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Introduction

Two main objects of this talk:
@ Polyhedral realizations of crystal bases B(c0).
@ Monomial realizations of crystal bases B(\) (A : dominant
integral weight).

Polyhedral realizations of crystal bases B(o0)

L:=(-++,03,h,i) : infinite sequence of indices in / of a
symmetrizable K.M alg. g s.t.

© ik # iky1 (k € Zo),

o #H{k € Z-olix =j} = oo (for any j € /).
(---,2,1,2,1,2,1).
(---,3,1,2,3,2,1,3,1,2,3,2,1).

ex) g: rank 2, L

ex) g: rank 3, L
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Introduction : Polyhedral realizations of B(o0)

One can define a crystal structure on

7> =A{(---,a3,a2,a1)a € Z, ax =0 (k> 0)} associated with ¢
and denote it by Z°.

Fact(Kashiwara, Nakashima-Zelevinsky)

For each ¢, there exists an embedding of crystals W,:
o V,: B(oo) — Z*.

Im(V,) (=22 B(c0)) : Polyhedral realization of B(c0)
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Example : Polyhedral realizations of B(0)

g type Ay, ¢=(---,2,1,2,1,2,1).
The crystal graph of (B(o0) =)Im(V¥,) C Z> is as follows :

(2:0,0,0)
/ \
(::0,07) (,0,1,0)
0\ Y 3
(50.02)  (-,0.1,1) (- 11,0) " (:,0.2,0)
(..,0,0.3) (%‘0,1,2) (...2,\0,2,1) (...,1,/1,1%,1,2,/0)

The set Im(W,) coincides with the set of (- , a3, as,a1) € Z* s.t.

a, > 0, 3223320, ak:O(k>3).
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Introduction : Polyhedral realizations of B(o0)

Problem
Find an explicit form of inequalities defining Im(WV,). ’

Nakashima-Zelevinsky(1997)

@ Invention of polyhedral realizations and algorithm calculating
inequalities defining Tm(W,) (under a condition).

@ Inthecase g: A, or As,l)-type or rank2 K.M alg, and
t=(--,n---,2,1 n--- 2 1), an explicit form of inequalities
defining Im(W,) is given.

Hoshino(2005), Kim-Shin(2008)

e gisimple, e =(-+-,n,---,1,n,---,1) = an explicit form of the
inequalities of Im(WV,)
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Introduction : Polyhedral realizations of B(o0)

Littlemann(1998)
@ We suppose that g is a fin. dim. simple. Lie alg.

@ i=(in, -+ ,h): areduced word of the long. ele. wy € W.

L L:( 7iN7"' 7i1):
= Im(wt) C {( TryAN, 732731) S ZOO|aN-i-1 =an42 = 0 = O}'
.. We can regard as Im(V,) c Z".

Im(V,) C Z" coincides with the set of integer points of the
Littelmann's String cone S, ... ;) C RV : Im(V,) = & NZN.
@ i: 'nice decomposition’ = an explicit form of string cone S;) :

type A:i=(1,2,1,3,2,1,--- ,n,---,1),

type B,C : i =

(1,(2,1,2),(3,2,1,2,3),--- ,(n,n—=1--- ,2/1,2/--- 'n—1,n)).
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Introduction : Monomial realizations of B(\)

Monomial realizations of crystal bases B(\) (Nakajima, Kashiwara)

Each element of crystal base B(\) is realized as a Laurent monomial
of doubly indexed variables {X;;|s € Z, i € I}.

ex) B(A;) of type A;

iioXie B Xz B 1
Xi1 — LS = .
Xo1  Xop  Xos

)

Main results

@ Explicit forms of inequalities defining polyhedral realizations of
B(o0) in terms of rectangular tableaux for ‘adapted’ sequence ¢
and classical Lie algebra g.

