloping algebra
of the free Lie algebra L(X,Y) generated by X,Y. As a consequence of Poincaré-Birkhoff-Witt
theorem [KK96, §3.1], Q(X,Y) has a basis given by ordered monomial in basis elements of
L(X,Y). Calculating in this basis we see that the subspace of primitive elements of Q(X,Y)
is exactly L(X,Y’), so that they are all linear combinations of brackets in X,Y. Passing to the
completion Q(X,Y)), we see that any primitive formal power series is a possibly infinite sum of
the brackets.

Using basic properties of the exponential and logarithm, one calculates that if I C Q(X,Y)
is the maximal ideal of power series with no constant term, then £(—) and £(—) give a bijection

ISs1+1

(there are no convergence issues here, since these are formal power series). An easy calculation
shows that this restricts to a bijection between primitive and grouplike elements. Since X,Y are
primitive, £(X), E(Y) are grouplike and thus is their product €(X) - E(Y). It follows that

D(X,Y)=L(E(X)E(Y)—1)
is primitive and thus a sum of brackets by the discussion above.
Let A be a complete normed Qp-algebra. As previously, we write
_[{zeAllal<l) p>2
{reAllz] <3} p=2

so that the exponential and logarithm converge on, respectively, Ay and Ay + 1. Given such an
algebra, we can introduce another normed algebra by considering bounded operators.

Definition 16.6. We say that a Q,-linear map T': A — A is bounded if its operator norm
Ta
T = sup({a”H | a € Aja#0})

is finite.

Notation 16.7. We write B(A) for the Q,-vector space of bounded operators on A. Using
composition and the operator norm appearing in Definition 16.6, it becomes a complete normed
Q,-algebra.

The space of bounded operators is related to the original algebra A by a variety of maps. The
three particularly important maps A — B(A) are the left multiplication, right multiplication and
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the adjoint representation denoted by

alg,
avs Ty,

a+— adg,

and defined by
la(b) = ab,
rq(b) = ba,
adg(b) = 14(b) — r4(b) = ab — ba = (a, b)

Note that each of these is (Qp-linear and norm-nonincreasing; in particular, they are continuous.
Moreover, since

lap(c) = abe = 14 (lp(c)),
[_ is a map of algebras. By the same calculation, r_ is an anti-map of algebras; that is, it

reverses the order of multiplication. On the other hand, the adjoint operator does not respect
multiplication.

Lemma 16.8. Let a € Ag. Then
lexp(a) = eXp(la)a
Texp(a) = eXp(Ta)
as bounded operators.

Proof. Notice that both sides make sense under given assumption, since I, € B(A)g. The formula
is clear for [, since it is a continuous map of algebras, and exp is a limit of linear combinations
of a™. For r, we observe that a commutes with itself, so that similarly ron = (14)™. g

Recall that u,(X,Y’) denotes the degree n part of the Baker-Campbell-Hausdorf power series
®. The key step in the proof of Theorem 16.3 is the observation that while the operator ad: A —
B(A) is not a map of algebras, it does respect these polynomials.

Lemma 16.9. For any a,b € A, we have an equality of bounded operators on A
ady, (a,p) = Un(adq, ady).

Proof. Suppose first that a,b € Ag, so that the exponential converges on them. In this case, we
have

exp(la) eXp(lp) = lexp(a)lexp(b) = lexp(a) exp(b) = lexp(®(exp(a),exp(b)) = EXP(la(a,b));
where we use the defining property of ®, namely that
(16.3) E(P(X,Y)) =&E(X)EY).
By the same argument, we have
exp(ry) exp(ra) = exp,,

(notice the reversed order of a and b, since r reverses multiplication).
We have ad, = [, — 4, and since the latter two operators commute with each other, we have

(16.4) exp(ad,) = exp(la) exp(—r4) = exp(ly) exp(ra_l) = lexp(a)r;(;(b).

We now calculate

eXp(CID(ada, adb)) = exp(ada) exp(adb) = lexp(a)r(;;)(a)lexp(b)r;;)(b) = (lexp(a)lexp(b))(Texp(b)rexp(a))71

)
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where the first equality is (16.3), the second one is (16.4) and the third one again uses that left
and right multiplication operators commute. We can further rewrite this as
lexp(a) exp(b) (’rexp(a) exp(b))i1 = eXp(lq)(a,b) eXp(ré(a7b))71 = exp(adCP(a,b))'
Taking logarithms, we deduce that
P(adq, ady) = adg(q,p)

Z un(adq, ady) = Z ady,, (a,b)

n>1 n>1
holds for all a,b € Ag. If A € Zj,, then since u,, is homogeneous of degree n and ad_ is linear,
the above equality applied to Aa, Ab € Ay becomes

> XN'up(ada,ady) = N'ady, (a.1)-

As Z,, C Qy is an open neighbourhood of zero, the identity property of Proposition 13.19 implies
that

or, more concretely, that

un(adaa adb) = adun(a,b)
for all n > 1, which is what we wanted to show. (I

We are now ready to prove the Baker-Campbell-Hausdorff theorem.

Proof of Theorem 16.5. Let us write A for the quotient of the free algebra Q,(X,Y,t) on three
variables by the relations

tX =Xt+ X

tYy =Yt+Y.

Explicitly, any element of A can be uniquely expressed as a finite sum

Z ak7wtkw

n>0,weW (X,Y)
indexed by the product of non-negative integers (specifying the power of ¢t) and the monoid
of words in X,Y, where ax ., € Qp. Notice that A contains Q,(X,Y) as a subalgebra. As a
consequence of (16), we have

(Ldt (X) =X

and analogously for Y, from which we deduce that if p(X,Y) € Q,(X,Y) is homogeneous of
degree n, then
(16.5) adi(p(X,Y)) =n-p(X,Y).

This algebra A is specifically designed to be an enlargement of Q,(X,Y) where the degree
decomposition becomes an eigenspace decomposition for an operator ad; attached to a new
element t¢.

The formula

1> arwt™wl| == sup({|lar.|l | k> 0,w € W(X,Y)})

defines a norm on A that makes it into a Q,-normed algebra and we write A for its completion,
which can be identified with the algebra of possibly infinite sums, but with the property that
> ag. exists.

We now work in the algebra of bounded operators on A. Using (16.5), we have

—n - un(X,Y) = —adi(un (X, Y)) = ady, (x,y)(t) = un(adx, ady)(t),
where the last equality is Lemma 16.9. If we write
un (X, V)= Y cow(X,Y),

deg(w)=n
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the above can be rewritten as
—n-u,(X,Y) = Z cpw(adx,ady)(t),

where by w(adx, ady ) we mean the element of the algebra of operators obtained by substituting
X = adx and Y — ady. We claim that

w(adx, ady)(t)

is a bracket of length n in X,Y when w is a word of length n > 2, which will finish the proof.
To see this, write

W=21 ... Lp,
where Z; € {X,Y}. Then
w(adx,ady)(t) = adyg, ...adz,(t) =ady, ...adyz, (Z,) = (Z1,(Za,...,(Zn-12Zy)...)
which since the bracket is anti-symmetric gives
w(adx,ady)(t) = (=1)"(Zn, Zn-1,---,21)

which is an iterated bracket in X,Y as claimed. O

The Baker-Campbell-Hausdorff formula is an algebraic statement, but to apply it to p-adic
analytic groups, we will need some control over its coefficients to guarantee the convergence of
®(x,y) for suitable z,y.

Notation 16.10. The bounds are different at odd primes and at the even prime, so to state

the result, we write
1 p>2,
€ =
2 p=2,

Proposition 16.11. Write the n-th Baker-Campbell-Hausdorff polynomial as
un(X,Y) = Y cuw(X,Y).

deg(w)=n

so that Ag ={z | ||z|]| <p~}.

Then the p-adic valuation v(—) of the coefficients satisfies
(1) e(n —1) 4+ v(cy) > € ifn >3,
(2) e(n—1)4+v(cy) = 00 as n — co.
Proof. We only prove the second part. The reader interested in seeing also the first part (which

is similar, but more tedious) should consult [DDSMS03, Lemma 6.41, §6.Exercise 10].
Observe that E(X)E(Y) — 1 is given by

Applying the logarithm to calculate ®(X,Y) = L(E(X)E(Y)—1), we see that the terms of degree
n are all sums of terms of the form

(71)k+1 1
kil inlge!

Xilyjl . .Xikyjk’

where
(1) 1<k <n,
(2) iy+j>1forall 1 <<k,
3) i1+ +...+ix+jr=n.
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Using Lemma 13.29, we see that the p-adic valuation of a coeflicient of such a term is given by

—1)k+1 1 k—1 i —1 i —1 n—1
ol 13; AR LRy Sl D o s D et ¥
1010 U ke p 1<I<k p p p
where the second bound uses that i;, j; sum to n. It follows that
n—1
>
v(cw) > b1

for each word of length n, since the p-adic valuation of a sum is bounded below by the p-adic
valuations of the summands. This ends the argument, since

n—1 €
>
p—1 72

and the last terms diverges to infinity when n — oo. [l

en—1)+v(cy) > e(n—1) — (n—1)

17. THE LIE CORRESPONDENCE

Let G be a uniform group. Recall that in §9 we introduced the addition of G, given by the
explicit formula
g+gh:= lim (g""hP" )P ",
n—oo
which we had shown in Theorem 9.14 makes G into a free Z,-module of rank equal to its
dimension.

In this lecture, we will enrich this construction to a Z,-Lie algebra, and show that this furnishes
an equivalence of categories between uniform groups and certain Lie algebras, see Theorem 17.10.
This result, which can be thought as the p-adic analogue of the classical correspondence between
real Lie algebras and simply-connected Lie groups, is a cornerstone of the theory of p-adic
analytic groups.

Definition 17.1. Let G be a uniform group. Its additive bracket is defined by
(9. h)g = lim (g7 h¥ " g?" "y "0,
n—oo
Remark 17.2. Observe that since g?", h?" € G,41, we have

g—p hP gp hP €G2n+2

by Theorem 3.21, so that the p?>"-th roots in the definition above make sense. It also follows
that we have

(gv h)G € Go
for any g,h € G. If p =2, then we have
g h7lgh € Gy
since G/G3 is abelian, and using arguments similar to the proof of Lemma 9.7 one can show
that
(ga h)G S GS;
see [DDSMS03, Lemma, 4.28].

We now show the following:

Theorem 17.3. If G is a uniform group, then the addition of Definition 9.8 and the additive
bracket of Definition 17.1 make G into a Z,-Lie algebra.

101 terms of group commutators, we can write (g, h)g = limnﬁoo[gi"n7 hpn]Ian. As in some of the previous
lectures, we will avoid using the group commutator notation to not confuse it with the other kinds of “brackets”
we use, such as the additive bracket of a uniform group or a Lie bracket of a normed algebra.
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To prove Theorem 17.3, we will use the theory of normed algebras and the exponential and
logarithm functions. We first set up the notation.

Notation 17.4. We write G for a fixed uniform group. We assume that we are given a completed
normed Q,-algebra and a continuous monomorphism G' — A* into the group of units such that

G <1+ A,

where
- {reAllzl <5} p>2
{reAllz| <3} p=2

In other words, A is a normed algebra containing G as a subgroup of units and such that

lg—1<p*
(or [lg —1]| <272 for p=2) for all g € G.

Example 17.5. If p is odd, then an example of a algebra satisfying the conditions of Nota-
tion 17.4 is the rational group algebra Q,[G], which we verified admits a complete norm with
the needed property in Theorem 15.5.

If p = 2, this algebra might not work, as we are only guaranteed that the norms of g — 1
are bounded by 1/2, rather than /4. If G = P»(H) for some other uniform pro-2-group H, then
we can take A = Q,[H], which has the needed property by part (1) of Proposition 14.4. In
the general case, one can show that there is a different norm on Q,[G] which has the needed
property, see [DDSMS03, §7.Exercise 10], but we leave the details to an interested reader.

Recall from Proposition 13.31 that logarithm and exponential define mutually inverse func-
tions
exp: Ag = 1+ Ap: log.
Since G < 1+ Agp, the logarithm is well-defined on elements of the group. We now relate the
additive structure of the uniform group G to the algebra structure of Ag using the logarithm.

Proposition 17.6. The logarithm log: G — Ag satisfies the following three identities for any
g heG, AeZy:

(1) log(g +¢ h) = log(g) + log(h),
(2) log(g*) = Alog(g),
(3) log((g,h)c) = (log(g),log(h)) = log(g) log(h) — log(h)log(g)-

Proof. Throughout the proof, we use the shorthand « :=log(g) and n := log(h). We write
OX,Y)=X+Y + Y u(X,Y)
k>2

for the degree decomposition of the Baker-Campbell-Hausdorff series of Definition 16.1. As a
consequence of Proposition 16.11, ®(X,Y") defines a strictly analytic function

AO X AQ — Ao.
Using the defining property E(®(X,Y)) = E(X)E(Y), we see that
log(gh) =y +n+>_ ux(y,n).
k>2

Since log(z") = nlog(z) for z € 14+ Ay by Proposition 13.31 and since uy is homogeneous of
degree k, we have

log(g”" h?") = p"y + p 0+ Y p" ur(y,m).
k>2
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We then have
log((g”" WP )P ") =y +n+p" Y pE M ug (v, 7).
k>2
Since the logarithm is continuous, we deduce that

log(g +c h) =7 +n+ lim p" (Y p* D ur(y,m) =7+,
k>2

since ux(7y,n) € Ap for all k. This proves part (1).

For part (2), observe that log(g*) = Alog(g) for all A € Z. Since the integers are dense in Z,
and both sides are continuous in A, we deduce that this holds for all p-adic numbers.

For part (3), we argue in a way similar to (1), using instead of ®(X,Y’) the formal power
series

C(X,Y):=L(EX)TTe(Y)LE(X)E(Y))
which has the property that
C(v,n) =log(g~"h™"g, h).
A direct calculation shows that
CX,Y)=XY -YX+) (X))
k>3

where vy, is homogeneous of degree k. We then have

log((9,h)a) = lim [y,n] +p" (D p™ = v (y,m)) = [y, ]
k>3

which is what we wanted to show. O

Proof of Theorem 17.5. We have to show that the additive bracket of Definition 17.1 is Z-linear
in each variable and satisfies the Jacobi identity. By Proposition 17.6, parts (1) and (2), the
logarithm defines a Z,-module isomorphism between G and a submodule of A. By part (3), this
isomorphism takes the additive bracket to the Lie bracket of A, which is linear in each variable
and satisfies the Jacobi identity. This ends the argument. U

Keeping Theorem 17.3 in mind, we make the following definition.

Definition 17.7. Let G be a uniform group. The Lie algebra of G is the Z,-Lie algebra
L(G) = (Gv +a, (_3 _)G)
given by the group itself together with its addition and the additive bracket.

Remark 17.8. Our definition of the Lie algebra of a uniform group is potentially confusing in
that, as a set, the Lie algebra coincides with the group itself. Alternatively, one could define the
Lie algebra as
L(G) = l0g(G) C Ao,

the image of the logarithm. This has the advantage of being perhaps less confusing and the
disadvantage of obscuring the fact that this structure does not depend on the choice of A:
any normed group algebra as in Notation 17.4 would define the same L(G), up to canonical
isomorphism.

Observe that as a consequence of Theorem 9.14, addition makes a uniform group into a free
Z,-module of finite rank equal to the dimension. Moreover, Remark 17.2 shows the additive
bracket vanishes modulo p (or modulo 4 when p = 2). Thus, the Lie algebra of Definition 17.7
is always of the following kind:

Definition 17.9. We say a Z,-Lie algebra L is uniformly powerful if it has the following two
properties:
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(1) as a Zy-module, it is free of finite rank,
(2) (L,L)Cp-L (resp. (L,L) C4-L when p=2).

The notion of a uniformly powerful Lie algebra is precisely designed to state the following
p-adic analogue of the correspondence between Lie groups and Lie algebras:

Theorem 17.10 (The p-adic Lie correspondence). The construction
G~ L(G)
of the Lie algebra of Definition 17.7 gives an equivalence between
(1) the category of uniformly powerful pro-p-groups and continuous group homomorphism,

(2) the category of uniformly powerful Z,-Lie algebras and Lie algebra homomorphisms.

To prove Theorem 17.10, we will construct an explicit inverse to the functor G — L(G). Let
L be a uniformly powerful Lie algebra and write

OX,Y)=X+Y + ) u(X,Y)
k>2

for the Baker-Campbell-Hausdorff series. As a consequence of Theorem 16.3, see Remark 16.4,
each of ux(X,Y) can be (uniquely) identified with an element of a free Q-Lie algebra in two
variables, namely a linear combination of iterated brackets of length k. It follows that for any
l1,ls € L, the expression ug(l1,l2) can be evaluated to yield an element of the rationalization
Lg.
Since (L, L) C p- L, where ¢ = 1 when p > 2 and ¢ = 2 when p = 2, we have that

(1) ua(ly,l2) = 3(li,l2) €p- L,

(2) uk(ly,l2) € p°- L for all k > 3,

(3) ug(l1,l2) = 0 as k — oo, uniformly in Iy, lo.

where the second and third parts are Proposition 16.11. This furnishes the following definition.

Definition 17.11. Let L be a uniformly powerful Lie algebra. The multiplication of L is the
binary operation

(17.1) lowly =0y, lg) =l + 1l + Y u(ly,l2)
k>2

Remark 17.12. Using properties (1) and (2) of ug(l1,l2) outlined above, we see that

lixlp =1+l modp
and additionally

Lhxlo=10 +1+ %(ll,lg) mod 4
when p = 2.
Lemma 17.13. The multiplication x makes L into a group.
Proof. Applying the formal logarithm £ to
(E(X)E(Y))E(2) = E(X)(E(Y)E(2))

we see that the Baker-Campbell-Hausdorfl' series is associative in the sense that we have an
equality

D(R(X,Y), Z) = (X, 9(Y, Z)).
It follows that the operation % of (17.1) is associative. To see that it makes L into a group,
observe that immediately from the definition we see that

lx0=0x]=1
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and

Ix(=1)=0
since the brackets defining w for k£ > 2 vanish in this case. O
Proposition 17.14. If L is uniformly powerful Lie algebra, then (L,*) with its p-adic topology
is a uniformly powerful group.
Proof. Since (1,1) = 0 for any | € L, we have

' =p-1.
From bilinearity of the bracket we see that

{I'"|leL}=p-L,
the subset of *-p-th powers, is a *-subgroup. Since 1 * [y =1; + I3 mod p,
(L,*)/(p- L, *)

is abelian so that (L, *) is powerful when p > 2. When p = 2, we instead observe that
1
lixly =11 + 15+ 5([1,12) mod 4,
so that
1 1
Lixlox—(loxl) =l + 1+ 5(11752) —lp =1l — 5(12,11) = (I1,12) =0 mod 4,

where we used the anti-symmetry of the bracket and the assumption that (L,L) C 4-L. We
conclude that (L, *) is powerful also when p = 2.

Since [1 %l =11 + I3 mod p, the +- and *-cosets of L with respect to p- L = L*P coincide,
and since L/p- L is finite by assumption, we deduce that (L, *) is finitely generated. To see that
(L, *) is uniform, observe that p* - L is a uniformly powerful Lie algebra for each k > 0, so that
the arguments above apply to it equally well. Since

pPL/pF L ~ Lt et
and the order of the left hand size does not depend on k by the assumption that L is free over

Z,, we deduce that (L, *) is uniform. 0

Proof of Theorem 17.10. By construction, both of the functors G — L(G) and L +— (L, *) are
faithful (since they do not change the underlying set). In this situation, to show that they are
inverse to each other, it is enough to verify that at least one of their composites is equal to the
identity.

