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To derive the n<.>tions of _ and Let A: C + C be a promonad on C, G be a presheaf on C and (G,a: Ao G = G) be an

corresponding to in terms of -~ A-module. If we have a morphism ¢: C(—, C) — G between the presheaves, then there is a
unique homomorphism ¢': u”A - — « between the A-modules that makes the following diagrams
commute

Categorical Framework

G .
1 — C <C1(_7C) - C> A(—,C)
To interpret arrow categorically, we use a strong monad A \1\7(7 i 4 :qur
in the category Prof instead of a strong monad 7 in the G : x s
G

category Cat.

a functor 7 : C — C

a profunctor A: C + C

A profunctor is a categorical analogue of a relation. Data with n: Ide — T with n: 1c + A
ot theoretic a function £- X —s Y 2 relatlon rCY x X and u: T o T — T and i Ao A+ A
sr: Y XX —2 D_6.C - Cu;\(c
ceorical | a funct /___C%]D)aprofunctorR:(C—H]D) Aloek z?/ Iz?/
categorical | a functor F: < R DP x C — Set gebra &a lT G\\aifl
let g C Y X X and r: Z X Y be relations. We define the C C
composition gor C Z x X as Presheaf G: C? — Set
rog={(z,x) |3y e Y.(z,y) € rA(y,x) € q}. Algebra CeCanda: TC—C and acp: A(C,D) x GD — GC
Similarly, we can define composition R o Q: C - E of two when D =1 satisfying proper axioms natural in C, extra natural in D
profunctors @: C + D and R: D + I using - o of satisfying proper axioms
yeb NEEIPTELation Otdn 'rool, - (70 — (7P op)h,: A([o]./) — A [
rooxz. - [ Rz <y o o o, (T = (77) ford,: A1) = A(BL )
C(—. C
We obtain the bicategory Prof of categories and profunctors. ¢ " (l ) N
Ui
set-theoretic. The category Set = The category Rel lﬂ\ | \h
categorical The 2-category Cat The bicategory Prof T'C > TD A=, 0) » A=, D)

Diagram for handler
T7'C L% T7TD  A(X,Y) x A(Y, C S5 (x, v) x A(Y, D)

| Is |1 J-

T'C "5 TD A(X, €) ==---="%-=--=3 A(X,D)

An Arrow Calculus with Operations and Handlers

Types AB CD:=3|AxB|A—B|A~ B _ | lsx:AEMIB
Terms M,N,L:=x| (M /N)|fst M|sndM | \x.M | MN | \°x.P LxiAEXCA L TEAXCAME A B
. [, x:AFM:B [FM:A—-B TEN:A
Commands P, Q,R:= M| |letx < PinQ|LeM |op(M) [FMx.M:A— B [ MN : B
Values VW  =x|(V,W)]| AXx.M| \°x.P
Handlers H:= {sx = P} U{op, ksc+— Qop}opex
Environment [JA:=o|x: AT
AFM:A [FL:A~B TLAFM:A T3AFPIA Tsx:AAFQ!B  op:y-0€X T,AFM:y
[sAF [M[TA (A LeM! B (At letx < PinQ!B (s A+ op(M) 1§
FixiCEPID (Tk:0=Dsc:qF Qopl D)oy yupper T5APIC THH:C=D
M {x — PYU {op, ks c— Qoplopes: C = D [: A+ handle Pwith H ! D

Operational Semantics

The arrow calculus with operations and handlers is

M— M P— P -
E:x=[-]|EN|VE[EeN|(A\x.P)eE | [E] EM] — EM]  FIP| — FIP - that s, and hold.
Ll op(&) [ fstE | sndE | (E, M) | (V,E) handle| V/ | with H —
F ) e e g el
handle Flop( V)] with H We formalised the arrow calculus with operations and
(Ax.M)V — M[V /x] — Qup[V/c,(A\%y : 8. handle F[|y |] with H) /K] handlers using Agda, a proof assistant system based
(A*x.P)e V — P[V /] where H = {ix — P} U {op, k5 ¢ — Qop bopes on Martin-Lof type theory, and proved the safety the-

letx < |V ]inQ — Q[V/x] orem.