@ A conjecture that inequalities for B(co) are obtained from

monomial realizations of B(\) via tropicalization.
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1. Polyhedral realizations of B(c0)
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A morphism of crystals

Definition
A morphism v : B; — B, of crystals By, B, is a map
Bi| {0} — B> | {0} s.t. ¥(0) =0 and for b € By,

(1) wt(y(b)) = wt(b) if y(b) # O,

(2) ei(¥(b)) = ei(b) if ¥(b) #0,

(3) @i(v(b)) = wi(b) if ¥(b) # 0,

(4) ¥(&(b)) = & (b) if y(b) # 0 and ¥(&(b)) #
(fS) w(f /( )) = fio(b) if ¥(b) # 0 and ¢ (fi(b)) #
or | €
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A strict morphism of crystals

Definition

A strict morphism ¢ : B; — B, of crystals B, B, is a map
Bi| {0} — B, | J[{0} s.t. ¥(0) =0 and for b € B,

(1) wt(i(b)) = wt(b) if ¥(b) # 0,

(2) ei(¥(b)) = €i(b) if 1(b) # 0,

(3) wi(¥(b)) = wi(b) if ¥(b) # 0,
(4) V(&(b)) = &(b)

(5) ¥(fi(b)) = fib(b)

for i € .

An injective strict morphism is said to be strict embedding.
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.
A crystal structure of Z>*°

2% i={x= (-, Xxa, X3, %0, X1) | Xk € Z, x; =0(/ > 0)}.

t:=(---,103,h,i) : infinite sequence of /
s.t. ik 7£ ik+1 (k € Z>0) and ﬂ{k S Z>0’I.k :_j} =0 (fOI’ anyj € /)

We define a crystal str. on Z> ass. to ¢ as follows:

wt(x) == — Z Xji,

JEZL>1
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A crystal structure of Z>*°

7 ={x= (" ,x,x3,%,x)|xk € Z, x, =0(/ > 0)}.

t:=(---,103,h,i) : infinite sequence of /
s.t. ik 7£ ik+1 (k € Z>0) and ﬂ{k S Z>0’I.k :_j} =0 (fOI’ anyj € /)

We define a crystal str. on Z> ass. to ¢ as follows:
wt(x) == — Z Xji,
JEZL>1

O’k(X) = Xk + Z(h,‘k,O&,’j>)(j (k S Z217 X € ZOO),

>k

gi(x) i= maxpez,,; i=iok(X),  @i(x) = (wt(x), hi) +ei(x) (i €1).
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A crystal structure of Z®

For x = (X )kezo, € Z>° and i € I,

2

()K= Xk + Ok m;
(é,'(X))k = Xk — 5k,m§ if E,’(X) > O, (é,(X)) =0 if E,’(X) = O,
where m;, m} are combinatorially determined from {o4(x)}ez.,-

Theorem (Nakashima-Zelevinsky)
(Z*>, &, fi e @i, wt) is a crystal. We denote it by Z>.
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Polyhedral realizations

Theorem (Nakashima-Zelevinsky)

There is a unique strict embedding of crystals W, : B(co) < Z° s.t.
V,(ux) = (-++,0,0,0). Here uy, is the highest weight vector of
B(0).

Definition

ImWV, (=2 B(c0)) is called a polyhedral realization of B(co).

Problem
Find explicit forms inequalities defining Im(WV,).
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2. Calculations of Polyhedral realizations
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Polyhedral realizations of B(o0)

@ Nakashima and Zelevinsky found a way calculating the
inequalities defining Im(W,) if ¢ satisfies a positivity condition.
e Defining a set =, C Homy(Z>,Z), they described Im(V,) as

Im(V,) = {x € Z¥|p(x) > 0, Vg€ =,}.

Let us see the positivity condition and a construction of =,.
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Polyhedral realizations of B(o0)

@ Nakashima and Zelevinsky found a way calculating the

inequalities defining Im(W,) if ¢ satisfies a positivity condition.

e Defining a set =, C Homy(Z>,Z), they described Im(V,) as
Im(V,) = {x € Z*|p(x) >0, Vpec=}.

Let us see the positivity condition and a construction of =,.