Let G be a uniformly powerful group with Lie algebra L(G), which by Remark 17.8 we can
identify with a Lie subalgebra

L(G) =log(G) € Ao.
of a suitable a complete normed Q,-algebra as in Notation 17.4. Since
g+ h = exp(®(log(g), log(h))) = exp(log(g) * log(h))
we see that the exponential defines an isomorphism
exp: (L(G), %) = (G,)

of groups. This ends the argument. O
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18. ANALYTIC GROUPS

In this lecture, we begin our study of p-adic analytic groups, buildings towards the theorem
of Lazard which characterizes them in terms of open uniform subgroups.

As expected from the name, we will need a little bit of analysis. We have previously studied
functions defined by power series in the context of normed algebras in §13. Today, we will be
only interested in functions from (the products of) the p-adics to themselves, which allows for
some simplifications. For example, since Q,, is commutative, it will be enough to work with
the classical rings Q,[X1,...,X,] of power series in commutative variables, rather than their
noncommutative variants.

We make a recollection of the relevant notions in this context.

Notation 18.1. If the number of variables n is understood from context, we often use the

shorthand X to denote the variables X1,...,X,. In particular, we write
QP[[X]] = QP[[Xla s aXn]]
If I = (i1,...,4,) € N*" is a multi-index, we write

X=X X
so that a general power series can be uniquely expressed as
f(X) :ZCEIXI = Z a(ihm’i”)Xil X;,LL"
I (215000s8n)

with ar € Q,. We call the number i; 4 ... 4 4, the degree of a multi-index and denote it by
deg(I).

Recollection 18.2. If f(X) is a formal power series, we say that it can be evaluated at

x:(zl,...,xn) 6@;”

f(z) = Zalxl = Z a;xlt .. xin
I

(31500 050n)

if the sum

converges. In this case, we call f(x) the value at x.

Definition 18.3. Let V' C Q" be an open subset. We say a function f: V — Q,

(1) is analytic at v € V if there exists an open neighbourhood v € U C V and a formal
power series F,(X) € Q,[X] such that for each v' € U, F, can be evaluated at v/ — v
and

F,(v' —v) = f(v).
(2) is locally analytic if it is analytic at v for all v € V.
More generally, we say that function f: V — Q)™ is locally analytic if each of its coordinate
functions is analytic.

Remark 18.4. It is clear from the definition that a function f: V' — Q, is analytic at v € V' if
and only if the function g: (V —v) — Q, defined by g(z) := f(v+ =) is analytic at 0. It follows
that locally analytic functions are invariant under translation (in both source and target).

We now verify the basic properties of a power series locally defining an analytic function,
namely that they coefficients enjoy bounded growth, and that they are unique.

Lemma 18.5. Let f: V — Q,, be analytic at v € V and let

F(X) =Y aX!
I
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be a power series locally defining it, so that
f)=F@ —v)

in some neighbourhood of v. Then there exists an N > 0 such that

Jarlp= =0 g

as deg(I) — oo.
Proof. Choose an N > 0 such that

P+ @, ™) = FN, V) =Y agplesD N,
I

Since the sum on the right is convergent by assumption, we deduce that the norms of the
summands converge to zero, which gives the desired statement. O

Corollary 18.6. If f: V — Q, is locally analytic, then it is continuous.

Proof. By Lemma 18.5, locally analytic functions in the sense of Definition 18.3 are locally given
by a strictly analytic function in the sense of Definition 13.23 (which we defined more generally
for complete normed algebras), so this is Proposition 13.26. ([

Lemma 18.7. Let f: V — Q, be analytic at v and let F,G € Q,[X] be such that
f@)=F@ —v) =G0 —v)
for v' in some neighbourhood of v. Then F = G.

Proof. Considering the difference H := F — G, it’s enough to show that if H € Q,[X] is a formal
power series such that H(z) = 0 for z in some neighbourhood of zero in Q,", then H = 0. This
follows from the identity property Proposition 13.19 by induction on the number of variables,
see [DDSMS03, Lemma 8.26| for details. O

One can show that locally analytic functions are closed under composition, and that the
power series locally representing the composite corresponds to the algebraic composition of
power series [DDSMS03, Lemma 8.5]. Moreover, they are differentiable, and the power series
locally representing the derivative is given by the algebraic derivative of power series [Schll,
Proposition 6.1].

The class of locally analytic functions avoids many of the pathologies of smooth functions in
the p-adic context; for example, a locally analytic function with vanishing derivative is locally
constant [Sch1l, Remark 6.2], so that in particular the ill-behaved function of Example 1.8 is
smooth, but not locally analytic.

Remark 18.8. One might wonder why we call functions of Definition 18.3 locally analytic, while
in either the real or complex setting the same definition would lead to the notion of an analytic
function. The reason is that for many purposes, this class of functions is still too broad, due to
the totally disconnected nature of the p-adics. For example, the locally constant function

b: Z, — 7,

1 Jz|| =1
oy~ {1 Il
0 |zl <1
is locally analytic. Thus, from the point of view of locally analytic functions, the open unit disk
is disconnected (and indeed it is disconnected in its p-adic topology).
In more serious approaches to adic geometry, such as Tate’s theory of rigid analytic spaces,

one works with more restricted class of functions (and a more restricted class of open coverings)
which do not allow for such a decomposition and thus lead to a more interesting theory. Our

given by
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use of the term locally analytic is to distinguish our naive approach (which will be sufficient for
our purposes) from these more involved ones.

Having define a good class of functions, we can now mimic a definition of a real or complex
manifold.

Definition 18.9. We define a/an n-dimensional
(1) chart on a topological space X to be a triple

(U, V,9),
where U C X is open, V C Q™ is open, and ¢: U — V is a homeomorphism,
(2) atlas to be a collection of charts (Uy, Vi, da)acr such that U, cover X and such that
for any pair «, 8 € I, the transition function

-1

o (Ua NUg) 22 Uy MU —2 ¢3(Us NU3)

is locally analytic,
(3) p-adic manifold to be a Hausdorff, second countable topological space together with a
choice of a maximal atlas.

As with real or complex manifolds, given p-adic manifolds M and NN, one can speak of locally
analytic functions f: M — N. These are functions which are locally analytic in the sense of
Definition 18.3 after composing with any chart of M and N.

Since locally analytic functions are differentiable, p-adic manifolds have at any point a tangent
space, which is an n-dimensional Q,-vector space [Schll, §9]. These can be assembled into a
tangent bundle, and locally analytic functions induces maps between tangent bundles through
differentiation. Our encounter with p-adic manifolds in this course will be somewhat brief, so
we will not expand on these matters.

Example 18.10. If X is a countable discrete topological space, then it can be made into a
0-dimensional p-adic manifold in a unique way.

Example 18.11. If V C Q" is an open subset, then it can be made into a p-adic manifold by
declaring the identity id: V' — V to be a chart (and extending to a maximal atlas).

Example 18.12. Suppose that L is a free Z,-module of finite rank. Then L can be made into

a p-adic manifold by declaring any linear isomorphism L ~ Z;" C Q" to be a chart. Any two

such linear automorphisms differ by a linear transition functions, which is thus locally analytic.
The same strategy works for finite-dimensional Q,-vector spaces.

Example 18.13. Building on Example 18.12, recall from Theorem 9.14 that if G is a finitely
generated uniform pro-p-group, then the addition of Definition 9.8 makes G into a free Z,-module
of finite rank. It follows that a uniform group has a canonical structure of a p-adic manifold.
Note that the dimension of G as a manifold is the same as its dimension as a group (that is, the
minimal number of generators).

Our main interest is not so much in p-adic manifolds, but in the following p-adic analogue of
the notion of a Lie group:

Definition 18.14. An p-adic analytic group is a topological group G together with a structure
of a p-adic manifold such that

(1) the multiplication map m: G x G — G,
(2) the inverse map (=)~ ': G — G

are both locally analytic.

Using the p-adic analogue of the implicit function theorem, see [DDSMS03, Theorem 6.17],
one can show that the first condition implies the second one, but we will not need this fact.
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Example 18.15. The group GL,(Q,) is a p-adic analytic Lie group of dimension n? with
respect to the manifold structure inherited as an open subset of M,,(Q,) ~ Q;f. Indeed, group
structure is given by matrix multiplication which is defined by a polynomial formula and hence
in particular a power series. This is the archetypical example of a p-adic analytic group.

Example 18.16. If G is p-adic analytic and U < G is an open subgroup, then U is also p-adic
analytic (with respect to the open submanifold structure). In particular,

GLn(Zy) < GLp(Qp)
and its open subgroups are p-adic analytic.

Example 18.17. As a variation on Example 18.15, the group of units in any Z,-algebra (or Q,-
algebra) which is free of finite rank as a module is p-adic analytic. Looking at the endomorphism
ring of the Honda formal group law, we see that the Morava stabilizer group of Definition 12.16
is canonically p-adic analytic.

As we have seen in Example 18.13, a uniform pro-p group has a canonical structure of a p-adic
manifold induced from its addition. It is natural to ask whether this structure is compatible
with its multiplication, which we now verify using our hard work from previous lectures.

Theorem 18.18. Let G be a uniform pro-p-group. Then the manifold structure of Exam-
ple 18.13 makes G into a p-adic analytic group.

Proof. By Theorem 17.10, G can be identifed with its Lie algebra L equipped with mutiplication
— % — := ®(—, —) defined by the Baker-Campbell-Hausdorff series. Since the manifold structure
comes from the addition of G, which gets identified with the Z,-module structure of L, it is
enough to verify that the multiplication %: L X L — L and the inverse —id: L — L are locally
analytic.

Since ® can be written as power series in iterated brackets, which are polynomial (the bracket
itself being bilinear and hence defined by a polynomial of degree 2), we see that ® gives a
power series representing multiplication as needed. Similarly. —id is linear and hence locally
analytic. O

In the next lecture, we will prove Lazard’s beautiful characterization of p-adic analytic groups
by providing a partial converse to Theorem 18.18. Namely, we will show that a topological group
admits a p-adic analytic structure if and only if it is locally uniform in the sense that it has an
open uniform subgroup.

As a preparation for Lazard’s theorem in the next lecture, today we prove that admitting a
p-adic analytic structure is indeed a local property in the following sense:

Proposition 18.19. Let G be a topological group with open subgroup H < G and suppose that
H has a p-adic analytic structure. Then there is at most one p-adic analytic structure on G such
that the inclusion H — G is locally analytic and it exists if and only if the following condition
holds:

(1) for every g € G, the conjugation
(=): (¢gHg " YNnH — H
18 locally analytic.

Proof. Let t, € G be a set of representatives for cosets G/H. Then t,H forms an open over of
G. If G is p-adic analytic in a way compatible with the inclusion, then for any t, the map
(18.1) to - —: H =t H

is a locally analytic isomorphism. This determines the p-adic manifold structure of an open
cover of G and hence of G itself.
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The needed condition is certainly necessary, as if G is p-adic analytic, then the conjugation
map is locally analytic. We will show that it is sufficient under the simplifying assumption that
H is normal. For the general case (which is almost identical, but with more involved notation)
see [DDSMS03, Proposition 8.15].

The collection of products t,H x tgH form an open cover of G and hence to show that the
multiplication of G is locally analytic, it is enough to verify that for each «, 3, the restricted
mutiplication

toH xtgH —t,H
is locally analytic, where ¢, is the representative for the coset of the product ¢,tz. This map is
given by
t — t
(tah1)(tgha) = tatghy® ho =t (t5  tatg)hy* ho.

If we declare the maps of 18.1 to be locally analytic isomorphisms, this function is analytic if
and only if the map

HxH—H

defined by
(h, ha) = (5 tats)hy b

is locally analytic. This is a composite of multiplication, multiplication by a fixed element on the
left, both of which are locally analytic, and conjugation by an element g € G, which is locally
analytic by assumption. We deduce that so is this map. (|

Remark 18.20. We observe that a combination of Theorem 18.18 and Proposition 18.19 already
gives one half of Lazard’s theorem: a topological group which has a uniform subgroup can be
made p-adic analytic.

To see this, note that the p-adic manifold structure of a uniform group is uniquely determined
by its addition, and hence by its multiplication and topology. It follows that the condition
appearing in Proposition 18.19 is automatically satisfied: the conjugation is a continuous group
automorphism and hence is linear with respect to addition and thus locally analytic.

19. LAZARD’S CHARACTERIZATION

In this lecture, we prove one of the main results of this course, namely Lazard’s characteriza-
tion of p-adic analytic groups as those topological groups which admit an open uniform subgroup,
see Theorem 19.11. As a consequence, we will be able to deduce that closed subgroups of p-adic
analytic groups are themselves canonically p-adic analytic Corollary 19.14.

A key step in Lazard’s argument is an extraction of a suitable power series from an analytic
group, which we describe now.

Construction 19.1 (Local expansion of the product). Suppose that G is an n-dimensional
p-adic analytic group. Translating as needed, we can find a neighbourhood U of e € G which
admits a chart

¢: U —ph 7"

centered at the identity; that is, such that ¢(e) = 0. By assumption, the product m: Gx G — G
is locally analytic, so that the induced function

(Z,")? 2 (¢ x 9)(m™ (U)NU x U) = ¢(U) = Z;"
can be expanded around zero into a collection of power series
Fi(X,Y) € Q[X,Y]

where 1 <4 < n in variables X1,...,X,, and Y7,...,Y,.
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Since the multiplication m is associative and unital with unit e, F; are also suitably associative
and unital with unit 0. More precisely, they are an example of a formal group law, a notion
which we have previously introduced in the case of dimension one in Definition 10.1, and we now
introduce in general.

Definition 19.2. Let R be a commutative ring. An n-dimensional formal group law over R is
a collection of power series

F(XaY) = (Fl(X)aY)a . 7Fn(X7Y)) € R[[X’Y]]X”

in variables X = (X3,...,X,) and Y = (Y1,...,Y,) such that

(1) F(X,0) =X (right unitality),
(2) F(0,Y) =Y (left unitality)
(3) F(F(X,Y),Z) = F(X,F(Y,Z)) (associativity).

We invite the reader to make sure they are comfortable with our abusive notation above.
Each of the three axioms in Definition 19.2 is actually n different equations between power series
in 2n-variables; for example, the first one asks that

F(Xy,...,X,,0,...,0) = X;
and the last one that
F,(Fi(X,Y),...,.Fo.(X,Y), Z1,...,.Zn) = Fi (X1, ..., X0, F1(Y,Z),...,F.(Y,Z)).
forall 1 <i<n.

Example 19.3. The local expansion of a product in an n-dimensional p-adic analytic group of
Construction 19.1 is an n-dimensional formal group law. This follows from the corresponding
axioms of group multiplication and the fact that a local power series expansion of a function is
unique.

Beware that this formal group law depends on the choice of an analytic chart around e € G
and so as a power series is not an invariant of G. One can introduce a notion of a morphism
of m-dimensional formal group laws, similarly to what we have done in the case of n = 1 in
Definition 10.7, and show that the formal group law of Construction 19.1 is well-defined up to
isomorphism, but we will not need it in this course.

Lemma 19.4. Let F(X,Y) be an n-dimensional formal group law over a ring R. Then
Fi(X,Y) = X; +Y; + terms of degree two and above
for each 1 <i<n.
Proof. By right unitality, we have
Fi(Xy,...,X,,0,...,0) = X,

so that
F;(X,Y) = X; + terms divisible by Y} for some 1 < k <n.

Similarly, by left unitality we have
F;(X,Y) =Y; + terms divisible by X}, for some 1 < k < n.

Combining these two together yields the desired statement. O

What makes formal group laws very useful in the non-archimedean context is that the process
of extracting it from an actual group can be partially reversed, as we now explain.
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Construction 19.5. Suppose that we have an n-dimensional formal group law F(X,Y) over
the p-adic integers; ie.
Fi(X,Y)=> ai sX'Y € Z,[X,Y],
1,7

where I, J are multi-indices. In this case, given z1,...,2n,y1,...,Yn € p - Zp, the series
Fi(x,y) = Z airx'y’
1,7

is convergent for each 1 < ¢ < n. Since F' is a formal group law, this produces an associative
multiplication

S*2 5 8
with 0 = (0,...,0) as a two-sided unit, where S = p-Z;".
We claim that this multiplication actually makes S into a group. To see this, observe that
Lemma 19.4, we have

(19.1) F(x,y)=x+y mod p.
It follows that
F(x,—x)=0 mod p
so that F(x,—x) € p* - ZX". We then have
F(x,—x — F(x,—x)) =0 mod p*.
Proceeding inductively, we find an inverse of x as a sum of a convergent power series.

Remark 19.6. Observe that as a consequence of the explicit description of the inverse as a
convergent power series, if y is the F-inverse of x € p-Z;" in the sense that F' (x,y¥) =0, then

y = —x mod p? Zy"
More generally, if x € p¥ - ZX™, then y = —x mod p**t! . Zx".

The group structure on p - Z," obtained from Construction 19.5 is p-adic analytic by con-
struction, since its multiplication is described by a convergent power series, namely the formal
group law. Groups of this form are very convenient to work with and so deserve the following
name:

Definition 19.7. Let F' be an n-dimensional formal group law over Z,. The associated standard
group is the p-adic analytic group given by

(1) p-2Z;™if p>2,

(2) 4-Z3"ifp=2
with the multiplication defined by F' as in Construction 19.5.

Remark 19.8. Note that even if p = 2, a formal group law over Z, defines a group structure
on p-Z;". In the context of Definition 19.7, our convention of considering 4 - Z3™ rather than
2 - Z3™ has little to do with analysis and is instead made to ensure that standard groups are

powerful, which has a different meaning depending on whether p > 2 or p = 2. Our convention
follows [DDSMS03], but is different from that of Bourbaki [Bou89, Chapter III §7.3].

Proposition 19.9. As standard group of Definition 19.7 is uniform of dimension n, and its
analytic structure as an open subset of Z,™ coincides with the uniform p-adic analytic structure
of Theorem 18.18.
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Proof. We first show that a standard group is uniform as a topological group. It is clear from
(19.1) that for each k > 2, p* - Z," is a subgroup. These form a basis of open neighbourhoods
of the identity.

We claim that these are of finite index, which is the same as their index as additive subgroups,
which is p*=1 (or p™(k¥=2) when p = 2). This in particular shows that a standard group is
profinite. To see this, note that if x =y mod p* - ZX", then

F(x,—y)=0 mod p"*! “Zy"
which implies that x,y are in the same group coset. Arguing the other way, we see that multi-

plicative and additive cosets agree, giving the index formula.
By Lemma 19.4, we see that the series describing p-th powers in a standard group satisfies

(19.2) FX,F(X,F(...,X)...) =p- X + terms of degree two and higher.

Using an inductive argument as in the proof that a standard group admits inverses outlined in
Construction 19.5 we see that the set of p-th powers of a standard group is exactly p? - Z," when
p>2orp3- Zy" when p = 2. This shows that the standard group is finitely generated. To see
that it is powerful, observe that by Lemma 19.4, if x,y € p* - Z, , then

F(x,y)=x+y mod p* . z,",
so that the F-multiplication agrees with addition modulo p? +Z, for p> 2 and p- Zy for p =2.

Uniformity and the given dimension are immediate consequences of the index formula for the
subgroups p¥ - Zy".

We are left with comparing the analytic structures. Since the analytic structure of a uniform
group appearing in Theorem 18.18 is induced from its additive structure, it is enough to check
that the uniform addition of Definition 9.8 yields, when applied to a multiplication on p - Z’; (or
P2 - Zy" when p = 2) induced by F', the standard addition of p-adic numbers. By inspection,
this follows from (19.2) and Lemma 19.4. O

We will deduce from Proposition 19.9 by showing that, locally, any p-adic analytic group is
standard.

Proposition 19.10. Let G be a p-adic analytic group. Then there exists an open subgroup
H < G which is isomorphic to a standard group in the sense of Definition 19.7.