Forv=(---,i3,h,h)and k € Z>,

k™ = max({/ € Z>1|l < k, ik = i} U{0}),
kt = min{l S ZZ]-’/ >k, i = I/}

ex)t=(-,21,2121)=1"=0,2"=0,3"=14"=2,
5-=3,6" =4, 1t =3,2"=4,3"=5 4" =6.
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Calculations of Polyhedral realization of B(o0)

o For k € Z>1, we define x, € Homy(Z>,Z) as

Xi(+ -+, a3, @, 1) 1= ax.
e Using xi, each ¢ € Homy(Z>,7Z) can be written as

Y= chxk, cx € 7.
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|
Calculations of Polyhedral realization of B(o0)

o For k € Z>1, we define x, € Homy(Z>,Z) as

Xi(+ -+, a3, @, 1) 1= ax.
e Using xi, each ¢ € Homy(Z>,7Z) can be written as

Y= chxk, cx € 7.

o Let 5k € Homy(Z>,Z) (k € Z>1) be
Bk = Xk + Z (i, i) X; + Xt

k<j<k*
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|
Calculations of Polyhedral realization of B(o0)

o For k € Z>1, we define x, € Homy(Z>,Z) as
Xi(+ -+, a3, @, 1) 1= ax.
e Using xi, each ¢ € Homy(Z>,7Z) can be written as

Y= chxk, cx € 7.

o Let 5k € Homy(Z>,Z) (k € Z>1) be
Bk = Xk + Z (i, i) X; + Xt

k<j<k*

e For ¢ =Y axk € Homg(Z>,7Z) and k € Z>1, we define
Sk(p) € Homy(Z>,Z) as

o — bk if >0,

Sk(p) = :
o — ckfr- if ¢ < 0.
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Polyhedral realization of B(o0)

For o = > ckxx € Homy(Z*°, Z),

=Bk if ¢ >0,
5k(§0) = .
o —afi- if a <O,

where we set [y := 0. We also define

EL = {SJI T 5J1XJ0|/ 2 07.j07j17 e 7.j/ Z 1}
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Polyhedral realization of B(o0)

For o = > ckxx € Homy(Z*°, Z),
=Bk if ¢ >0,
5k(<P) = .
o — Ckﬁk— if Ci < O,

where we set [y := 0. We also define

EL = {SJI T SJIXJO“ 2 07.j07.j17 e 7.// 2 1}

Positivity condition
Forany o =Y axk € =,, if k= =0 (k € Z>1) then ¢, > 0.

Theorem (Nakashima-Zelevinsky)
If ¢ satisfies the positivity condition then
Im(V,)(= B(o0)) = {x € Z™|p(x) >0, Vyp e =,}.
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-
An example of the polyhedral realization of B(o0)

Example) g : type Ay, t=(---,2,1,2,1,2,1).
1"=2"=0, k >0 (k>2).
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-
An example of the polyhedral realization of B(o0)

Example) g : type Ay, t=(---,2,1,2,1,2,1).
1"=2"=0, k >0 (k>2).

We rewrite a vector (- - , Xg, X5, X4, X3, X0, X1) aS

(' e ,X3,27X3,17X2,2,X2,1,X1,2,X1,1)- (X/,1 = X21-1, X12 = le)

Similarly, we rewrite 51 = S3_1, Si2 = Sa.
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An example of the polyhedral realization of B(o0)

Example) g : type Ay, t=(---,2,1,2,1,2,1).
1"=2"=0, k >0 (k>2).

We rewrite a vector (- - , Xg, X5, X4, X3, X0, X1) aS
(' e ,X3,27X3,17X2,2,X2,1,X1,2,X1,1)- (X/,1 = X2/-1, Xi2 = le)

Similarly, we rewrite 51 = S3_1, Si2 = Sa.

Recall) positivity condition < the coefficients of x; = x; ; and
Xy = X1 in each ¢ € =, are non-negative.
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An example of the polyhedral realization of B(o0)

Example) g : type Ay, t=(---,2,1,2,1,2,1).
Sk Sk.2
Xkl & Xk2 — Xk41,1 & —Xk41,.25

Sk+1,1 Skt1,2
Sk2 Skt1,1
—5 —
Xk2 — Xk+1,1 — Xk+12 — —Xk+42.1,
Ski1,2 Ski2,1

for k € Z>1 and other actions are trivial.
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An example of the polyhedral realization of B(o0)

Example) g : type Ay, t=(---,2,1,2,1,2,1).
Sk Sk.2
Xkl & Xk2 — Xk41,1 & —Xk41,.25

Sk+1,1 Skt1,2
Sk2 Skt1,1
—5 —
Xk2 — Xk+1,1 — Xk+12 — —Xk+42.1,
Ski1,2 Ski2,1

for k € Z>1 and other actions are trivial. Thus,

== {Xk,l, Xk, 2 Xk+1,15, —Xk+1,25 Xk,25 Xk+1,1—Xk+1,2, _Xk+2,1’k > 1}-
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An example of the polyhedral realization of B(o0)

Example) g : type Ay, t=(---,2,1,2,1,2,1).
Sk Sk.2
Xkl & Xk2 — Xk41,1 & —Xk41,.25

Sk+1,1 Skt1,2
Sk2 Skt1,1
—5 —
Xk2 — Xk+1,1 — Xk+12 — —Xk+42.1,
Ski1,2 Ski2,1

for k € Z>1 and other actions are trivial. Thus,

== {Xk,l, Xk, 2 Xk+1,15, —Xk+1,25 Xk,25 Xk+1,1—Xk+1,2, _Xk+2,1’k > 1}-

The coefficients of x; 1 and x; 5 in each ¢ € =, are non-negative.
*. 1 satisfies the positivity condition and

Im(V,) = {x € Z®|p(x) >0, Vpe=}
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An example of the polyhedral realization of B(o0)

Example) g : type Ay, t=(---,2,1,2,1,2,1).
Sk Sk.2
Xkl & Xk2 — Xk41,1 & —Xk41,.25

Sk+1,1 Skt1,2
Sk,z SI<+1,1
— —
Xk2 — Xk+1,1 — Xk+12 — —Xk+42.1,
Ski1,2 Ski2,1

for k € Z>1 and other actions are trivial. Thus,

== {Xk,l, Xk 2= Xk+1,15 —Xk+1,25 Xk,25 Xk+1,1—Xk+1,2, _Xk+2,1’k > 1}-

The coefficients of x; 1 and x; 5 in each ¢ € =, are non-negative.
*. 1 satisfies the positivity condition and

Im(V,) = {x € Z*[p(x) 20, Vp €=}
X € Z%|xuy12 = X121 =0 (k > 1), x12 > x01 >0, x11 > 0}.
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An example which does not satisfy the positivity
condition

Example) g : type A3, t =(---,2,1,2,3,2,1).

S S, S
x14—x5—|—x4+x2$—x5—|—x3$—x4—|—x3—x2—|—x1.
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An example which does not satisfy the positivity
condition

Example) g : type A3, t =(---,2,1,2,3,2,1).

S S, S
x14—x5—|—x4+x2$—x5—|—x3$—x4—|—x3—x2—|—x1.

Thus, —x4 +x3—x2 +x3 € =, and 27 = 0.
.. L does not satisfy the positivity condition.
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3. An explicit form of the polyhedral realization for B(co)
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Infinite sequences adapted to A

A = (a;j)ijer : The Cartan matrix of g
Definition
If ¢ satisfies the following condition, we say ¢ is adapted to A :

For i,j € I with i # j and a;j # 0, the subsequence of ¢ consisting of
i, jis

("'7i7.j7i7.j7i7.j7i7.j) or ("'7.jai7.j7iaj7i7.jai)'
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|
Infinite sequences adapted to A

A = (a;j)ijer : The Cartan matrix of g
Definition

If ¢ satisfies the following condition, we say ¢ is adapted to A :