Proof. Using Construction 19.1, we can find an open neighbourhood of the identity U C G which
admits a chart ¢: U — pF - Z," in which the multiplication is expressed by a formal group law

Fi(X,Y) €Qp =Y a1, X'Y" € Q[X, Y]
1,J

By Lemma 18.5, there exists a k&’ > k such that F} are convergent on p* - Zy", so that

||ai’I’ka’-(deg(1)+deg(J))H 50

as deg(I) + deg(J) — oo, for each 1 < ¢ < n. By making the chart smaller if necessary, we can
assume that k = k', so that the formal power series converges on the whole chart.
Suppose that we change the chart ¢: U — pF ~Z;k to ¢ 1= ]ﬁ - ¢, so that ¢: U — Z;". This
changes the coefficients of the formal group law by
ai1,g > ay,y - placsDrae) =0,
Thus, by making this substitution, we can assume that £k = 0 and that
laiz.s]l = 0.

In particular, all but finitely many coefficients are p-adic integers. We will now modify the chart
again so that all of the coefficients are integral.
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Note that since 0 is a unit, there are no constant terms, and the linear terms are already
integers by Lemma 19.4. Let w be the minimum of the p-adic valuations of a; ; ; with deg(I) +
deg(J) > 2. By first restricting the chart to p* - Z;" and then replacing it by ¢’ := p%ﬂ/}, the
above formula for the change of coefficients shows that they are all integral.

By construction, the preimage under the new chart ¢’ of p - Z," when p > 2 or p? - Zy" is a
standard group, since it has multiplication defined by an integral formal group law. O

The following is the main result of this lecture, and one of the main results of this course.

Theorem 19.11 (Lazard). For a topological group G, the following are equivalent:

(1) G admits a structure of a p-adic analytic group compatible with its topology,

(2) G is locally uniform in the sense that it has an open subgroup H < G which is a uniform
pro-p-group of rank equal to the dimension of G,

(8) G is locally a pro-p group of finite rank in the sense that it has an open subgroup which
18 a pro-p-group of finite rank.

Proof. The implication (1) = (2) is a combination of Proposition 19.9 and Proposition 19.10.
That (2 = 1) holds is a consequence of Theorem 18.18 and Proposition 18.19, as explained in
Remark 18.20.

The equivalence of (2) and (3) is Theorem 6.12 and Proposition 7.4. O

Remark 19.12 (Groups with p-valuations). While we attribute Theorem 19.11 to Lazard, who

started the serious study of p-adic analytic groups and was first to prove a variant of it. However,

we note that Lazard worked in slightly different terms than the one presented in this course.
In more detail, Lazard worked with groups equipped with p-valuations, which are maps

v: G\ {e} = Ryp

satisfying a variety of conditions (some of which relate to p-th powers, hence “p” in the name),
see [Schll, §23]. He then showed that a group is p-adic analytic if and only if it has an open
subgroup admitting a certain kind of p-valuation, see [Sch11l, Theorem 27.1] (or better yet, the
original works of Lazard [Laz65], who wrote in French).

In our account, the technical notion of valuations is replaced by the theory of powerful and
uniformly powerful groups and their lower p-series. This approach, while equivalent in some
respects, is much more recent, as powerful groups were introduced by Lubotzky and Mann in
[LM87a| and uniformly powerful groups by Dixon, Du Sautoy, Mann and Segal in [DDSMS03].

While Theorem 19.11 gives a characterization of groups which can be made p-adic analytic
in concrete, group-theoretic terms, it is also natural to ask about the uniqueness of the resulting
analytic structure. Here, we have the following striking result:

Theorem 19.13 (Lazard). The forgetful functor from p-adic analytic groups and locally analytic
homomorphisms into topological groups is fully faithful. In particular:

(1) if a topological group admits a p-adic analytic structure, then it admits a unique one,
(2) all continuous maps between p-adic analytic groups are locally analytic.

Proof. 1t is enough to prove the second assertion, so let G; and G2 be p-adic analytic and let
f: Gy = G5 be a continuous map. Since being locally analytic is a local property and f is a
group homomorphism, it is enough to verify that f is locally analytic on some open subgroup.
By a combination of Proposition 19.9 and Proposition 19.10, we can thus assume that G; and
G5 are uniform groups equipped with their analytic structures of Theorem 18.18.

Since f is a continuous group homomorphism, it preserves the uniform addition of Defini-
tion 9.8 in the sense that

flg+a, h) = flg) +a, f(h).

It follows that it is linear in additive coordinates of Example 18.13 and hence locally analytic. [
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Corollary 19.14 (Closed subgroup theorem). If G is p-adic analytic, then any closed subgroup
K < G admits a unique p-adic analytic structure such that the inclusion K — G is locally
analytic.

Proof. The third characterization in Theorem 19.11 is clearly closed under passing to closed
subgroups, so that K admits a p-adic analytic structure. This structure is unique and the
inclusion is locally analytic by Theorem 19.13. O

Remark 19.15. The analogues of Theorem 19.13 and Corollary 19.14 are also true in the
classical setting of real Lie groups, see [Lee, Theorem 20.12].

Note that all group homomorphisms between uniform groups are continuous, as a conse-
quence of Serre’s Theorem 4.1 and Corollary 4.2. Thus, for compact p-adic analytic groups,
Theorem 19.13 has the following striking variant:

Theorem 19.16. The forgetful functor from the category of compact p-adic analytic groups and
locally analytic homomorphisms into the category of groups is fully faithful.

20. COHOMOLOGY OF PROFINITE GROUPS

One of the reasons why it is often important to establish that a given group is p-adic analytic
is that they have excellent cohomological properties, which in many ways mirror the behaviour
of cohomology of finite-dimensional manifolds. In this lecture, we begin our study with a recol-
lection on cohomology of profinite groups in general.

If G is a topological group, then a topological G-module is a topological abelian group M
together with a continuos action of G, ie. with the property that the action map G x M — M
is continuous. To a topological G-module, one can associate a sequence of groups

M s H*(G, M)

given by (continuous) cohomology of G with coefficients in M.

These cohomology groups can be defined in a variety of different ways, perhaps the most
flexible of which is the use of condensed mathematics of [Sch19] (in which case M can be more
generally a consensed G-module). However, most important properties of group cohomology are
arguably already visible when M has discrete topology, and so to avoid complexity, today we
will only work with cohomology in this special case.

Definition 20.1. Let G be a profinite group. A discrete G-module is an abelian group M
together with a left action of G such that the action map G x M — M is continuous if we equip
M with the discrete topology.

We denote the category of discrete G-modules and equivariant maps by Modg (Ab).

Remark 20.2. The condition of being a discrete G-module can be phrased purely algebraically.
Namely, it asks that for any m € M, the map G — M given by

g—g9g-m
is locally constant and hence factors through a finite quotient of G. This is equivalent to the
stabilizer subgroup Stab(m) < G being open. Thus, an abelian group with a G-action is a
discrete G-module if and only if
M= ] MY,
U<aG
where the union is taken over all open subgroups of G.

Observe that a diagram X: I — Modg(Ab) of discrete G-modules can be identified with an
action of G on X considered as a functor valued in the category of abelian groups. It follows that
the limit lim X and colimit liﬂX calculated in the category of abelian groups have an induced
action of G. Moreover, one verifies using Remark 20.2 that
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(1) the colimit lim X is again a discrete G-module,
(2) the limit lim X is again a discrete G-module if the diagram [ is finite.

This implies the following:

Lemma 20.3. The category Modg(Ab) of discrete G-modules is abelian. Moreover, the forgetful
functor into abelian groups is exact and preserves filtered colimits.

Recall that an abelian category is said to be Grothendieck if it has exact filtered colimits and
is generated under colimits by a set of objects. We now verify that Modg(Ab) is Grothendieck.

Lemma 20.4. Objects of the form Z|G /U], where U < G is a normal open subgroup of G,
generate Modg (Ab) under colimits.

Proof. If M is a discrete G-module and m € M is an element, then by Remark 20.2 there exists
an open normal U <I G such that m € MY. It follows m is in the image of a map Z[G /U] — M.
Finding such a map for every m € M, we deduce that M is a quotient of a suitably large direct
sum of modules of the needed form, which implies the claim. ([

Proposition 20.5. The category Modg(Ab) of discrete G-modules is Grothendieck abelian and
the forgetful functor Modg(Ab) — Ab is an exact left adjoint.

Proof. The first part is a combination of Lemma 20.3 and Lemma 20.4. The second follows from
Lemma 20.3 since any cocontinuous functor between Grothendieck categories is a left adjoint. [

Warning 20.6. Beware that a limit of discrete G-modules, calculated in abelian groups, need
not be discrete. In terms of Proposition 20.5, this is saying that the forgetful functor need not
preserve infinite limits.

For a specific example, recall from Definition 14.1 that the (p-adic) completed group algebra
of a profinite group G is defined as

Z,G] := limZ,[G/U),

where the limit is taken over the poset of open subgroups U < G. Each of Z,[G/U] is a discrete
G-module, but the completed group algebra itself is not unless G is finite: the stabilizer of
1 € Z,[G] is the trivial group.

The forgetful functor appearing in Proposition 20.5 can be identified with restriction of rep-
resentations along the unique map 1 — G from the trivial group. More generally, given a closed
subgroup H < G, we have a restriction (ie. forgetful) functor

res% : Modg(Ab) — Mody (Ab)

and this is also an exact left adjoint, as a consequence of Proposition 20.5. It will be useful to
have an explicit description of the right adjoint, which we give now.

Definition 20.7. Let G be a profinite group, H < G a closed subgroup and let M be a discrete
H-module. The coinduced G-module is given by

coind$ (M) == map (G, M) ={ f: G — M | f is continuous, Vyep gecf(h-g) =h- f(g) }
the module of continuous, H-equivariant maps, with G-action defined by
(9 )(g90) = f(g09)-
The following is a fundamental property of coinduction.

Lemma 20.8. The coinduction functor coind$: Mod (Ab) — Modg(Ab) is exact and pre-
serves filtered colimits.
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Proof. One can show that the quotient map G — G/H (of topological spaces) admits a continu-
ous section s: G/H — G, see [Ser97, §1.2, Proposition 1], which we can think of as a continuous
choice of representatives for each coset.

Since an H-equivariant map G — M is uniquely determined by its values at the set of
representatives, any choice of a section s determines an isomorphism of abelian groups

coind$ (M) ~ map,,,(G/H, M).

As M is equipped with the discrete topology, the right hand side is the module of locally constant
functions. This can be written as a filtered colimit of functions constant with respect to a chosen
open cover, with the colimit taken over the poset of all open covers. Since filtered colimits and
finite products are exact and commute with filtered colimits in the category of abelian groups,
we deduce that M — map_,,(G/H, M) has these properties as well. O

We recall the classical fact that restriction and coinduction functors form an adjunction of
signature

res% : Modg(Ab) = Mody (Ab): coind$.

Construction 20.9. Suppose that M is a G-module, N is an H-module and that we have
an H-equivariant map ¢: M — N, which we can identify with a morphism resfl(M ) — N in
Mod g (Ab). We can then define a map ¢: M — coind$(N) by

¥(m)(g) = ¢(gm).
One then verifies that the construction ¢ — 1 define a natural isomorphism
Homyoq,, (4b) (resg(M), N) ~ Homyodg (ab) (M, coindf[(N)).

Remark 20.10. The restriction functor between categories of discrete modules does not have
a left adjoint in general, as it may fail to preserve limits. However, it does have a left adjoint
when H < G is open, given by the classical induced representation construction. Concretely, if
we identify abelian groups with a G-action with Z[G]-modules, the left adjoint is given by
ind% (M) = Z[G] @zm M.
One can verify directly that this is a discrete G-module if M is a discrete H-module.
Remark 20.11 (Induction and coinduction are isomorphic). If H < G is of finite index, then as
we observed in Remark 20.10, the restriction functor has both left and right adjoints, given by
induction and coinduction. These two are naturally isomorphic; that is, for any M € Mod g (Ab),
there is a canonical isomorphism
ind% (M) ~ coind% (M).
After unwrapping the definition, we see that we have to produce a canonical map
Z[G) @z M — mapZ (G, M).
By adjunction, such a map is determined by a map ¢: M — mapil (G, M) of discrete H-
modules, which we define by
gm, g€H
m =
wlm)(9) {O otherwise

A direct calculation shows the induced morphism of G-modules is an isomorphism.

We want to define the cohomology groups of a profinite group as derived functors of the
invariants functor

M € Modg(Ab) — MC € Ab.
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A convenient way to do this is to observe that if we equip Z with the trivial G-action, then we
have a canonical isomorphism

Homytod (a) (Z, M) ~ M€
This motivates the following definition.

Definition 20.12. Let G be a profinite group and M a discrete G-module. The continuous
cohomology groups with coefficients in M are given by extension groups

H*(G, M) := Extoa,(an) (%, M)
in the category of discrete G-modules.

Continuous cohomology groups are often denoted with subscript “cts”, ie. one writes
H (G, M) = H*(G, M)

to emphasize that this depends on the topology of G. To avoid clutter, we omit the subscript,
since there is no other kind of group cohomology we will consider in this course.

Remark 20.13. If G is finite, then Modg(Ab) is just the category of all G-representations in
abelian groups and Definition 20.12 reduces to cohomology of finite groups in the usual sense.

Construction 20.14. The cohomology groups are covariantly functorial in continuous maps. To
see this, suppose that f: G; — (G5 is a continuous map of profinite groups. Then, via restriction,
any discrete Go-module yields a discrete G1-module, providing an exact, cocontinuous functor

res(f): Modg, (Ab) — Modg, (AD).

Since res(f)(Z) ~ Z, where both sides have the trivial action, the morphism on Ext-groups
induced by res(f) provides a natural transformation

resy : H (G, M) — H* (G, res(f)(M)).
called the restriction.

We now show that Definition 20.12 is equivalent to a construction of cohomology groups in
terms of group cochains.

Lemma 20.15 (Shapiro’s lemma). Let H < G be a closed subgroup and let M be a discrete
H-module. Then there is a natural isomorphism

H*(@, coind% (M) ~ H*(H, M).
Proof. Since coind$ (—) is exact by Lemma 20.8, the left hand side can be identified with derived
functors of
M — H°(G, coind% (M)).
Thus, it is enough to construct the needed natural isomorphism when s = 0. We have an
identification
HO(G, coind$ (M) = (mapfl, (G, M))°

and we observe that a function G — M is a fixed point for the G action on the source if and

only if it is constant. However, a constant function is H-equivariant if and only if its value is
fixed by H, so that

map (G, M)¢ ~ M*.
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Construction 20.16 (Coinduction complex). The adjunction res§ - coind{ induced by the
inclusion of the trivial subgroup determines a monad S := coindg ores% on Modg (Ab) and thus
for any discrete G-module M we obtain an augmented cosimplicial object

(20.1) M S(M) = S2(M) =% ...
This in turn determines a cochain complex of discrete G-modules of the form
S(M) — S*(M) — S*(M) — ...

where the differentials are given by alternating sums of cobundary maps of (20.1), together with
an augmentation map M — S(M).

Definition 20.17. The group cochain complex associated to M is the complex of abelian groups
C*(G, M) := (5*H (M)
obtained by taking invariants in the complex of Construction 20.16.

Remark 20.18 (Explicit form of group cochains). By unwrapping the definition of coinduction,
the complex of discrete G-modules of Construction 20.16 can be rewritten as

map,,(G, M) — map_,(G x G,M) — map (G x Gx G, M) — ....
Applying invariants, we see that the group cochain complex is of the form
(20.2) M — map,,,(G,M) = map_,,(GXx G,M) — ....
With enough patience, one can calculate that in these terms the differential
d: C5(G, M) — C*TH(G, M)
is given by the formula
() (g1, gs11) = 91 (g2, gsr)+ Y (1) f(91,- 1 9igit1s -+ 9sp)+(=1)" T f(gr,- ., gs)-
1<i<s

Proposition 20.19. Let M be a discrete G-module. Then the groups H*(G, M) of Defini-
tion 20.12 can be calculated as cohomology of the group cochain complex of (20.2).

Proof. By construction, the cosimplicial object used to define the coinduction complex of Con-
struction 20.16 is split after applying res{ : Modg (Ab) — Ab, and hence the resulting augmented
complex is exact as a complex of abelian groups. It follows that it is exact and hence can be
thought of as a resolution of M.

To check that the Ext-group defining group cohomology can be calculated using this resolution
it is enough to verify that

H* (G, coind{’ (M)) ~ ExtSoa, (ap) (Z, coind{ (M))
vanishes for s > 0. By Shapiro’s Lemma 20.15, this can be identified with
H*(1, M) ~ Ext%,(Z, M)
which vanishes in positive degrees since Z is projective as an abelian group. U

Remark 20.20. If f: G; — G5 is a continuous homomorphism of profinite groups, then com-
posing with products of f yields a map of chain complexes

C*(Gl,M) — C*<G2,M),
where on the right hand side we consider M with the restricted Gs-action. The induced map

on cohomology coincides with the one obtained through abstract considerations of Construc-
tion 20.14.
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Example 20.21 (Zero-th cohomology). After retracing the definitions, we see that the first
differential
d: M — map_,,(G, M)

in the group cochain complex is given by the formula
d(m)(g) = g-m —m.
Thus, the kernel of the first differential is exactly the subgroup of invariants.

Example 20.22 (First cohomology). The second differential d: map,,,(G, M) — map,,,(G?, M)
in the group cochain complex is given by

d(f)(91,92) = 91f(g2) — f(g192) + f(g1)

It follows that the 1-cocycles are given by those continuous maps f: G — M such that

f(9192) = 91f(g2) + f(g1)-

Such maps are called crossed homomorphisms. In the special case when the action of G on M
is trivial, these are precisely the group homomorphisms G — M.

A principal crossed homomorphism is one of the form f(g) = g-m—m for some m € M. These
are precisely the 1-boundaries, so by Proposition 20.19 the first cohomology group H(G, M) is
the quotient group of crossed homomorphism modulo the principal ones. If the action of G on
M in trivial, then only the zero crossed homomorphism is principal, so that

H'(G, M) ~ Homg,,(G, M).

Another consequence of Proposition 20.19 is that formation of continuous group cohomology
is compatible with filtered colimits. Using this, we will be able to show that it can be calculated
in terms of cohomology of finite groups.

Corollary 20.23. For any s > 0, the functor M — H*(G, M) preserves filtered colimits.

Proof. This is immediate from Proposition 20.19, since taking cohomology of cochain complex,
the invariants functor and coinduction all preserve filtered colimits, the last one by Lemma 20.8.
d

Note that if M is a discrete G-module and H < G is a closed normal subgroup, then the H-
invariants M are again a discrete G-module. In fact, since H acts trivially, they are a discrete
G /H-module. We thus obtain a canonical map

H*(G/H,MY) — H*(G,MY) — H*(G, M)
where the first arrow is functoriality in the group and the second one is induced by the inclusion
M < M.
Proposition 20.24. For any discrete G-module M and any s > 0, we have
H*(G, M) ~ lim H*(G/U, MY).
where the colimit is taken over the (opposite of ) the poset of open normal subgroups U < G.

Proof. Since both sides commute with filtered colimits in M by Corollary 20.23 and M is a
filtered colimit of its finitely generated submodules, we can assume that M is finitely generated
as a discrete G-module.

Since each of the finitely many generators of M is stabilizer by an open subgroup by Re-
mark 20.2, we deduce that if U is sufficiently small, then M = MY. Restricting to the subposet
of such open subgroups V', we only have to show that

H* (G, M) ~ lim H*(G/V, M).
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By Proposition 20.19, we can calculate both sides by the group cochain complex, and the needed
claim follows from the fact that

map,,(G*, M) = limymap((G/V)*, M)
since any locally constant function G* — M factors through (G/V)* for small enough V. (]

21. COHOMOLOGICAL DIMENSION AND MOD p COHOMOLOGY

In this lecture, we will introduce the notion of cohomological dimension of a profinite group.
We will show that the dimension depends only on the p-Sylow subgroups, and relate it in the
case of pro-p-groups to their mod p cohomology ring. Finally, we will relate the low dimensional
cohomology groups to generators and relations of the group itself.

Today, we will be only interested in cohomology with coefficients in torsion G-modules, which
admit a canonical decomposition along primes as we now describe.

Remark 21.1. Suppose that M is a discrete G-module which is torsion as an abelian group.
We then have a direct sum decomposition

M~ P Mp>],
P
into p-torsion parts for different primes p, which yields a cohomology decomposition

H*(G, M) ~ HH* (G, M[p™)),

where we use that cohomology of a profinite group commutes with arbitrary direct sums as it
commutes with finite products and filtered colimits, the latter by Corollary 20.23.

It follows from Remark 21.1 that when studying cohomology with coefficients in torsion mod-
ules, we can fix a prime and consider only p-torsion modules. This makes the following definition
very natural:

Definition 21.2. Let G be a profinite group. We say that G is of (p)-cohomological dimension
(1) at most n, denoted by cd,(G) <mn, if
H*(G,A) =0

for any p-torsion discrete G-module A and any s > n,
(2) ezactly n, denoted by cd,(G) = n, if cd,(G) < n but ¢d,(G) £ n—1,
(3) infinity if cd,(G) £ n for any finite n.

Notation 21.3. Throughout the rest of the lecture, we consider the prime p to be fixed and
call p-cohomological dimension simply cohomological dimension.

We will be interested in how cohomological dimension of a group interacts with dimensions
of its subgroups. We first observe that we have an easy inequality going in one direction.

Lemma 21.4. Let G be a profinite group and H < G a closed subgroup. Then
cdy(H) < cdp(G).

Proof. If A is a p-torsion discrete H-module, then coindg(A) is a p-torsion discrete G-module.
Then

H*(H, A) ~ H*(G, coind$ (A))
by Shapiro’s Lemma 20.15 and the claim follows. (]

Similarly, one can bound the cohomological dimension of an extension using the dimensions
of the factors. This requires the use of an important spectral sequence which we recall now.
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Construction 21.5 (Lyndon-Hochschild-Serre spectral sequence). Let G' be a profinite group
with closed normal subgroup N <1 G, so that G/N is again a profinite group. If M is a discrete
G-module, then MY has an induced action of the quotient group G/N. Moreover, there is a
canonical isomorphism

MEC ~ ( MN)G/N;

in other words, the diagram

()¢
Modg(Ab) Ab

(21.1) m} Am

Modg N (Ab)
commutes. If A is an abelian group, then
(coind{'(A))" = map, (G, A)V =~ map,,,(G/N, A),
so that the left vertical arrow in (21.1) takes H°(G, —)-acyclics to HY(G/N, —)-acyclics. We thus
have a Grothendieck spectral sequence of a composite of derived functors which is of signature
H*(G/N,H (N, M)) = H**'(G, M).
This is known as the Lyndon-Hochschild-Serre spectral sequence.

Lemma 21.6. Let G be a profinite group and N <G a closed normal subgroup. Then
cdy(G) < edp(N) + cd,p(G/N).

Proof. If A is a p-torsion discrete G-module, then H*(N, M) is a discrete p-torsion G-module
for any t. Thus, all of the terms on the second page of the Lyndon-Hochschild-Serre spectral
sequence

H*(G/N,H (N, M)) = H**'(G, M).
vanish when s > ¢d,(G/N) or t > c¢d, (V). In particular, they vanish when s +¢ > c¢d,(G/N) +
cd,(IV), which implies the desired statement. O

Warning 21.7. Beware that while being of finite cohomological dimension is stable under sub-
groups and extensions, as we observed above, it is most decidedly not stable under taking quo-
tients! For example, Z, is of finite cohomological dimension but Z/pZ is not, see Example 21.15
and Example 21.18 below.

Recall from Lemma 3.8 that any profinite group G has a Sylow p-subgroups S < G, which is
a closed subgroup such that

(1) S is pro-p,
(2) G/S is a limit of finite groups of order coprime to p.

Moreover, any two such subgroups are conjugate. We will now show that the notion of p-
cohomological dimension depends only on the p-Sylow subgroup. This requires us to introduce
the covariant functoriality of group cohomology.

Construction 21.8. Let GG be a profinite group, U < G an open subgroup and M a discrete
G-module. Recall that associated to (the restriction of) M we have a coinduced modules

coind$ (M) := map¥, (G, M)

of U-equivariant continuous maps, with G-acting on the source by right multiplication. We
define a map of discrete GG-modules

21.2 71 coindG (M) — M
U
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by
m(f) =2 w7 @)

where z; is any set of representatives for left cosets U\G. This does not depend on the choice
of representatives, since if x; = ux;, then

i i) = () "t fuay) = ()"t uf () = (23) 7 (),
where we’ve used that f is U-equivariant. Applying G-cohomology functor to (21.2) and using
Shapiro’s Lemma 20.15 we obtain a map

(21.3) cores: H*(U, M) — H*(G, M).

Remark 21.9. As we observed in Remark 20.11, if U < @ is open, then there is a canonical
isomorphism

coind$ (M) ~ ind$ (M)
between induced and coinduced modules. In terms of this explicit isomorphism, the map
coind§ (M) — M of Construction 21.8 is the counit map ind$ (M) — M of the adjunction
i 1G G
indg; - resg;.

Definition 21.10. We call the map on cohomology groups of (21.3) the corestriction map.

An important property of the corestriction map is its behaviour when composed with the
contravariant functoriality of group cohomology; that is, the restriction of Construction 20.14.

Lemma 21.11. Let G be a profinite group, U < G an open subgroup and M a discrete G-module.
Then the composite

H*(G,M) — H*(U,M) - H*(G, M)
of the restriction and corestriction maps coincides with multiplication by the index |U : G|.

Proof. Both restriction and corestriction are obtained by applying cohomology to suitable maps
of discrete G-modules. We show something stronger, namely that the composite of these two
maps
M — coind$ (M) — M
coincides with multiplication by the index. To see this, we calculate that the composite is given
by
m Za:i_l(xim) =|U:G|-m
K3

where x; is a set of representatives of left cosets. This gives the claim. O

Proposition 21.12. Let G be a profinite group and let S < G be a Sylow subgroup. Then for
any p-torsion discrete G-module A, the restriction map

(21.4) H*(G,A) — H*(S, A)
is injective. In particular,
cd,(G) = cdp(9).

Proof. Since both sides commute with filtered colimits in A by Corollary 20.23, we can assume
that A is finitely generated and hence stabilized by an open subgroup U < G. Since the open
normal subgroups V <1 G contained in U form a basis of open neighbourhoods of the identity
of G, and similarly with V' N S for S, using Proposition 20.24 we can identify (21.4) with the
filtered colimit of maps
H*(G/V,A) - H*(S/(SNV),A).
Since S/(SNV) is a Sylow subgroup of G/V, the composite

H*(G/V,A) = H*(S/(SNV),A) = H*(G/V, A)
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of restriction and corestriction is equal to multiplication by an integer coprime to p by Lemma 21.11.
As these groups are p-torsion, since A is, we deduce that the composite is an isomorphism and
hence the first map is injective. We deduce that so is the filtered colimit, as needed.

The injectivity of the restriction maps shows that c¢d,(G) < cd,(S). The inequality going the
other way is Lemma 21.4. U

As a consequence of Proposition 21.12; when discussing p-cohomological dimension it is enough
to consider the case of pro-p-groups. In this case, cohomological dimension is characterized by
cohomology with respect to a single module.

Lemma 21.13 (Complete reducibility of p-torsion modules). Let G be a pro-p-group and let A
be a finitely generated p-torsion discrete G-module. Then A can be built from ¥y, using iterated
extensions, where we consider ¥y, with the trivial G-action.

Proof. If A is both p-torsion and finitely generated, then p¥ - A = 0 for some k > 0. We thus
have a finite filtration

0=pF ACpF'.-AC...CA
whose subquotients are simple p-torsion. This reduces us to the case when A is a finite-
dimensional F,-vector space.

Choosing a basis, the action of G is specified by a continuous homomorphism G — GL,(F,),
where r = dimp, (A4). As G is pro-p, this homomorphism factors through a Sylow subgroup of
the general linear group, which by changing the basis if necessary we can assume is given by the
subgroup U,(F,) < GL,(F,) of unitriangular matrices of Notation 6.13. It follows that with
respect to this basis, the action of G preserves the standard flag of subspaces

0<F,CF*C.. .CF~A

This gives a filtration of A by G-submodules with subquotients isomorphic to Fy,, necessarily
with a trivial action since | Aut(F,)| = p — 1, ending the argument. O

Proposition 21.14. Let G be a pro-p-group. The following are equivalent:

(1) cdp(G) < m,

(2) H*(G,F,) =0 for s > n,

(3) H"Y(G,F,) = 0.
Proof. The forward implications are clear, so we only argue (3) = (1). Observe that if

0A—-B—-C—0
is a short exact sequence of discrete G-modules, then
H" (G, A) - H"TY(G, B) — H""(G, C)

is exact in the middle. It follows that the class of discrete G-modules A such that H**1(G, A) = 0
is closed under extensions. By Corollary 20.23, it is also closed under filtered colimits. Since
H"*1(G, F,) = 0 by assumption, to show that H* ™! (G, A) = 0 for any p-torsion G, it is enough
to verify that p-torsion discrete G-modules are generated under filtered colimits and extensions
by F,,. This is immediate from Lemma 21.13 and the fact that any discrete G-module is a filtered
colimit of its finitely generated submodules.

Now suppose by induction that we showed that H***(G, A) = 0 for all p-torsion A and some
k > 1. We have a short exact sequence of p-torsion discrete G-modules

0— A— coind¥(A) - C -0

where C is the cokernel of the unit map. Since coinduced modules have no positive degree
cohomology, the long exact sequence of cohomology associated to the above extension shows
that

Hn+k(G, C) ~ Hn+k+1(G,A).
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The left hand side vanishes by the inductive assumption and hence so does the right hand side.
This shows that H*(G, A) = 0 for all s > n, as needed. O

First, we observe that cohomological dimension is only interesting in the profinite case: no
finite groups, and no groups which contain torsion, can be finite-dimensional.

Example 21.15. Let C}, be the cyclic group with p elements. For finite groups, cohomology in
the sense of Definition 20.12 can be identified with cohomology of the classifying space.

We have BC; ~ RP® and BC), ~ L,, (the infinite lens space) for p > 2. Standard calculations
in algebraic topology then show that

H*(CQ, F2) ~ FQ[,T],

a polynomial algebra on a class of degree |z| = 1''. Here, the element = can be any generator of
the first cohomology group, which we can identify through Example 20.22 with an isomorphism
of groups C}, ~ F,,.
At p > 2, we instead have
H*(Cp,F,) ~ A(z) @ F,[y],

a tensor product of an exterior algebra on a class of degree |x| = 1 and a polynomial algebra on
a class of degree |y| = 2 Here, z is again a chosen isomorphism C),, ~ F, and y = 3(x) is given
by its Bockstein.

Remark 21.16. Note that at any prime p, cup product with the Bockstein 3(z) of a generator
(which is equal to 22 when p = 2) induces an isomorphism

Hk(cp’ Fp) ~ Hk+2(cvap)
for all £ > 0. This 2-fold periodicity in cohomology of a cyclic group will come up again as an

essential argument in §23, where we prove a partial converse to Proposition 21.17 below.

One consequence of the calculation of Example 21.15 is that torsion obstructs finiteness of
cohomological dimension:

Proposition 21.17. Let G be a profinite group of finite p-cohomological dimension. Then G is
p-torsion free; that is, if g = e for some g € G, then g =e.

Proof. We observed in Example 21.15 that C), is of infinite cohomological dimension. If g¥ = e
and g # 0, then €, < G as a subgroup generated by g, and it follows from Lemma 21.4 that
cd,(G) = 0. O

Note that in particular, Proposition 21.17 shows that all non-zero finite p-groups are of infinite
cohomological dimension. Thus, the latter notion is really only interesting for infinite groups.
The following gives an example of such a group.

Example 21.18. Using the fact that Z,, is a free pro-p-group on a single generator, one can show
that the cohomology groups of a p-torsion Z,-module M can be calculated as the cohomology
of the cochain complex

M 2% M
where o € Z,, is the topological generator. It follows that Z, is of p-cohomological dimension 1.

One reason why Proposition 21.14 is particularly useful is that mod p cohomology of a group
has a canonical structure of a ring. One way to see this is the isomorphism

H*(G, F,) ~ lig H* (G/U, F,),

HThe ring structure on cohomology is that of a cup product. In case of group cohomology, it can be produced
purely algebraically, as we will do in the next lecture.
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where on the right hand side we have a filtered colimit of rings since cohomology groups of a
finite group have a ring structure coming from the cup product using the identification with
cohomology of the classifying space. This also endows the cohomology groups with the action
of Steenrod operations.

Remark 21.19. In the next lecture, we will construct the product structure on cohomology
purely algebraically (in greater generality, allowing non-trivial coefficients). One can similarly
construct the Steenrod operations in a purely algebraic fashion, but any construction of the
Steenrod squares and powers is necessarily involved - too involved for us to do so in this course.

Another reason while considering mod p-cohomology is convenient is that low-dimensional
cohomology groups admit straightforward interpretation.

Lemma 21.20. Let G be a pro-p-group with Frattini subgroup Go < G. Then
HY(G,F,) ~ (G/Go)* := Hom%tj(G/Gg,Fp);
that is, HY(G,F,) is the continuous linear dual of the profinite F,-vector space G/Gs.
Proof. Since the action of G on F), is trivial, by Example 20.22 we have
H'(G,F,) ~ Hom“*(G,F,),

the group of continuous group homomorphisms. Since F,, is abelian of exponent p, any such
homomorphism factors uniquely through G/Gs. O

Corollary 21.21. A pro-p-group is finitely generated if and only if H* (G, F,) is finite-dimensional
as an Fy-vector space.

Proof. This is a combination of Lemma 21.20 and Proposition 3.4, since a profinite F,-vector
space is finitely generated if and only if it is finite-dimensional, if and only if its continuous dual
is finite-dimensional. O

By Lemma 21.20, elements of H!(G,F,) can be thought of as “cogenerators” of G in the
sense that its elements can detect generators. More precisely, identifying first cohomology with
homomorphisms we have a pairing

H'(G,F,) x G = F,

and a set of elements of G generates it if and only if no element of first cohomology vanishes on
the whole set.

Similary, one can think of H*(G,F,) as encoding “relations” in the group. For example, we
have the following result, which relates the second cohomology to finite presentation:

Proposition 21.22. Let G be a pro-p-group generated by g1, . .., gn and let R := ker(F(n) — G)
be the kernel of the induced homomorphism from the free pro-p-group gemerated by n elements.
Then the following are equivalent:

(1) R is finitely generated,

(2) H?(G,F,) is a finite-dimensional F,-vector space.

We do not prove Proposition 21.22 in this course; an interested reader should consult [Ser97,
§4.3, Proposition 27]. Instead, we will prove a related result which will be useful in the next
lecture.

As motivation for the statement, observe that by Lemma 21.20 the group C" is the smallest
pro-p-group whose first cohomology is n-dimensional. As the smallest such group, one can think
that it has the most “relations”. The following result relates this to the second cohomology being
sufficiently large.

Theorem 21.23 (Serre). Let G be a pro-p-group and let (y;)icr be a well-ordered basis of
HY(G,F,). Then the following are equivalent:
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(1) the induced group homomorphism G — [[,c; Cp is an isomorphism,
(2) the cohomology classes y;y; for i < j and S(y;) are linearly independent as elements of
H%(G,F,).

Proof. Using the calculation of cohomology of H*(C),, F,,) of Example 21.15 (where at p = 2 we
have 3(z) = 2?) and the Kiinneth theorem for cohomology of products, we see that the given
elements form a basis of H*(—,F,,) for any finite product of C,. Since an infinite product is a
limit of finite products, this is also a basis for infinite products by Proposition 20.24. This shows
that (1) = (2).

We now argue that (2) = (1). Since y; € H!(G,F,) are linearly independent, the induced
map into any finite product of C), is surjective. It follows that the map into the whole product
has dense image and thus is surjective as G is compact. Using the description of cohomology of
the product from the previous paragraph, we see that condition (2) is equivalent to the induced
map

HQ(H Cyp, Fp) = HY(G,Fy)
iel
being injective.

Let K = ker(G — [[C,) be the kernel; we have to show that K is trivial. We have the

Lyndon-Hochschild-Serre spectral sequence of Construction 21.50 of signature

H([[ Cp. H' (K. Fy)) = H*(G,F,)

whose second page (in low degrees) is given by

\
HY(I1Cy. Fy) HY(ITCp, Fy) HA(I1Cp, Fy)

Since HY(J]C,,F,) — H'(G,F,) is an isomorphism by construction, on the E.,-page the
(0, 1)-term must vanish. The only way this can happen is if all of the non-zero elements support
the pictured do differential. However, as H*(][] C,,F,) — H?*(G,F,) is injective, none of the
elements in the (2,0)-term can be hit by a differential. It follows that the pictured differential
vanishes so that

HO (I Cp, HY (K, Fy))

H([] €, H'(K,F,)) = 0.

Since any non-zero representation of a pro-p-group on a F-vector space has a non-zero vector
as a consequence of Lemma 21.13, this implies that

H'(K,F,) =0.
By Lemma 21.20, this implies that K = 0, as needed. (]

22. THE DERIVED 00-CATEGORY AND CUP PRODUCTS

In the previous lecture, we observed that the mod p cohomology ring of a profinite group
acquires a ring structure with respect to the cup product using the isomorphism

H'(G,F,) ~ lim H' (G/U, F,,) ~ lim H*(B(G/U), F,),

where the right hand side is given by the cohomology of the classifying space. Today, we will
give a general construction of cup product in group cohomology of a profinite group, allowing
non-trivial modules as coefficients.
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Warning 22.1. There is a low-technology construction of the cup product in group coho-
mology, given by writing down an explicit formula in terms of the group cochain complex of
Definition 20.17. However, we will proceed differently, instead endowing the derived oco-category
of discrete G-modules with a suitable symmetric monoidal structure, which is often useful in its
own right.

As a first step towards the construction of cup products, we observe that we have a suitable
symmetric monoidal structure on the category of coefficients.

Construction 22.2 (Tensor product of discrete G-modules). If M, N are discrete G-modules,
then their tensor product M ®y N acquires a canonical discrete G-module structure defined
uniquely by

g-(@®b):=(g9-a)®(g-b).
This makes Modg (Ab) into a presentably symmetric monoidal category with unit Z (equipped
with the trivial G-action). If m € M, n € N are G-invariants, then so is m ® n € M ® N, and
this defines a bilinear pairing

(22.1) H%(G, M) @ H°%(G,N) — H(G,M ® N).

The cup product on cohomology should be obtained by a suitably extending (22.1) to a pairing
of derived functors. To more easily manipulate derived functors, it will be convenient to work
with a variant of the derived co-category of discrete G-modules.

Recollection 22.3 (Unseparated derived oo-category). If € is a presentable, stable co-category
equipped with a t-structure compatible with filtered colimits, then the heart € is a Grothendieck
abelian category. One can show that in this context, the construction

e eY,
has a left adjoint'? which we denote by
A D(A),
see [Lur, Corollary C.5.8.9]. We call D(A) the unseparated derived co-category.

Remark 22.4. Concretely, the unseparated derived co-category D(A) can be described as the
homotopy coherent nerve of the category of chain complexes of injectives of A.

Remark 22.5 (Extension groups in terms of the derived oco-category). The unseparated derived
oo-category encodes the homological algebra of A in the sense that

(1) the unit map A — D(A)Y of the adjunction of Recollection 22.3 is an equivalence of
categories,
(2) there are isomorphisms

Ext) (a,b) ~ 7_,maps 4 (a,b)

between the extension groups of A (in a classical sense, defined as derived functors) and
homotopy groups of the mapping spectra between a,b € A, considered as objects of the
heart.

These are really the only two properties of the unseparated derived oo-category which we will
use and we encourage a reader unfamiliar with this construction to take them on faith.