For i,j € I with i # j and a;j # 0, the subsequence of ¢ consisting of
i, jis

("'7i7.j7i7.j7ia.j7iv.j) or ("'7.jai7.j7iaj7i7.jai)'

Example) g : type A3, t =(---,2,1,3,2,1,3,2,1,3)
@ subsequence consisting of 1, 2 : (---,2,1,2,1,2,1)
@ subsequence consisting of 2, 3: (---,2,3,2,3,2,3)

@ Since a; 3 = 0 we do not need consider the pair 1, 3.
Thus, ¢ is adapted to A.
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Infinite sequences adapted to A

Example) g : type A3, t =(---,3,2,1,3,2,3,1,2,3,1,2,1)
@ subsequence consisting of 1, 2 : (---,2,1,2,1,2,1)
@ subsequence consisting of 2, 3: (---,3,2,3,2,3,2)

¢ is adapted to A.

Example) g : type A3, t =(---,2,1,2,3,2,1)
@ subsequence consisting of 1, 2 : (---,2,1,2,2,1)

¢ is not adapted to A.
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Tableaux description of =,

In this section, let g be classical type (A,, B,, C, or D,).

In what follows, we suppose that ¢ is adapted to the Cartan matrix of
g and consider the following problem:

Problem
Find an explicit form of inequalities defining Tm(WV,).

Let us construct an explicit form of =, by using rectangular
tableaux.

Recall If ¢ satisfies the positivity condition then
In(V,) = {x € Z¥|p(x) > 0, Vp € %} (= B(ox)).
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Tableaux description of =,

Recall
v is adapted to A = (aj) &
For i,j €I (i # j, a;j # 0), the subsequence of ¢ consisting of i, j is

( >i7.j7i7.jai7j7i7.j) or ( 7.j7i>j7ia.j>i7.jai)'
Let (pij)izj, a,+0 be the set of integers s.t.
o 1 if ( a.j)ivjai7.j7i)7
P = 0 if ( 7i7j7ia.j7i7.j)'
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-
Tableaux description of =,

Recall
v is adapted to A = (aj) &
For i,j €I (i # j, a;j # 0), the subsequence of ¢ consisting of i, j is

("'>ia.j7i7.j7i7j7i7.j) or ("'7.j7i>j7ia.j>i7.jai)'
Let (pij)izj, a,+0 be the set of integers s.t.
o 1 if ("'a.jaivjai7.j7i)7
P = 0 if (7’7./7’)./7’7./)
For k (2 < k < n), we set
P(k) o P21 + P32 + -+ Pn—2,n—3 + Pn,n—2 it k= n, g: type Dna
P21+ P32 + paz+ -+ Prok—1 if o.w.
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Tableaux descriptions

b= ik B3y b, ).

For k € Z>1, we write
Xk = Xs,j, Sk - Ss,j7

if ik =j and j is appearing s times in iy, ix_1, -, I1.
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Tableaux descriptions

b= ik B3y b, ).

For k € Z>1, we write
Xk = Xs,j, Sk - Ss,j7

if ik =j and j is appearing s times in iy, ix_1, -, I1.

Example) t = (---,2,1,3,2,1,3,2,1,3)

(' e 7X77X67X57X4,X3,X2,X1) = ( o 7X3,37X2,2,X2,1,X2,37X1,2,X1,1,X1,3)
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Tableaux descriptions

g = A, case

For1<j<n+1ands€Z, weset
A

s = XsP(j)j — Xs+P(j—1)+1,j-1 € HomZ(ZOO, Z)
(Xmo = Xmnt1 =0 for me Z, and x,,; =0 (m <0,/ € [)).

J
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Tableaux descriptions

g = A, case

For1<j<n+1ands€Z, weset

—A
Ll = Xerp(j)j = XstP(j-1)+14-1 € Homgz(Z%, Z).
(Xmo = Xmnt1 =0 for me Z, and x,,; =0 (m <0,/ € [)).