12For this to be true, one should really consider € — €% as a functor from presentable, stable co-categories
equipped with a right complete t-structure compatible with filtered colimits and t-exact left adjoints, into
Grothendieck abelian categories and exact left adjoints. This is more pleasantly expressed (although it would
mean the same thing) in the language of Grothendieck prestable co-categories. We recommend |[Lur, Appendix
C] for details.
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Warning 22.6. The reader might be familiar with the separated derived oco-category D(A),
which is the localization

D(A) = D(A)
obtained by inverting all quasi-isomorphisms. This functor is often an equivalence; for example,
when A has enough projectives. Moreover, it always induces an equivalence between subcate-
gories of objects bounded with respect to the t-structure.

In particular, D(A) also satisfies the two properties outlined in Remark 22.5, and so for the
purpose of this course, either of these two oco-categories would do. However, in our context, the
unseparated variant is both slightly easier to describe and better-behaved, so this is the one we
will work with.

To construct the cup product, we will endow the unseparated derived oco-category of discrete
G-modules with a symmetric monoidal structure. To motivate our construction, we first describe
the category of discrete G-modules as an Ind-completion.

Lemma 22.7. If G is profinite and U < G is open normal, then Z|G /U] is compact as an object
of the category of discrete G-modules. Moreover, objects of this form generate Modg (Ab) under
colimits.

Proof. We have

Homytode (an) (Z[G/U), M) ~ MY ~ H(U, M)
so that compactness follows from Corollary 20.23. Since any element of a discrete G-module is
stabilized by some open subgroup, any element is in the image of a map from Z[G/U] for some
U, and we deduce that these objects generate. O

Corollary 22.8. If M is discrete G-module which is finitely generated as an abelian group, then
M is compact. Conversely, any compact object is finitely generated as an an abelian group.

Proof. By Lemma 22.7, M can be written as a quotient of a direct sum of objects of the form
Z|G /U] which are compact. Since M is finitely generated, the direct sum can be chosen to be
finite, so that the kernel is again finitely generated as an abelian group. We deduce that M
belongs to the smallest subcategory of Modg(Ab) containing Z[G /U] and closed under finite
colimits, which is exactly the subcategory of compact objects. O

Theorem 22.9. Let Modg(Ab/9) C Modg(Ab) be the subcategory of modules which are finitely
generated as an abelian group. Then

(1) Modg(AbT9) ~ @Modg/[](ﬂbfg), where the filtered colimit of categories is taken using
restriction functors and is indezxed by the opposite of the poset of normal open subgroups,
(2) the inclusion induces an equivalence

Modg(Ab) ~ Ind(Modg (Ab'P)),
where the right hand side is the free cocompletion under filtered colimits.

Proof. Let M be a discrete G-module generated as an abelian group by elements mq,...,m, €
M. Each of m; is stabilized by an open normal subgroup U;, hence all of M is stabilized by
U:=UN...NU,. It follows that M is obtained by restriction from G /U and thus the comparison
functor

lim Modg i (Ab79) — Mode (AbT9)

is essentially surjective. Since each of Modg 17 (Ab™9) — Modg (AbT9) is fully faithful, so is the
comparison functor. This ends the first part.

The second part is a formal consequence of Lemma 22.7 and Corollary 22.8, since for any
cocomplete oo-category € generated by its subcategory C“ C € of compact objects we have
Ind(C¥) ~ €, see [Lur09, Proposition 5.3.5.11]. O



P-ADIC ANALYTIC GROUPS HARVARD MATH 291Y, FALL 2023 112

To endow the derived oo-category with a symmetric monoidal structure, we will describe
D(Modg(Ab)) in terms similar to the abelian case covered in Theorem 22.9.

Recollection 22.10. Recall that an object X € D(Z) of the derived co-category of the integers
is called perfect if it satisfies one of the following equivalent conditions:
(1) it is compact,
(2) it is dualizable with respect to the derived tensor product,
(3) it has finitely many non-zero homology groups, each of which is finitely generated as an
abelian group.

Notation 22.11. We write Perf(Z) C D(Z) for the full subcategory spanned by perfects.

Definition 22.12. The oo-category of discrete perfect G-modules is given by the filtered colimit
Modg(Perf(Z)) := 1i£r1Fun(B(G/U)7 Perf(Z))

of co-categories of perfect complexes equipped with an action of G/U. Here, the colimit is taken
over the poset of open normal subgroups and the functors are given by restriction.

Note that for each normal open U < G
Modg v (Perf(Z)) ~ Fun(B(G/U), Perf(Z))
inherits a pointwise t-structure from perfect complexes with heart
Modg,p (Perf(Z))¥ ~ Modg,p (Perf(Z)%) ~ Modg u (Ab9)

Restriction of representation functors are t-exact with respect to these t-structures and it follows
that Modg(Perf(Z)) inherits a t-structure as a filtered colimit.

This t-structure then formally extends to one on Ind-completion, namely the unique one
compatible with filtered colimits, whose heart is given by

(22.2) Ind(Modg (Perf(Z)))® ~ Ind(Modg (Perf(Z))¥) ~ Mod g (Ab),

where the second identification is Theorem 22.9. Through the universal property of the unsepa-
rated derived oo-category of Recollection 22.3, this equivalence induces a cocontinuous, t-exact
functor

(22.3) D(Modg (Ab)) — Modg(D(Z)).
Theorem 22.13. The comparison functor of (22.3) is an equivalence of oco-categories.

Proof. This is completely formal, but the argument requires some theory of Grothendieck prestable
oo-categories. We advise the reader not familiar with the latter to take the result on faith.
For an interested reader, we observe that by [Lur, Theorem C.6.7.1], the subcategory

(Ind(Modg (Perf(Z)))>0 ~ Ind(Modg (Perf(Z)>¢))

of connective objects is anticomplete. As it is also 0-complicial, generated under colimits by
Z|G/U] for open normal subgroups U <1 G, we deduce that it is an unseparated derived oo-
category of its heart by [Lur, Corollary C.5.8.11]. O

As a consequence, we obtain the desired symmetric monoidal structure.

Construction 22.14. The oo-category D(Z) has a canonical symmetric monoidal structure
given by the derived tensor product over the integers. Considering pointwise tensor product we
obtain an induced symmetric monoidal structure on each of the functor co-categories and hence
on the filtered colimit

Modg (Perf(Z)) ~ ligFun(B(G/U), Perf(Z)).
This is exact in each variable and hence uniquely extends to a symmetric monoidal structure on

D(Modg(Ab)) ~ Ind(Modg(Perf(Z)))
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which preserves colimits in each variable.
Remark 22.15. The symmetric monoidal structure of Construction 22.14 is uniquely deter-
mined by the following two properties:
(1) for each open normal U <1 G, the composite
Fun(B(G/U), Perf(Z)) — Modg(Perf(Z)) — Ind(Modg(Perf(Z))) ~ D(Modg (Ab))
is symmetric monoidal,
(2) the tensor product preserves colimits in each variable.

More precisely, given a presentably symmetric monoidal stable co-category €, a collection of
compatible exact symmetric monoidal functors

Fun(B(G/U),Perf(Z)) — C
uniquely extends to a symmetric monoidal left adjoint D(Modg(Ab)).

Remark 22.16. One can similarly ask about a symmetric monoidal structure on the separated
(ie. classical) derived oo-category D(Modg(Ab)). Since the forgetful functor

Modg(Ab) — Ab
is a conservative exact left adjoint, we deduce that the same is true for
D(Modg(Ab)) — D(Z).
It follows that the quasi-isomorphisms in the unseparated derived oo-category D(Modg(Ab))
can be identified with those maps which are inverted by the functor
(22.4) D(Modg (Ab)) — D(Ab) ~ D(Z),

where we use that for the category of abelian groups, the two variants of the derived oco-category
coincide by [Lur, C.5.8.12].

Using the universal property of Remark 22.15, the functor of (22.4) can be made symmetric
monoidal, so that the class of arrows it inverts is closed under the tensor product on both sides.
We deduce formally that there is a unique symmetric monoidal structure on D(Modg(Ab)) such
that the canonical localization

D(Modg (Ab)) — D(Modg (Ab))
is symmetric monoidal.

Construction 22.17 (Cup products). Let Z € D(Modg(Ab)) be the integers with the trivial
G-action, considered as an object of the heart. Since the derived oco-category is stable, we have
an internal mapping spectrum functor

map(Z, —): D(Modg(Ab)) — Sp

and since Z is the monoidal unit, this has a canonical lax symmetric monoidal structure. As
passing to homotopy groups is also lax symmetric monoidal, the same is true for the composite

mmap(Z, —): D(Modg(Ab)) — grAb.
If M, N are discrete G-modules, considered as objects of the heart, then
m_smap(Z, M) ~ Extﬁwodc(ﬁb) (Z,M) ~H*(G, M)
by Remark 22.5 and similarly for N. We have a canonical comparison map M @ N — M @z N
between the derived and ordinary tensor products, and the composite
7_smap(Z, M) @z m_;map(Z, N) — n_,_ymap(Z, M @% N) — n_,_ymap(Z, M @z L)

can be identified with a map

(22.5) H*(G, M) ®z H' (G, N) — H*™ (G, M @z N).
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Concretely, the map of (22.5) can be described as follows. A pair of classes z € H*(G, M) and
y € HY(G, N) can be identified with a homotopy class of maps x: Z — X*M and y: Z — XN
in the derived oo-category. The cup product is then represented by the homotopy class of the
composite

Z~7R7 —2Y 5 S5+ (M @F N) —— S5+(M @z N)
Definition 22.18. We call the map of
U: H¥(G, M) ®z H (G, N) — H*"'(G, M ®z N)
of Construction 22.17 the exterior cup product in cohomology.
The cup product endows the functor H*(G, —): Modg(Ab) — grAb with a lax symmetric
monoidal structure. In other words, the pairing of Definition 22.18 is suitably commutative,

associative and unital. Moreover, by unwrapping the arguments we see that in cohomological
degree zero it coincides with the pairing of invariants described in Construction 22.2.

Remark 22.19. Suppose that R is a monoid in Modg(Ab), which we can identify with a ring
R together with a continuous action of G through ring automorphisms. The composite
H*(G, R) ®z H'(G,R) — H*" (G, R®z R) — H*™"(G, R)

of the cup product and the ring multiplication is called the internal cup product. It endows
H*(G, R) with a structure of a graded ring, and it is graded-commutative if R is a commuta-
tive. In the particular case of trivial action, this recovers the ring structure coming from the
isomorphism

H*(G,R) ~ liAqH*(G/U, R) ~ @H*(B(G/U),R),
where the right hand side is endowed with the topological cup product.

We have previously constructed contravariant and covariant functoriality in group cohomol-
ogy, given respectively by restriction and corestriction. We now describe how these two opera-
tions interact with the cup product. This will require us to consider restriction and coinduction at
the level of derived oco-categories and the way they interact with the derived symmetric monoidal
structure.

Construction 22.20. If K < @ is a closed subgroup, we have an adjunction
res$ 4 coind% : Modg (Ab) = Mod g (Ab).

Both of these functors are exact left adjoints, in the case of coinduction by Lemma 20.8. Since
the association A — D(A) is functorial in exact left adjoints, we obtain an induced adjunction
between derived oo-categories, which we also denote by

res$ 4 coind% : D(Modg (Ab)) = D(Mod g (Ab)).

In terms of the description of the derived oo-category of Theorem 22.13, the restriction is induced
by the functors

Fun(B(G/U), Perf(Z)) — Fun(B(K/(U N K), Perf(Z)) — D(Mod g (Ab)).

This is canonically symmetric monoidal, and this produces a symmetric monoidal structure on
the restriction functor.

Lemma 22.21. Let K < G be a closed subgroup. Then the restriction

res: H*(G, —) — H*(K, —)
has a canonical structure of a monoidal transformation of functors Modg(Ab) — grAb. In
particular, for any monoid R in discrete G-modules, the map

H*(G,R) — H*(K, R).

is a homomorphism of rings.
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Proof. We recall from Construction 20.14 that restriction on cohomology is defined as the mor-
phism on Ext-groups induced by res% : Modg(Ab) — Modg (Ab). The latter can be identified
with the morphism induced on homotopy groups by the derived functor

res% : D(Modg(Ab)) — D(Mod (Ab)).
This functor is symmetric monoidal by Construction 22.20 which yields the needed result. O

To describe the interaction of the cup product with corestriction, we will make use of the
projection formula.

Recollection 22.22. Suppose that we have an adjunction L 4 R: € 2 D between monoidal
categories such that L is monoidal. In this case, for any X € D, Y € €, we have a canonical
projection formula map

(22.6) RX)®Y = R(X ® L(Y))
defined as the adjoint of

LIRX)®Y)~L(R(X)QLY) > X®L(Y)
obtained by applying the counit to the left factor.

Remark 22.23. In the context of the restriction and coinduction adjunction, the projection
formula map of Recollection 22.22 for M € Mod g (Ab) and N € Mod(Ab) takes the form

p: coind$ (M) ® N — coind$ (M @ res$ (N)).

Identifing coinduced modules with the set of K-equivariant functions in G, unwrapping the
definition we see that if f € mapX, (G, M) and n € N, then the projection formula map is
determined by

p(f®@n):=(g— f(g) ®gn).
From there, it is not difficult to verify that p is a natural isomorphism, although we will not
need this fact.

Lemma 22.24. Let U < G be an open subgroup and let M, N be discrete G-modules. Then
cores(x) Uy = cores(x Ures(y)) € H*T'(G, M ®z N)

for any x € H¥(U, M), y € HY(G, N).

Proof. We first claim that the diagram

coind$ (M) @ N u coind% (M @ resG (N))
\ /
M®N

where the horizontal map is the projection formula map of Recollection 22.22 and the verti-
cal maps are induced by Construction 21.8, commutes. Calculating using the formula of Re-
mark 22.23, this amounts to observing that if x; are representatives for left cosets U\G, then

m(fen)= Zx Lf () ®n—2x71 i) @) = ma(p(f @n)).

We now prove the needed statment. We can identify the two cohomology classes of maps
with homotopy classes of maps z: Z — coind% (M) and y: Z — N in the derived co-category
of discrete G-modules, where we suppress the suspensions from the notation. A diagram chase
shows that the class cores(z) Uy is then represented by the composite w1 o (x ® y), and the class
cores(z Ures(y)) by the composite ma(po (z ®y)). Since the above diagram commutes, these two
are the same. ]
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23. TORSION-FREE GROUPS AND LOCALITY OF COHOMOLOGICAL DIMENSION

In general, cohomological dimension is not a local property of profinite groups; that is, it
cannot be detected on open subgroups. For example, the cyclic group C, contains the trivial
group as an open subgroup, but it is not itself of finite cohomological dimension by the calculation
of Example 21.15.

More generally, any profinite group which contains p-torsion cannot be of finite cohomolog-
ical dimension since it contains a copy of C,. The main result of this lecture is the following
beautiful result of Serre which shows that p-torsion is essentially the only obstruction to locality
of cohomological dimension:

Theorem 23.1 (Serre). Let G be a profinite group with U < G an open subgroup of finite
p-cohomological dimension. Then the following are equivalent:

(1) G is of finite p-cohomological dimension,

(2) cdp(G) = cdp(U),
(8) G is p-torsion-free.

To prove Theorem 23.1, we will closely follow the original paper of Serre [Ser65]. The proof
is somewhat involved and will take the remainder of the lecture.

Recollection 23.2. Recall that a subset
VCF,"
is called algebraic if it is cut out by polynomial equations; that is, if there exists a subset
S CFylz1,... 2]
of a polynomial ring such that
V={(a1,-.,an) €F," | f(ar,...,a,) =0 forall fe S }.
Declaring algebraic subsets as closed defines the Zariski topology on F; " Asa consequence of
the Nullstellensatz, the subset V' determines the radical of S as
Rad(S) = { f € Fplz1,..., 2] | flai,...,a,) =0 for all (ay,...,a,) €V }.

Recollection 23.3. An Fp—vector subspace V' C f;n is called F,-rational if there exists a
F,-vector subspace V' C F;” such that

V= Fp QF, Vv’

—n —
as subspaces of F, " ~ F), @p, F ;™.

Since F, C F, has Galois group generated by the Frobenius z — 2P, if F: F; " F: "
denotes Frobenius morphism defined by

F(z1,...,2,) = (af,...,2D),

one can show that V is F-rational if and only if F/(V) C V.

Proposition 23.4. Let V C F:n be an algebraic subset such that
(1) XV CV for all X € F, (that is, V is a cone),
(2) O(V) CV, where 0 := F + idgxn.

Then V is a union of Fy,-rational linear subspaces.
Proof. If x € V and r > 1, we write W,.(x) to be the F,-linear subspace of F: " generated by

x,Fx,...,F"~1z. We first argue by induction that W,.(z) C X. The case of 7 = 1 follows from
the first condition on V.
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Now suppose that r > 1 and that W,_;(xz) C V. Any element of W,.(z) can be written as
Yo+ ..y P
for some y; € Fp. By inductive assumption and the two conditions on V', all elements of the
form
20(z + Fz2)
with zg € Fp and
2=z -2+... 4z 1 F %z e W,._1(x),
belong to V. Thus, it is enough to show that any element of W,.(z) can be written in this form.
Since Fz = 2/ Fx + ...+ 22 | F"'x, by comparing the coefficients of F¥z for 0 <k <r —1,
this amounts to solving a system of polynomial equations
Y1 = 2021
Y2 = 20(22 + 27)

Y3 = 20(23 + 23)

_ P
Yr = 202,17

An elementary calculation shows that this system of equations has a solution whenever y; and

at least one of ys, ..., y, is non-zero. Combinations of y; with this property form a Zariski-dense

subset of the space of all combinations and since V' is Zariski closed, we deduce that W,.(z) C V.
We now prove the Proposition. If € V, then by what we shown above we have

W(I,C) = Uerwr({E) CcV.

Since W (x) is an F-stable linear subspace of V, it is F,-rational by Recollection 23.3. As any
point of V is contained in a rational linear subspace, we deduce that V is a union of such
subspaces, as needed. O

Corollary 23.5. Let S C F,[z1,...,2,) be a non-zero ideal defining an algebraic subset V' C
" satisfying the conditions of Proposition 23./. Then S contains a product

P
I w

1<i<k

for some k and u; € Fpylxq, ..., x,] non-zero homogeneous polynomials of degree one.

Proof. Note that since F), is finite, there are only finitely many F,-rational subspaces of F; "
hence V is in fact a finite union of such subspaces. Since the ideal is non-zero, V' is not the whole
affine space, so each such such subspace is proper. In particular, there exists a homogeneous
degree one polynomial vanishing on it.

The product of such polynomials for each subspace then vanishes on all of V' and thus belongs
to the radical of S. It follows that some power of the product, which is also a product of
polynomial of degree one, is in S. O

To relate the above analysis to group cohomology, we will need to use Steenrod operations,
whose existence follows from the isomorphism
H*(G,F,) ~H*(B(G/U),F,)

of Proposition 20.24 between cohomology of a profinite group and the colimit of cohomologies
of the classifying spaces of finite quotients. We will only need very formal properties of the
Steenrod operations; see [Hat78, §4.1] for an introduction.
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Proposition 23.6. Let G be a profinite group and let x1,...,x, € H*(G,F,). If p =2, assume
moreover that Sq*xz; = 0 for all 1 <i <n. Let S be the kernel of the induced homomorphism

7 Fylry, ... 2, — H(G,F,).
Then S contains a product of homogeneous polynomials of degree one.

Proof. By Corollary 23.5, it is enough to verify that the algebraic subset corresponding to S
satisfies the conditions of Proposition 23.4. It satisfies the first one since S is a kernel of a
homomorphism of graded rings if we make each z; of degree two. We move on to the second
condition, where we will need to use Steenrod powers.

First assume that p > 2. By the Cartan formula, the total Steenrod power

P:= Z Pt
i>0
induces a ring endomorphism of the cohomology algebra @qZO HY(G,F,). If z € H?(G,F,), we
have Pz = 2, P2 = 2P and Pz = 0 for ¢ > 0, so that
P(z) =z +«P.

Thus, if § denotes the endomorphism of F,[z1, ..., z,] uniquely determined by 6(z;) = z; + 2,
then Pom = mo#. Thus, S C #71(5), which implies that the algebraic subset cut out by S
satisfies the needed second condition.

If p = 2, we have a ring endomorphism of the cohomology algebra given by the total Steenrod

square
Sq:=» Sq’.
i>0
On z € H*(G,F,), it is given by
Sq(z) =« + Sq'x + 22
Thus, by the additional assumption on x;, we have
Sq(z;) = x; + 2.

The rest of the argument proceeds as in the previous paragraph. O

Proposition 23.7. Let G be a profinite group with a well-ordered basis (y;)ic1r of HY(G,F)).
Suppose that there exists a non-trivial relation

(23.1) > aijyiy;+ Y biBly) =0 € H (G, F))

i<j i
with a; j,b; € F,. Then, there exists a sequence z1,..., %y, of non-zero elements of H'(G,F))
such that

II B(z)=0eB™(G,F,).

1<i<m
Proof. Suppose first that all of a; ; are zero. In this case, we can take m =1 and
2= by
i
since B(z1) = 0, as needed.
Now suppose that one of a; ; is non-zero. If we write x; = 8(y;), then
Pl(z;) = a7, P (y:) = 0,8(z;) = 0

when p > 2 and
Sq*(z:) = a7, 5q° (y;) = 0, B(x:) = 0
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when p = 2. It follows that if we apply the operation 5o P' o8 when p > 2 or 50 Sq? o 3 when
p =2, (23.1) becomes

(23.2) Z a; jalz; — zi:c? =0,

i<j
where we use the Cartan formula to calculate the Steenrod powers evaluated on a cup product.
Since we assumed one of a; ; is non-zero, (23.2) is also non-trivial. If we choose the finitely

many indices such that z1,...,z,, appear in the non-zero relation, we deduce that the ideal of
relations between these elements is non-zero, so that by Proposition 23.6 there exists a relation

I w
1<i<k

where each u; is a non-zero linear combination of z;. If we write

Ui = E Ci,j Ty,

1<j<m
then we can set
zi = Z CijY;
1<j<m
and we see that [ 8(z;) = [[u; = 0 as needed. O

We now move to the study of p-cohomological dimension. The main idea is to reduce to the
case of pro-p groups and prove the needed result by induction on the index. The most interesting
case is that when

U<a

is a normal subgroup of index p, so that G/U ~ C,, the cyclic group of order p.

As we observed in Remark 21.16, if z € H'(Cp,F,) denotes a generator, then cup product
with 8(z) € H?*(C,,F,) induces a 2-fold periodicity in the cohomology algebra of the cyclic
group. We now observe that this periodicity is visible in cohomology with any coefficients, and
leaves a slightly weaker periodicity in cohomology of G itself under the assumption that U is of
finite cohomological dimension.

Lemma 23.8. Let A be a Cp-module in Fy-vector spaces. Then
ﬁ(l‘) T Hk(CZZHA) — Hk+2(cpaA)

induced by the cup product is

(1) an epimorphism when k = 0,
(2) an isomorphism when k > 0.

Proof. We can identify the cohomology groups appearing in the statement with homotopy groups
H*(C)p, A) ~ m_gmapc, (Fy, 4)

of the mapping spectrum in the derived oco-category of C,-modules in F,-vector spaces. In these
terms, the claim is equivalent to the cofibre of the map

mape, (Fp, A) — ZQmapCp (Fp, A)

induced by the cup product with 3(z) being connective. This condition is stable under extensions
and filtered colimits, and since any A-module in F,-vector spaces is built out of filtered colimits
and extensions out of F), by Lemma 21.13, the result follows. O
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Proposition 23.9. Suppose we have an extension of profinite groups
0=-U—-G—=C,—=0

and that U is of finite p-cohomological dimension q. If x € H'(G,F)) denotes the image of a
generator of H'(C,, F,), then for any discrete G-module A in F,-vector spaces the map

Blx) - —: HY(G, A) - H2(G, A4)
induced by the cup product is
(1) an epimorphism when k = g,
(2) an isomorphism when k > q.

In particular, either c¢d,(G) = cd,(U) or the cohomological dimension of G is infinite.

Proof. As in the proof of Lemma 23.8 above, the relevant cohomology groups can be identified
with homotopy groups of a mapping spectrum in the derived oo-category of continuous G-
modules in Fp-vector spaces. The claim is equivalent to showing that the cup product map

mapg (Fp, A) — Y?mapg (F,, A)
has a —g-connective cofibre. We have an identification
mapg(Fy, A) ~ mapc, (mapy (Fp, A))

(this is the identification inducing the Lyndon-Hochschild-Serre spectral sequence of Construc-
tion 21.5). Since U is of finite cohomological dimension, the homotopy groups of map;; (F,, A)
are concentrated in degrees between —q and 0. It follows that by using the Postinikov tower,
mapy; (F,, A) can be obtained by iterated extensions from k-th shift of objects in the heart for
—q < k < 0. Each of those has a cofibre of §(x) - — which is —¢-connective by Lemma 23.8 and
hence so does their extension, as needed. O

Corollary 23.10. In the context of Proposition 23.9, for G to be of finite cohomological dimen-
sion, it is sufficient and necessary for some power of 5(x) to be zero.

Lemma 23.11. Let G be a pro-p group such that all of its open normal subgroups U <1 G of
index p are of finite cohomological dimension. Then either G is itself of finite cohomological
dimension or it is isomorphic to C.

Proof. By the given condition on normal subgroups, if G is isomorphic to a (possibly infinite)
product of Cp, then it is isomorphic to C), itself. We thus have to show that if G is not isomorphic
to such a product, then it is of finite cohomological dimension.

By Theorem 21.23, if (y;)ie; € H' (G, F,) is a well-ordered basis, then the elements y;y; for
1 < j and B(y;) are not linearly independent. By Proposition 23.7, it follows that there exists a
sequence 21, ..., 2, € HY(G,F)) of non-zero elements such that the product

is zero. Each of z; can be identified with a surjective homomorphism G — C;, whose kernel is of
finite cohomological dimension by assumption, so that

B(z) - —: H*(G,F,) — H* (G, F,)

is an isomorphism for large enough k by Proposition 23.9. It follows that the multiplication by
the product of 3(z;) induces an isomorphism

H¥(G,F,) ~ H*?™(G,F))

for k large enough. Since this product is zero, it follows that these groups vanish in large enough
degrees. Since (G is pro-p by assumption, it follows that it is of finite cohomological dimension
by Proposition 21.14. (]
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Lemma 23.12. Let G be a profinite group and let H, be a cofiltered family of closed subgroups
of G with intersection H := (), Hy. Then

H*(H,F)) ~ h_n>qH*(Ha,Fp)
Proof. 1If V; is a basis of open normal subgroups of G, then

H'(H,F,) ~ lim H* (H/(H N V;), F,) = lim lim H* (H,/ (H, 0 V)

where the first isomorphism is that of Corollary 20.23 and the second is the observation that
Hy/(Hy,NV) >~ H/(HNYV) for small enough H,. As colimits commute with colimits, we can
rewrite this as

H*(H, F,) ~ lim lim H' (H,, /(Ho N V) ~ lim H* (H,, Fy).

«@ 7 «@

O

Lemma 23.13. Let G be a profinite group which contains an open normal subgroup of index p
which is of finite cohomological dimension. Let S be the poset of closed subgroups H of infinite
cohomological dimension. If S is not empty, then it has a minimal element.

Proof. By Zorn’s lemma, it is enough to show that if H, is a descending chain of closed normal
subgroups of G which are of infinite cohomological dimension, then H := (), H, is also of infinite
cohomological dimension. Since the p-cohomological dimension of a profinite group is the same
as that of its Sylow subgroup by Proposition 21.12, by intersecting H, with a Sylow subgroup
of G we can assume that G itself is pro-p and hence so are its subgroups.

By assumption, there exists an element z € H'(G,F,), which we can identify with a group
homomorphism G' — F,, whose kernel U is of finite cohomological dimension. Since H, are of
infinite cohomological dimension by assumption, they cannot be contained in U, hence the image
of the class z in H'(H,,F,) is non-zero for all a. It follows from Corollary 23.10 that all of the
powers of 3(z) are also non-zero in H*(H,,F,). By , we have

H*(H,F,) ~ lim H* (o, Fy)

and thus the powers of 3(z) are also non-zero in H*(H,F,), so that H is also of infinite coho-
mological dimension by another application of Corollary 23.10. [l

Proof of Theorem 23.1: We observed that (1 = 3) holds in Proposition 21.17. We will prove
(3= 2). Since (2 = 1) is immediate, this will end the proof of the result.

Let G be a torsion-free profinite group with an open subgroup U < G of finite cohomological
dimension; we have to show that cd,(G) = c¢d,(U). By Proposition 21.12, a profinite group has
the same p-cohomological dimension as its Sylow subgroup, so we can assume that G is pro-p.
By intersecting U with its conjugates, we can assume that it is normal. Since G/U is a a finite
p-group, by repeatedly choosing a central subgroup of index p, we construct a finite filtration

U=U<U; L...&<Up =G

where each subgroup is normal and of index p in the next one. By induction, we can thus assume
that U < G is of index p. Let S be the poset of closed subgroups of G which are of infinite
cohomological dimension. We want to show that S is empty.

Assume by contradiction that S is not empty, in which case it has a minimal element H < G
by Lemma 23.13. It follows that all proper subgroups of H, in particular all open subgroup of
index p, are of finite cohomological dimension. Since H is not by assumption, we deduce that it
is finite cyclic by Lemma 23.11, which is a contradiction since G is torsion-free.

This shows that G is also of finite dimension, and so we must have cd,(G) = cd,(U) by
Proposition 23.9, ending the argument. ]



P-ADIC ANALYTIC GROUPS HARVARD MATH 291Y, FALL 2023 122

24. POINCARE DUALITY

If X is a topological space and k is a ring, then the cohomology groups H*(X, k) acquire a
canonical structure of a ring with respect to the cup product. The celebrated Poincaré duality
theorem tells us that if X is an orientable, compact manifold of dimension n and k is a field,
then

(1) H"(X, k) is one-dimensional,
(2) the cup product H*(X, k) @, H**(X k) — H"(X, k) is a perfect pairing for all k € Z;
that is, it induces an isomorphism
Homy, (H* (X, k), H" (X, k)) ~ H" *(X, k).
This motivates the following definition:

Definition 24.1. We say that a pro-p group G is Poincaré of dimension n (at a prime p) if:
(1) H*(G,F,) is a 1-dimensional as a F,-vector space,
(2) for all k € Z, the cup product pairing
H*(G,F,) x H"7*(G,F,) - H"(G,F,)
is perfect; that is, it induces an isomorphism

H*(G,F,) ~ Homp, (H" (G, F,), H"(G,F,)).

Example 24.2. Using the description of cohomology of the p-adics Z, of Example 24.14 one
can show that H(Z,,F,) ~ F,, H(Z,,F,) ~ F,, and that the other cohomology groups vanish.
It follows that

H*(Zy,Fp) ~ Ap,(2),
an exterior algebra on a single class of degree |z| = 1. It follows that Z,, is Poincaré of dimension
one.

The main result of this lecture is that for pro-p groups, being Poincaré in the sense Defini-
tion 24.1 is equivalent to having a duality in cohomology with coefficients in any finite p-local
G-module, namely that:

(1) there is a G-equivariant analogue of Pontryagin duality A + A*¢ which yields a self-
duality of the category of Modg (.Ab‘(“p)) of G-modules in finite abelian p-groups,
(2) there are natural isomorphisms

H*(G, A*C) ~ H" (G, A)*,
where (—)* = Hom4;(—, Z/p™) denotes the classical Pontryagin duality.

The conditions (1) and (2) combined give a reasonable definition of being Poincaré in the
setting of a general profinite group, not necessarily pro-p. A pleasant property of this notion is
that for profinite groups of cohomological dimension n, being Poincaré is a local property; that
is, it can be detected on open subgroups. We will later use this to show that all torsion-free
compact p-adic analytic groups are Poincaré.

Warning 24.3. Beware that Definition 24.1 is really only appropriate in the context of pro-p
groups. In the case of a general profinite group, one needs to use the more elaborate Defini-
tion 24.24. The two are equivalent for pro-p groups.

Warning 24.4. If X is an orientable compact manifold, then a choice of an isomorphism
H"(X, k) ~ k combined with Poincaré duality gives a degree-shifting isomorphism

H*(X, k) ~ Hom (H" % (X, k), H"(X, k)) ~ Homy (H" ¥ (X, k), k) ~ H,,_x (X, k)

between homology and cohomology.
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Beware that in general, there is no naive notion of homology of profinite groups that would
be a dual to cohomology, which is why our discussion of Poincaré duality will be only in terms of
cohomology and the cup product. For a specific example, if I is a countable indexing set, then

H (][ ¥y, Fp) ~ Homés (][ Fp. Fr) ~ D F,.
il il iel
This is a countably dimensional F,-vector space, hence it is not a linear dual of any other

F-vector space. However, for certain special classes of profinite groups, it is possible to have
well-behaved homology, see [SW00, §3.7].

We first show that Poincaré pro-p groups have a duality in cohomology with coefficients in
G-modules in F-vector spaces.

Lemma 24.5. Let G be a pro-p groups which is Poincaré of dimension n. Then
(1) HE(G, F,) is finite-dimensional for every k € Z.
(2) G is finitely generated and of p-cohomological dimension n.

Proof. Applying the second property of Definition 24.1 to k and n — k we see that H*(G,F)) is
isomorphic to the linear dual of H"~*(G, F,) and vice versa. This can only happen if both are
finite-dimensional, as otherwise the linear dual has a basis of strictly larger cardinality.

The finiteness of cohomological dimension in the pro-p case follows immediately from Proposi-
tion 21.14 and the fact that H*(G, —) vanishes for k& < 0. Finite generation is Corollary 21.21. [

Proposition 24.6. Let G be Poincaré of dimension n which is a pro-p-group. Then for discrete
G-module V' which is a finite-dimensional F,-vector space and any k € Z the cup product pairing
HY(G, V) x H" K@, V*) - H"(G,V @F, V*) — H"(G,F,)

induces an isomorphism
H¥(G,V) ~ Homp, (H" (G, V*),H"(G,F}))

Proof. We work in the oco-category of F,-modules in the derived oco-category D(Modg (Ab)),
which one can identify with the derived oco-category @(Modg(Vectpp)) of discrete Fp-vector
spaces. If V' is a F,-vector space in discrete G-modules, then its cohomology groups can be
identified with homotopy of

mapg (Fp, V) := maps viodg (veetr, ) Frr V-

This is canonically an object of the derived oco-category D(F,) of vector spaces, and since the
latter is semisimple, we have a canonical direct sum decomposition

mapg(Fp,, V) ~ @ >R HMNG, V),
kezZ
where we identify each cohomology group with an object of the heart.
In these terms, the cup product pairing in question is induced by the composite
mapg(Fp, V) ®r, mapg(F,, V") = mapg(Fp, Fp) — X" (H" (G, F)))
which is adjoint to a map in D(F,) of the form
(241) mapg (Fpa V) - mapr (mapG(FPa V*)v Ein(Hn(Gv F;D)))

The desired statement is equivalent to the assertion that this map is an equivalence.

By assumption, (24.1) is an equivalence when V' = F,,. Since short exact sequences of discrete
G-modules become cofibre sequences in the derived oo-category, both sides of (24.1) take short
exact sequences to cofibre sequences in D(F,). As G is pro-p, any finite-dimensional F-vector
space in discrete G-modules can be built using iterated extensions from F, by Lemma 21.13 and
the claim follows. O
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Corollary 24.7. Let G be a pro-p-group which is Poincaré of dimension n and let U < G be an
open subgroup. Then

(1) corestriction induces an isomorphism H™(U,Fp,) ~ H"(G,F)),

(2) U is also Poincaré of dimension n.

Proof. For the first property we recall that
H"(U,F,) ~ H"(G, coind{} (F,))

and that the corestriction map is induced by the surjection Coindg(FP) — F, of Construc-
tion 21.8. Using Proposition 24.6, the corestriction map on top cohomology can be identified
(by choosing an isomorphism H"(G,F,) ~ F,) with the linear dual of

H°(G,F,) — H(G, coind{} (F,)*) ~ H(G, F,[G/U])

induced by the map F,, — F,[G/U] defined by 1 — deG/U g. This map is an isomorphism on
invariants, as needed.

We move on to the second property. By the first part, we know that H"(U,F,) is one-
dimensional and we are left with verifying the non-degeneracy of the cup product. By Re-
mark 20.11, there’s a canonical self-duality isomorphism

coind (Fp)* ~ ind{ (F,)* ~ coind{ (F,,)
under which the cup product pairing

H*(U,F,) x A" *(U,F,) — H"(U,F,)
gets identified with the pairing

HF (G, coind (F,)) x H* #(G, coind$ (F,)) — H"(G, F,)

This is a perfect pairing by Proposition 24.6, giving the needed claim. ]
Remark 24.8 (Poincaré duality interchanges restriction and corestriction). Suppose that G is
a Poincaré pro-p group of dimension n and that we fix an isomorphism H"(G, F,) ~ F,. In this

case, by Proposition 24.6, for any discrete G-module V' in finite-dimensional F-vector spaces,
the cup product induces a duality isomorphism

H*(G,V) ~H" %G, V*)*.

If U < @ is an open subgroup, then by Lemma 22.24 corestriction induces an isomorphism
F, ~H*(G,F,) ~H"(U,F,), and we similarly have duality in cohomology of U. Thus, applying
linear duals to the restriction homomorphism we obtain for each k € Z a canonical map

HE (U, V) ~ HP (U, V) —22 s HH(G, V*)* =~ HE (G, V)

As a consequence of Lemma 22.24, this map can be identified with the corestriction homomor-
phism in cohomology.

To extend the duality in cohomology of Proposition 24.6 from F,-vector spaces to arbitrary
p-torsion coefficients, we will need a more refined notion of duality in coeflicients than just the
linear duality of vector space. This duality is given by a G-equivariant version of Pontryagin
duality.

The construction of the needed self-duality of the category of coefficients rests on the notion of
a dualizing module, which exists more generally for profinite group of p-cohomological dimension
n. This is a discrete G-module I which, informally, represents the functor

M — H™(G, M)

on the category of p-torsion G-modules. As stated, this does not quite make sense, since the
cohomology functor is covariant in the module, but any functor represented by an object is
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necessarily contravariant. To fix this discrepency, we will make use of Pontryagin duality in
p-torsion abelian groups, which we now recall.

Recollection 24.9 (p-torsion Pontryagin duality). In the category of p-local abelian groups,
the group

Z/p™ ~mZ/p" ~ Q,/Z,
is an injective cogenerator; that is, it is injective and any object embeds into a sufficiently large
product of Z/p>. The classical Pontryagin daulity theorem shows that the functor
Hom 4p(—, Z/p>): (Ab‘(*’p))OP — Ab‘("p)

is a self-duality (that is, a contravariant autoequivalence) of the category of finite abelian p-
groups. If A is a p-torsion abelian group, we write

A* :=Homyp(A,Z/p™)
for its Pontryagan dual.
Example 24.10. Since the simple p-torsion subgroup of Z/p* is given by Z/p ~ F,,, if A is an
F-vector space, then its Pontryagin dual as an abelian group can be identified with its linear

dual; that is
A" ~ Homp, (A, Fp).

Remark 24.11. Using the simple calculation that
Homy (Z/p*, Z/p>) ~ Z/p"*

and classification of finite abelian groups, one can show that for any finite p-local abelian group
there exists a non-canonical isomorphism

A~ A*.

Taking into account Example 24.10, this extends the familiar fact that any finite-dimensional
vector space is non-canonically isomorphic to its linear dual.

Definition 24.12. Let G be a profinite group of p-cohomological dimension n. A (p-typical)
dualizing module is a discrete G-module I representing the functor

M — H"(G,M)* ~ Homu,(H"(G, M), Z/p>)
on the category of p-torsion discrete G-modules.

Note that to represent a functor is an additional structure rather than a property. In more
detail, a dualizing module is a discrete G-module I together with a map
a: H*(G,I) = Z/p™
such that for any p-torsion M, composition with a yields a bijection

Homyoqe (ap) (M, 1) ~ H* (G, M)*

Proposition 24.13. Let G be a profinite group of p-cohomological dimension at most n. Then
a dualizing module I for G exists.

Proof. Let us denote by
Mod% "™ (Ab) C Modg (Ab)
the full subcategory spanned by p-torsion discrete G-modules. This subcategory is closed under
extensions, quotients, kernels and direct sums, so that it is a localizing subcategory. In particular,
it is itself Grothendieck abelian and hence presentable.
In any presentable category, a functor is representable if and only if it takes colimits to limits.
Thus, we have to verify that

M — Hom 4, (H" (G, M), Z/p>).
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takes colimits to limits. Since Hom4,(—,Z/p™) has this property, it’s enough to check that
H"(G, —): Mod "™ (Ab) — Ab

preserves colimits. By Corollary 20.23, it preserves filtered colimits, so it’s enough to verify that
it is right exact. If
0>A—-B—-C—0

is a short exact sequence of p-torsion discrete G-modules, then the long exact sequence of coho-
mology ends in

...—»H"(G,A) - H"(G,B) - H"(G,C) =0
by the assumption that G is of cohomological dimension n. This shows that H”(G, —) is right
exact, as needed. [l

Example 24.14. We recall the fact previously used in Example 21.18 that for p-torsion discrete
Zp,-modules, their group cohomology can be calculated as the cohomology of the cochain complex

M =% M,
where o € Z,, is the topological generator. Since (—)* is exact, we deduce that
Homytod,, (ap) (M, 1) =~ H' (Zy, M)*
can be calculated as the kernel of
M* =% M* .
If M is a finite discrete G-module, then so is M*, and we can rewrite this as
HomMode(Ab)(M, I~ HO(ZP, M™) ~ Hom 45(M, Z/pOO)ZP ~ HomMode(Ab)(M, Z]p™>).

It follows that for G = Z,, the dualizing module is given by Z/p>, equipped with the trivial
G-action.

We now show that Example 24.14 is somewhat typical; namely, that a dualizing module of
a Poincaré pro-p group G is isomorphic as an abelian group Z/p*> (possibly with a non-trivial
G-action). The first step is to verify that formation of dualizing modules is compatible with
passing to open subgroups.

Lemma 24.15. Let G be a cohomological group of p-cohomological dimension at most n. Then
for any open subgroup U < G, the restriction res&(I) of the dualizing module for G is the
dualizing module for U.

Proof. Let A be a finite p-local discrete U-module. Then
H"(U, A)* ~ H"(G, coind§ (A))* ~ HomModG(ﬂb)(coindg, I)) ~ Homuyod, (ab) (U, resi (1)),
where we use that for open subgroups, the coinduction functor is also left adjoint to restriction,

as observed in Remark 20.11. O

Lemma 24.16. Let G be an Poincaré pro-p-group. Then for any finite p-local discrete G-module
A, the groups H*(G, A) are finite.

Proof. This is immediate from Lemma 24.5, Lemma 21.13 and the long exact sequence of coho-
mology. O

Lemma 24.17. Let G be a pro-p Poincaré group of dimension n and for each k € Z consider
the functor

A= Tii(A) = lim H* (U, 4),
where the limit is taken over the poset of open normal subgroups U <<G along corestriction maps.
Then

(1) Ty(A) vanishes for k #n and all A,
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(2) A T,(A) is exact.

Proof. As a consequence of Lemma 24.16 and Corollary 24.7, the groups H*(U, A) are finite for
each k € Z and each open normal subgroup U. It follows that for each k and each A, the diagram
H*(—, A) satisfies the Mittag-LefHler condition and thus the derived functors of the limit vanish.
We deduce that a short exact sequence of modules induces a long exact sequences of functors
Ty.. This implies that the second part of the claim will follow from the first.

Using the long exact sequence and Lemma 21.13, it is enough to verify the vanishing of T (F,)
for k # n. We have

Ty(F,) ~ lig H (U, F,) ~ lim H" (U, F,)* ~ (lig H" " (U, F,))",

where the colimit on the right is taken over restriction homomorphism, where we use that
Poincaré duality interchanges restriction and corestriction as observed in Remark 24.8. We have

lim H"~* (U, F;)) = lim H" (G, coindg; (F,)) > H"~*(G, coind{ (F)) > H"*(1, F;)
which vanishes unless k£ = n, ending the argument. O

Theorem 24.18. Let G be a profinite group of cohomological dimension n which has an open
subgroup which is a Poincaré pro-p-group. Then the the dualizing module I of G is isomorphic,
as an abelian group, to Z/p™.

Proof. By Lemma 24.15, formation of the dualizing module is compatible with passing to open
subgroups, so that we can assume that G itself is pro-p. By another application of this result, if
A is a finite p-local discrete GG-module, then

Hn(U, A) >~ HomModU(Ab) (A, I)* .
Passing to the limit over the poset of open subgroups along the corestriction maps, we see that
T (A) =~ (lim Homaygoa,, (av) (A, 1))* =~ Hom gy (Homay (4, 1)), Z/p™),

where the left hand side is the functor appearing in Lemma 24.17. This is exact, and since Z/p>
is an injective cogenerator of of p-local abelian groups, we deduce that

A — Homyy(A, 1)

is exact. It follows that I is injective.
As I is injective, the map p: I — I is surjective, and as it is p-torsion by construction, to
verify that I ~ Z/p> as abelian groups it is enough to verify that

Homyy(Fp,I) ~ F).
Since G is Poincaré, we have H" (U, F,) ~ F,, for all open subgroups by Corollary 24.7, and thus
F, ~T,(F,) ~Hom,(Homu,(F,, 1)), Z/p™)
which gives the needed result. O

For groups whose dualizing module is isomorphic to Z/p>, such as Poincaré pro-p groups,
Pontryagin duality has the following G-equivariant variation:

Definition 24.19. Let G be a group whose dualizing module [ is isomorphic as an abelian
group to Z/p™>. If A is a finite p-local discrete G-module, its G-Pontryagin dual is given by

A*CG = Homﬂb(A, I),

with action defined by
(9-Na)=g- flg"a).
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Remark 24.20. The Pontryagin dual of Definition 24.19 can be identified with the internal
Hom in discrete G-modules; that is, the right adjoint to the tensor product. It has the property
that

(A*G)U ~ HomModU (Ab) (A, I)
for any open subgroup U. More generally, the same formula defines the internal Hom whenever
A is finitely generated.'?

It follows from the corresponding properties of Pontryagin duality that the functor x defines
an exact contravariant equivalence from the category of finite p-local discrete G-modules to itself.
Moreover, there is a canonical isomorphism

A~ (A%O)e,

Remark 24.21. If G is pro-p group satisfying the conditions of Definition 24.19, then the simple
p-torsion subgroup

Ilp) = (Z/p™)lp] = Z/p
is necessarily acted on trivially by G. It follows that a choice of an isomorphism I[p] ~ F,, yields
for any discrete G-F,-vector space V an isomorphism

V*¢ ~ V* ~ Homg, (V,F,)

In other words, for pro-p groups, G-Pontryagin duality is essentially equivalent to the usual
linear duality of vector spaces.

The notion of a G-equivariant Pontryagin dual is important, as cohomology of A and its dual
are naturally related by a bilinear pairing:

Construction 24.22. Let G be a profinite group whose dualizing module I is isomorphic to
Z/p> as an abelian group. If A is a discrete G-module in finite abelian p-groups, then the map
A x A*G — T defined by

ax f f(a)
induces a map of G-modules
A®y A*Y > T

For any k we obtain a bilinear pairing as a composite
H*(G, A) x H" (G, A*Y) = H"(G, A @y A*¢) = H"(G, I) — Z/p™.
This yields a map
H" (G, A*C) = H¥(G, A)*,
where the right hand side is the classical Pontryagin dual of the cohomology group.

If G is pro-p, by Proposition 24.6 linear duality of Fp-vector spaces gives a duality in co-
homology. Since the latter is a special case of G-Pontryagin duality by Remark 24.21, it is
not unreasonable to expect that the latter yields a duality in cohomology with more general
coefficients. This is indeed the case, and it characterizes Poincaé pro-p groups as we now show:

Theorem 24.23. Let G be a pro-p group of cohomological dimension n whose dualizing module
is isomorphic as an abelian group to Z/p>. Then the following are equivalent:

(1) G is Poincaré of dimension n in the sense of Definition 2.1,

13Beware that Hom 44(A, I) is not necessarily the internal Hom in discrete G-modules if A is not finitely
generated. For example
Homﬁb(mapctS(G’ FP)’ FP) = FP [[GII,
which is not discrete as a G-module. In general, the internal Hom is given by the submodule of Hom 4; consisting
of those vectors which are stabilized by some open subgroup.
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(2) the map of Construction 24.22 induces an isomorphism
H" %@, A*¢) — H*(@G, A)*,
for any discrete G-module A in finite abelian p-groups.

Proof. The argument for (1 = 2) is essentially the same as in Proposition 24.6, using that
A — A*G is exact since [ is injective as an abelian group and that any finite p-local discrete
G-module can be obtained by iterated extensions from F,,.

We now argue that (2 = 1) by verifying the two conditions of Definition 24.1. Observe that
we have isomorphisms

F:¢ ~ Homu,(F,, I) ~ I[p]

and that all three have trivial G-actions since they’re one-dimensional and G is pro-p. By
assumption, we have

Ilp] ~ HO(G, I[p]) ~ H*(G,F;¢) ~ H"(G, F,)
so the latter is one-dimensional as needed, verifying the first condition.
For the second condition, observe that
H"(G, I[p]) = H"(G,I) — Z/p*
the composite is non-zero, or else the pairing of Construction 24.22 would be zero for all F,-
vector spaces. Since the source is one-dimensional by the previous paragraph, the composite
induces an isomorphism
H"(G, I[p]) ~ (Z/p™)Ip]-
Since the pairing of Construction 24.22 is perfect by assumption, it follows that the pairing of
F,-vector spaces
HY(G, F,) x H"™(G, I[p]) — H" (G, I[p])
is also perfect. Since I[p] ~ F,, as G-modules, this implies the same for the cup product pairing
H*(G,F,) x H"""(G,F,) — H"(G,F,),
which is what we wanted to show. O
Using the above result, we can extend the notion of being Poincaré to general profinite groups:

Definition 24.24. We say a profinite group G is Poincaré of dimension n (at a prime p) if:

(1) it is of cohomological dimension n,
(2) the dualizing module [ is isomorphic to Z/p® as an abelian group,
(3) the pairing of Construction 24.22 induces an isomorphism

Hnik(G,A*G) N Hk(G,A)*,
for any discrete G-module A in finite abelian p-groups.

Warning 24.25. If G is pro-p, then the above definition of Poincaré group is equivalent to
the one we gave in Definition 24.24 as a consequence of Definition 24.24. In other words, for
pro-p groups, Poincaré duality is detected by the non-degeneracy of the cup product in mod p
cohomology.

Beware that this is not true for general profinite groups. For a concrete example, let us
identify the cyclic group C},—1 < Z) with the subgroup of (p — 1)-th roots of unity. This acts
on Z, by multiplication and we can consider the semi-direct product

G = Zp X Op—1~

Since Cp_; is of order coprime to p, the Lyndon-Hochschild-Serre spectral sequence of Construc-
tion 21.5 collapses and we see that

H*(G,F,) ~ H*(Z,,F,) .
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Since H'(Z,,F,) is generated by the quotient map Z, — F,, (under the description of Exam-
ple 20.22), it is acted on non-trivially by the roots of unity, so that H*(G, F,) vanishes in positive
degrees. Despite this, G is not a Poincaré group of dimension zero.

As the last part of today’s class, we describe how the property of being Poincaré interacts
with passing to open subgroups:

Lemma 24.26. Let G be profinite group of cohomological dimension n and let U < G be an
open subgroup. Then the following are equivalent:

(1) G is Poincaré of dimension n,

(2) U is Poincaré of dimension n.

Warning 24.27. In the context of Lemma 24.26, beware that it is important to assume that G
is of finite cohomological dimension. For example, the cyclic group C, has the trivial group as
an open subgroup, which is necessarily Poincaré of dimension zero. However, C}, is not of finite
cohomological dimension by the calculation of Example 21.15, so in particular it is not Poincaré.

Proof of Lemma 24.26: By Lemma 21.4, U is also of cohomological dimension at most n. By
Lemma 24.15, G has a dualizing module isomorphic as an abelian group to Z/p* if and only if
U does. Thus, we only need to verify that the third condition of Definition 24.24 holds for G if
and only if it holds for U.

First assume that it holds for G. If A is a discrete U-module in finite abelian p-groups, then
H*(U, A) ~ H*(@G, coind$(A)) by Shapiro’s Lemma 20.15. Moreover, the map

H"*(U, A*Y) — H*(U, A)*
can be identified with
H"*(@, (coind (A))*¢) — HF (G, coind{ (A))*

and so it is an isomorphism.

Now suppose that U is Poincaré and let A be a discrete G-module in finite abelian p-groups.
Since they are given by Ext-groups, in terms of the derived co-category of §22, the cohomology
groups can be identified

H*(G, A) = m_(mapp yioag (an)) (Z: A))-

In these terms, the map of Construction 24.22 is obtained by applying 7_.(—) to a map of
spectra

*G
(24.2) map@(ModG(Ab))(Z’ A — mapq z) (mapb(Modc(Ab))(Z’ A),Z/p>).
We denote the cofibre of this map by C(A); we want to show that it is zero. By construction, it
has homotopy concentrated in degrees —n < k < 1.
Since both the source and target of (24.2) do, the construction A — C(A) takes short exact
sequences of modules to cofibre sequences of spectra. Consider the short exact sequence

0 — A — coind{}(A) — coind$ (A) — 0,

where the underline denotes the cokernel of the first map. Since the pairing on G-cohomology
of coindg(A) can be identified with the pairing on U-cohomology of A which is an isomorphism
by assumption, we deduce that C(coind{i(A)) = 0 and thus

C(coind§(A)) ~ ZC(A).
Tterating this we see that
C((coind$)"+2(A)) ~ 2" F2C(A).
Since the left hand side has homotopy in degrees —n < k < 1 and the right hand side (as an

(n + 2)-fold suspension) in degrees 2 < k < n + 3, we deduce that they are both zero, ending
the argument. O
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25. COHOMOLOGY OF p-ADIC ANALYTIC GROUPS

In this lecture, we will prove a theorem of Lazard that uniform groups have very simple mod
p cohomology; in particular, they are Poincaré groups. Since any compact p-adic analytic group
has a normal open uniform subgroup, this gives an efficient way of calculating their cohomology
in general, by first calculating the cohomology of a uniform subgroup and then using the Lyndon-
Hochschild-Serre spectral sequence.

Theorem 25.1 (Lazard). Let G be a uniform pro-p-group. Then the inclusion of elements of
cohomological degree one induces an isomorphism

H*(G,F,) ~ Ap, H'(G,F))
between the cohomology algebra and the exterior algebra on the first cohomology group.
Using the work of Serre on cohomology of profinite groups, we deduce the following;:

Corollary 25.2. Let G be a compact p-torsion-free p-adic analytic group. Then G is a Poincaré
group of cohomological dimension equal to its dimension as a p-adic manifold.

Proof. First assume that G is uniform, so that its dimension is equal to its rank. As a consequence
of Theorem 6.9, a rank of a powerful pro-p-group is equal to the cardinality of a minimal
generating set, which by Lemma 21.20 is equal to the dimension of H'(G, F,). It follows that
X&) (@, F,) is one-dimensional. Since in an exterior algebra the products are non-degenerate,
the statement follows from Theorem 25.1 and Theorem 24.23.

If G a general compact p-adic analytic group, then it has a finite index open uniform subgroup
U < G of rank equal to the dimension of G by Theorem 19.11. It follows from the previous
paragraph that U is Poincaré. Since G is p-torsion-free, it is of the same cohomological dimension
as U by Serre’s Theorem 23.1. It follows that it is also Poincaré by Lemma 24.26. ]

We first describe the general idea leading to the proof of Theorem 25.1. If G is a finite
group, then G-modules in F,-vector spaces can be identified with left modules over the group
algebra F,[G]. Similarly, if G is profinite, then a discrete G-module determines a module over
the completed group algebra F,[G] ~ LiLan[G /U], and this functor is fully faithful'’. Using
this correspondence, discrete G-modules can be studied by applying ring-theoretic techniques to
the completed group algebra.

In §15, we described a canonical filtration on the completed group algebra of a uniform
group, and we had shown that the associated graded ring has a very regular structure. Any
multiplicative filtration on a ring determines a spectral sequence relating the Ext-groups of the
ring itself with the associated graded. In this lecture, we apply a variation on this spectral
sequence to calculate the cohomology of uniform groups.

The bulk of this lecture is devoted to the construction of a convergent spectral sequence. The
methods we employ work in vast generality, but for concreteness we focus on the case of finitely
generated pro-p-groups and the augmentation ideal filtration, making the following convention:

Notation 25.3. Throughout this lecture, G denotes a finitely generated pro-p-group,
F,[G] = I'LHFP[G/GIC]
denotes the completed group algebra, and
I :=ker(F,[G] — F,)
denotes the augmentation ideal.
MThe inclusion of discrete G-modules into left Fj,[G]-modules is fully faithful, but not an equivalence of

categories unless G is finite. For example, if G is infinite then F,[G] itself is not induced from any discrete
G-module.
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The most natural method of constructing and manipualting spectral sequences is to use the
language of filtered objects in stable co-categories, which we now recall.

Notation 25.4. If X € D(F,) is an object of the derived oo-category of F,, we use the
homotopical notation and write
(X)) == (X>0)<0 € D(F,)¥ ~ Vectr,

for its homotopy groups with respect to the standard t-structure. This notation is justified by
the fact that D(F,) can be identified with Fp-modules in spectra, and in these terms 7 (X) is
really the k-th homotopy group of the underlying spectrum.

Note that in terms of the classical description of D(F,) using chain complexes, m,(—) corre-
sponds to the k-th homology group.

Definition 25.5. A filtered complex is a functor of co-categories X : Z°? — D(F),), where we
consider Z as a poset. The filtered derived co-category

Dﬁl(Fp) = Fun(Z°", D(Fy))
is the co-category of filtered complexes and natural transformations.
Concretely, a filtered complex can be identified with a diagram
oo X > Xo o X0 — .
where X; € D(F,,) and the arrows are in the derived co-category.

Recollection 25.6 (Local grading). The filtered derived oco-category has a canonical self-
equivalence (—)(1) := DIY(F,) — DI(F,) induced from the function — + 1-Z — Z, concretely
given by

We refer to X (i) as shifts of X.

Recollection 25.7. There are two important objects one can associate to a filtered complex:

(1) the associated graded object
gr,(X) = cofib(Xp11 — Xp),

which we can identify with a functor Z4 — D(F,), where 7% denotes the category of
integers with only identity morphisms,
(2) the colimit
lim X :=1lim (... > X3 = Xo = X1 —...)
which is an object of D(F,).
Both of these constructions are exact and preserve colimits. Moreover, they are jointly conser-
vative; that is, if gr, (X) = 0 and ligX =0, then X = 0.

Recollection 25.8 (The spectral sequence). Associated to a filtered complex X we have a
spectral sequence of Fp-vector spaces with first page

Efyq = 7Tp+q(g1"p(X))
and differentials of degree
d.: EP? — Eptra—r—1
: EF i .
If we assume that there exists a N € Z such that X,, = 0 for n > N, this is a convergent spectral
sequence of signature
BV = 7Tp+q(HAqX)-
For details on this construction, see [Lurl7, §1.2.2].
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In our case, the relevant filtered object will arise from a resolution of a module over a filtered
ring. To discuss the latter, we recall the symmetric monoidal structure on the filtered derived
oo-category.

Recollection 25.9 (Tensor product of filtered complexes). The filtered derived oo-category
DAL(Z) has a canonical symmetric monoidal structure induced by left Kan extension from that
the (derived) tensor product of complexes and the abelian group structure of Z. Concretely, the
filtered tensor product is given by the formula
(X ®Y)y :=lim X} ®z Y
where the colimit is taken over the poset
(Z°P X Z°P)_jp, = {(a,b) € Z°? X Z°P | a + b > n}.

Recollection 25.10. With respect to the tensor product of filtered complexes, both the colimit
functor
lim: D(F,) = D(F))

and the associated graded object

gr: D(Z) — Fun(2%, D(F,))
are symmetric monoidal, where we equip the co-category Fun(Z?*, D(F,)) of graded objects with
the graded tensor product given by

(X@Y)n =P Xe ® Vo
keZ

Example 25.11. Suppose that R is an F,-algebra and that I < R is a two-sided ideal. Then,
the filtered complex defined by the formula

m >
FiR, = n=0
R otherwise,

where we think of each I" C R as an element of the heart D(F,) ~ Vectr,, admits a unique
structure of an associative algebra such that the obvious isomorphism

hﬂF}Rn ~R

is an isomorphism of algebras. The associated graded object is given by the associated graded
algebra

m/mt k>0

0 otherwise,

gr, (FrR) ~ {

Moreover, if M is a a left R-module, then the formula
"M >0
FrM = =y
M otherwise,

with I™ C M the submodule generated by I™ - M, defines a left module over F; R in the filtered
derived oco-category.

In our case, we will work with the filtered ring defined by the completed group algebra.

Construction 25.12. Let F,[G] be the completed group algebra, considered as a filtered ring
using the I-adic filtration, where I is the augmentation ideal. As in Example 25.11, F,[G]
defines an associative algebra object of the filtered derived oco-category, so that we have the
associated co-category of left modules. The forgetful functor

Modp, r,[ap) (®ﬁ1 (Fp)) — DA (Fp)
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admits a right adjoint given by the cofree module construction
X € DU(Fy) = map(Fr(F,[G]), X)
where map is the internal mapping object of the filtered derived oo-category, concretely given
by
map(Fr(Fp[G]), X)n =~ mappm g, ) (F1(F,[G])(n), X),
the mapping spectrum from a shift by the local grading as in Recollection 25.6.

We now show that on the class of filtered modules which are bounded from above in the
Beilinson t-structure, Construction 25.12 can be identified with a filtered refinement of the
coinduced discrete G-module construction

M s coind$ (M) ~ map,,, (G, M),

relating it to continuous group cohomology. This is not obvious, since a naive guess might be that
since we work with the completed group algebra, we would instead obtain a filtered refinement
of
M +— Homp, (F,[G], M),

which is a different functor if G is infinite.

This automatic continuity essentially follows from the following consideration. Suppose that
M is non-positively filtered vector space together with a module structure over F,[G] compatible
with the I-adic filtration. Then, since

I M, CM_1=0

we see that in any given degree, the action factors through that of F,[G]/I*T1. Tt follows that
the induced action of G is continuous if we equip M with the discrete topology.

In practice, even though we are essentially only interested in filtered vector spaces, the cate-
gory of the latter has somewhat pathological properties (for example, it is not abelian), so that
it is easier to work with filtered complexes in the sense of Definition 25.5. Our argument will
essentially be a derived version of the one sketched in the previous paragraph.

Recollection 25.13. A filtered complex X is Beilinson connective if gr,(X) € D(F,)>_,, for

all n. It is Beilinson coconnective it X,, € D(Fp)<_,, for all n € Z. The pair of subcategories
(DﬁI(FP)ZOa Dﬁl(Fp)SO)

of Beilinson (co)connective objects defines a pair t-structure on the filtered derived co-category,

see [BMS19, §5.1].

Example 25.14. Let V, be a non-positively filtered vector space, which we can identify with a
filtered complex
Vo= Voi— ...

which is levelwise contained in the heart and which vanishes in positive degrees. Then V, is
Beilinson coconnective.

Lemma 25.15. For each k > 0, let F;(F,[G]/I*) denote the I-adic filtration on F,[G]/I*.
Then for any filtered complex X which is bounded above ewith respect to the Beilinson t-structure:

(1) the quotient maps induce an equivalence

limg map(F (F,[G]/I*), X) ~ map(F;(F,[G]), X)
k

of filtered complezes
(2) for any k > 0, the canonical map
@map(F[(FpﬂGﬂ/Ik, X) — mapg (F,[G]/1", lim X)

is an equivalence in D(Fp).
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Proof. Since map(—, X), ~ map(,X(—n)), and a shift of a Beilinson bounded above filtered
complex is again bounded above, it’s enough to verify the claim on ordinary mapping spectra;
that is, to check that

ling map(Fy (F, [G]/1), X) ~ map(F (F,[G]), X).
k

By shifting X if necessary, we can assume that it is 0-coconnective. We claim that in this
case for each k > 0, the map

(25.1) map(Fy(Fy[G]/1%), X) — map(Fr(F,[G]), X)

has a —k-coconnective cofibre. Thus, as k goes to oo, it becomes an equivalence, as needed. We
have a cofibre sequence of filtered complexes

(oo IFP2 s L TF s TR ) = Fr(F,[G]) — Fi(F,[G]/1%)
The left hand term is (—k)-Beilinson connective. It follows from t-structure axioms that
map(... — I*¥2 5 M 18 5 18 X)

is (—k)-coconnective as a spectrum. Since this mapping spectrum can be identified with the
cofibre of (25.1), this ends the proof of the first part.

For the second part, we observe that since Fr(F,[G]/I*) vanishes in sufficiently high degrees
and has finite-dimensional associated graded concentrated in degrees k£ > i > 0, it can be
obtained in finitely many extensions from positive shifts of the free filtered complex generated
in degree zero, which is of the form

o> 0=20—=F, > F,— ...
It follows that Fy(F,[G]/I*) is compact as an object of Df!(F,) which implies the claim. [

Using Lemma 25.15, we now relate the category of filtered F;(F,[G])-modules to the derived
oo-category of discrete G-modules.

Construction 25.16. The forgetful functor from discrete G-modules in F-vector spaces gives
rise an adjunction

D(Modg(Vectr,)) = D(F,).
The left adjoint is conservative'®, so that we can identify the source with the co-category of
algebras for the associated comonad, which we can identify with the derived functor of the
comonad
map,., (G, —) ~ Homff;”(F,,[[G]}7 —) =~ ligHome (Fp[[G]]/]k’ -
on vector spaces. Using the last description, we see that D(Modg(Vectr,)) can be identified
with coalgebras for the comonad on D(F,) defined by

lig mapy, g ) (F,[G]/1%, —)

By Lemma 25.15, if X is a F;(F,[G])-module which is bounded above in the Beilinson t-
structure, then its colimit has a canonical structure of a coalgebra for this comonad. It follows
that the colimit functor can be refined to a functor U which makes the diagram

Modp, (r, 1c1) (DI (F)) coc) ———— D(Mode(F,))

| . |

Di(F,) = D(F,)

15The conservativity of the left adjoint follows since it is a derived functor of Modg (Vectpp) — Vecty,,, which
is conservative. This would not be true if we work with the unseparated variant of the derived oco-category of
discrete G-modules as in §22; that is, the functor D(Modg(Vectr,)) — D(Fp) ~ D(Fp) is not conservative.
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commute, where both of the vertical arrows are forgetful functors and
DIFy)<oo = | D (Fyp)<n
nez
is the Beilinson bounded above filtered derived oco-category.
Remark 25.17. More informally, ModFI(Fp[[G]])(Dﬁl(Fp)<OO) can be thought of as a filtered
variant of the derived oco-category of discrete G-modules, where the behaviour of stabilizers is

controlled by the filtration. In this picture, the functor U of Construction 25.16 is akin to
forgetting the filtration.

If M is a discrete G-module in vector spaces, we can consider it as an object of the heart
of D(Modg(Vectr,)), in which case the homotopy groups of the mapping spectrum out of F,
encode cohomology in the sense that

Hk(Gv M) = EthgV[odG (Vectr,,) (M7 N) = 7T—k’InapD(J\/[odG(Vcctl:p)) (M> N)
We now show that if M is equipped with a filtration which makes it into a Fj(F,[G])-module,

we can use the comparison functor U to provide a filtered refinement of this mapping spectrum
and hence a spectral sequence.

Definition 25.18. A filtered discrete G-module M is a diagram
Moy —> M 1 —> M 5 — ...

of discrete G-modules such that the induced F,[G]-action makes it into F;(F,[G])-module; that
is, such that
1" My C My

for all n, k

Example 25.19. The trivial G-module F,, can be promoted to a filtered discrete G-module by
equipping with the constant filtration
Fp—F,—=F,—....
The underlying filtered complex is the free one generated in degree zero.
If M is a filtered discrete G-module, then it gives rise to a filtered complex contained levelwise
in the heart and vanishing in positive degrees. The condition on the action of G guarantees that
the F,[G]-action makes it into a F;(F,[G])-module. This determines a fully faithful functor

of oo-categories so that we abusively identify filtered discrete G-modules with a subcategory of
modules in filtered complexes. In these terms, we can give one more natural example.

Example 25.20. Let V be a non-positively filtered vectored spaces thought of as a filtered
complex as in Example 25.14. Then the internal mapping object

mapo(Fp) (F](Fp [G]]), V)
is a filtered discrete G-module. Unwrapping the proof of Lemma 25.15, we see that it can be

identified with the coinduced G-module map,, (G, V') with filtration which is in degree n given
by the subvector space spanned by the images of the maps

Homp, (F,[G]/I"*", Vi) — map,,,(G, V)
for all k € Z. This is the filtered analogue of the coinduced module construction.
Associated to a filtered discrete G-module we have an internal mapping object defined by
mapMode (F,[G]) (va X)n = mapjv[odp[ (Fo[G]) (FP(n)a X)7

where the right hand side is the mapping spectrum in modules and F, denotes the constant
filtered module of Example 25.19. Since both the source and target are bounded above in the
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Beilinson t-structure, Construction 25.16 induces a map from the colimit of this filtered spectrum
into the mapping spectrum in the derived oco-category.

Proposition 25.21. For any filtered discrete G-module X the canonical map
h_n} mapModFI (F,[GI) (FP7 X) - map'D(Modc(VectFp)) (F;lh X)
is an equivalence of spectra.

Proof. Since the underlying filtered complex of F, is free in degree zero, the internal filtered
mapping spectrum in Fy(F,[G])-modules appearing on the left hand side can be identified with
limit in filtered spectra of the cobar cosimplicial diagram

X—=oX) == (X)) = ...
where
C(=) = map g, (F1(Fp[G]), -)

Here, each of C¥(X) is a non-negatively filtered vector space with underlying vector space
@Ck(X)n ~ map,,,(G**, X) as in Example 25.20.

Since the homotopy groups of the totalization of a cosimplicial vector space, considered as as
a cosimplicial spectrum levelwise contained in the heart, corresponds to the cohomology of the
corresponding cochain complex, we have

ToRmaAp, &, 1) Fpr X H* (X, = C(X), = C*(X)p — ...).

Since cohomology commutes with filtered colimits, we deduce that the homotopy groups of the
left hand side in the statement can be calculated as the cohomology of the cochain complex

X — map_ (G, X) — mapcts(GX2,X) — ..

This is the group cochain complex which also calculates the homotopy of the right hand side by
Proposition 20.19. U

More informally, Proposition 25.21 guarantees that if X is a discrete G-module, then a filtra-
tion on X satisfying the conditions of Definition 25.18 induces a filtration on its group cochain
complex and hence a spectral sequence calculating its cohomology through Recollection 25.8.

This filtration can be presented very explicitly in terms of group cochains using Example 25.20.
The advantage of our categorical approach is that the filtration comes out of very abstract
considerations. This makes it quite easy to describe the first page of the associated spectral
sequence; equivalently, the homotopy groups of the associated graded of the filtration.

Proposition 25.22. Let X be a filtered discrete G-module. Then, there is a canonical isomor-
phism

Ef7q = ﬂ-PJrqgrp(mapModFI (FP[[G]])(FP’ X)) = Ethr* (FPHGH)<FP5 gry (X))
between the first page of the spectral sequence associated to the filtration of Proposition 25.21
and the Ext-groups in the category of graded modules over gr, (F,[G]) ~ I* /I*T1.

Proof. For any pair X,Y of filtered complexes, there’s a canonical equivalence
gr* (map‘Dfll(Fp) (X7 Y)) = mapFuIl(st7D(Fp)) (gr* (X)’ gr* (Y))
between the associated graded of the filtered mapping spectrum and maps between associated

graded objects. If X,Y are F7(F,[G])-modules, this becomes

X,Y)) ~map . (Fun(Zd* D(F,))) (gr,(X),gr.(Y)).

T (Ima .
L (JMOdFI(FpﬂGH)(Df‘I(Fp))( ar, (FpIGD)

Since the inclusion of objects contained in the heart induces an equivalence
Fun(Z%, D(F,)) ~ D(grVectg, )
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and gr, (F,[G]) is levelwise contained in the heart, we have
Modgr*(pp[[g]])(Fun(st, D(F,))) ~ D(Modgr*(pp[[g]]) (ngectFp)).

It follows that the first page of the spectral sequence can be identified with homotopy classes
of maps F, — gr,(X) in the derived oo-category of modules over gr, (F,[G]) ~ I*/I*T!. The
latter can be identified with the relevant Ext-groups, as needed. O

We can summarize the discussion up to this point as follows:

Theorem 25.23. Let X be a discrete G-module in Fp-vector spaces. Then any exhaustive
filtration
Xo—=> X 1929X 9g—...

satisfying the conditions of Definition 25.18 induces a convergent spectral sequence of signature

EPY = Ext 290 (Fy, gr, (X)) = HP79(G, X),

Proof. This spectral sequence is induced by the identification of Proposition 25.21. The descrip-
tion of the first page of the spectral sequence follows from Proposition 25.22. O

The rest of this lecture is devoted to the proof of Lazard’s Theorem 25.1. To recall the latter,
we want to show that if G is uniform, then the inclusion of elements of cohomological degree
one induces an isomorphism of algebras

H*(G,F,) ~ Ap, H'(G,F))

Our main tool will be the spectral sequence of Theorem 25.23. The needed algebraic input is
the description of the associated graded of the completed group algebra of a uniform group.

Previously in §14, we gave a description of the p-adic completed group algebra. This can be
used to easily deduce the structure of the F-group algebra, which we now describe.

Proposition 25.24. If G is uniform, then the associated graded ring grs(F,[G]) := I*/T**1 is
commutative. Moreover, for any minimal generating set g1, ..., gn € G, the inclusion of classes
of the the elements b; :== g; — 1 € I induces an isomorphism

Fylba, .., bu] = g1} (F,[G])
between the associated graded ring and a graded polynomial algebra on classes in degree |b;| = 1.
Proof. Let Zy[G] := Z,[G/Gj] denote the p-adic completed group algebra and let
J :=ker(Z,[G] — Fp).

denote the p-adic augmentation ideal. The quotient map of rings Z,[G] — F,[G] induces an
epimorphism J — I and hence an epimorphism of the associated graded rings.

We claim that for each k > 1, multiplication by the class p € J/J? of p € J induces a short
exact sequence

Fan ) CRNERNG Ly) /o RN (1) (5 RN
This is clearly exact on the right. We have to check that it is also exact on the middle.

Suppose that the image of = € J* vanishes in I*/I*+1. We have to show that the class of z in
J¥/J*+1is in the image of multiplication by p. If x € J**1, there is nothing to be done, so let’s

assume that’s not the case. Then ||z| = p~*, where ||—| denotes the J-adic filtration norm.
If the image of x is zero in I*/I**1 then since J**! — I*+1is an epimorphism, we can write
(25.2) T=j+p-y

for some j € J**1 and y € Z,[G], so that

z=p-y mod JFL.



P-ADIC ANALYTIC GROUPS HARVARD MATH 291Y, FALL 2023 139

By Theorem 15.5, the norm on Z,[G] extends to a norm on rationalization and since ||z|| = p~*,

we deduce from (25.2) that

lyll =p"*,

hence y € J¥~!. Thus, x = p -y in J*/J¥*+1  as needed.
We deduce that we have an isomorphism

err(Fp[Gl) =~ e’ (Z,[G) /p-

The right hand side is the degree zero-part of the associated graded of the p-adic filtration which
we described explicitly in Theorem 15.8 as a polynomial ring in the specified variables. This
ends the argument. O

Proof of Lazard’s Theorem 25.1: We first show that the inclusion of elements of cohomological
degree one extends to a map of graded algebras

H'(G,F,) — H*(G,F,).
As the target is graded-commutative, we only have to show that the elements of H'(G,F))
square to zero. If p > 2, this already follows from graded commutativity of the target, since
x-x=(-1)x-x.
If p = 2, we have to work a little harder. We can identify the square operator on elements of
cohomological degree one with the Bockstein
x— 22 = B(x)
associated to the short exact sequence of trivial G-modules

Thus, we have to show that any class = € H!(G,F3) lifts to a class in H'(G,Z/4). Using
Example 20.22, we can identify such an x with a homomorphism of groups G — Fs, and the
claim is that any such homomorphism lifts to Z/4. Since G is powerful and p = 2, G/G* is
abelian. As G/G? ~ F$" where r = H'(G,Fy) is the rank, cardinality considerations and
uniformity imply that
G/G* = (Z/4)*
which gives the desired claim.
By Theorem 25.23, we have a spectral sequence

Ext}) s (Fp, Fp) = H (G, F).

Since G is uniform, by Proposition 25.24 the graded ring I*/I**! is a polynomial algebra in 7
variables of degree one, so that

Ext */I*+1(F F ) AFp(yla"',yr);

an exterior algebra on classes of degree |y;| = (1,1). We claim that this is really a spectral
sequence of algebras; that is, that

(1) the differentials satisfy the Leibniz rule,

(2) the multiplication on the first page corresponds to the Yoneda product on Ext,

(3) the E-page is an associated graded with respect to a multiplicative filtration on
H*(G,F,) considered as a ring under the cup product.

To see this, note that the spectral sequence comes from the filtered spectrum

MaAPytod , (F, [G]) (Fp, Fyp)
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This is an associative algebra in filtered spectra with respect to composition and this makes the
associated spectral sequence multiplicative. Properties two and three follow from the fact that
the identifications

hg mapMode (Fo[G]) (FP7 Fp) = mapD(Modc(VcctFp)) (FP7 FP)

and

FP7FP)) FP7FP)

gr* (mapMode (FPHG]])( = ma'pf_D(I*/I*+1)(

are induced by a functor and so are similarly identifications of associative algebras under com-
position'.

Observe that the generating classes y; € Extj«/«+1(F,,F),) are the only elements on the
first page of cohomological degree 1. Since dimp,, (HY(G,F,)) = rank(G) = r by Lemma 21.20,
we deduce that all linear combinations of y; are permanent cycles as otherwise the E., page
would be too small. Since they multiplicatively generate the whole first page, we deduce that
all elements are permanent cycles so that the spectral sequence collapses.

The elements y; lift to H'(G,F,) and since their images generate E,, page, which is an
associated graded of H*(G,F,), we deduce that they generate the whole cohomology ring. It
follows that the map

Ar H'(G,F,) —» H*(G,F,).

is surjective and hence an isomorphism by a dimension count. O
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