A
; ; _ 1
J = . are obtained from s = Xs,1 by operators Sp, ;
(1<5s):
Ss1 Ss+P(2),2 Se+P(3),3 Se+P(n),n
1 217 13|70 . JIn|l——
~S—1 ~S—— S~—————— ~~—n— S -
Ss+1,1 55+P(2)+1,2 Ss+P(3)+1,3 55+P(n)+1,n
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Tableaux descriptions

g = B, case

For1<j<nandscecZ, we set

J

r
i3

j

@

= Xs4-P(j)j T Xs+P(j—1)+1,—1s

= Xs4-P(j—1)4+n—j+1,j—1 = Xs4-P(j)+n—j+1,-

S
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55,1

—
~

S

Sst+1,1

s

SsP(2)+1,2

Ss1p(2),2 Ss1pP(3),2

/—\3 /N..

~—
SsrP(3)+1,2

~

S

Ss+P(n—2)+2,n—2
_—
- Tn=2

'/—ﬁ

~~—

s

Ss+P(n—2)+3,n—2

1

55+P(n),n

—_—
~— 0 0

3|

55+P(n)+1,n
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Tableaux descriptions

g = C, case

For1<j<n-—1andse€Z, weset

J U = Xs4-P(j)y — Xs+P(j—1)+1,—1

! : = 2X5+P(n),n — Xs+P(n—1)+1,n—1

n b 1= Xsy P(n—1)+1,n—1 — 2Xs4 P(n)+1,n:

j U = Xst P(j—1)4+n—j+1,j-1 — Xs+P(j)+n—j+1,-
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Tableaux descriptions

g =D, case

For s € Z, we set

D

I = Xy p()g — Xsrp(i-1)+1j-1, (1<j<n=2,j=n),
D

n_la = Xs4+P(n—1),n—1 T Xs+P(n),n — Xs+P(n—2)+1,n—2:

~ D

"= Xs+P(n—1),n—1 — Xs4+-P(n)+1,n
D

" = XeP(n—2)4+1,n—2 = Xs-P(n—1)+1,0—1 — Xs4P(n)+1,n:

—D

L = Xeap(1)4njj1 — XstP()4n—jyr (1< <n=2).
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Tableaux descriptions

g =D, case

n
Ss+P(n—1),n—1 3
Ss1 /
1 — ./ﬁn_l s+P(n—1)+1,n—1 — — ./ﬂ T
S———— ~— < ~— <
Sst1,1 &jn)m
55+P(n)+1,n —
n
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Tableaux descriptions

For X =A, B, CorD,

—X —X X
i Jk k-1

- s + s+1 + -
J2
Jk—1

Ji |,

J2

sik—2 T
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Partial order set

Let us define the following posets:

@ Jy:={1,2,--- ,nyn+1}, 1<2<---<n<n+1l.

° JB:JC = {1727 NN, 7§7T}:
l1<2<---<n<n<---<2<1.

o Jp:={1,2,--- ,nm---,2 1},

1<2<--<n—-1< " <pn—-1<---<2<1.

n

FOI’_jG {1a27 7”}1 we set |./| = |j| :./
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Tableaux descriptions

For X = A, B,
—X
Tabx, == {J] |k €1, ji € Jx, 1 — P(k) <s, (*)¥
J2
Ji |

() 1<ji<p<--<jp<n+l,
(*)B. 1§_j1<_j2<"'<_jk§T fOl"/(<f77
“l1<i<p <o <o <71, il # lm| (I £ m) for k=n.

OIS ET EUT IR VATV a0l o ISV ER(EETE T he inequalities defining polyhedral realizatiol October 8, 2020 34 /51



|
Tableaux descriptions

sl

TabC,L = { J:l |k € {17 , N — 1}7 .ji € JCJ 1- 'D(k) S S, (*)E}
J2

Jk

U {2 jo<t<n, jiede, 1-P(n) <s, (x5},
i

Je |

here |71 — C . 1<j<---<jx<1 fork<n,
where 1 1= Xep(nyn (K) 14 7 g
n<j<---<j<1 fork=n.
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Tableaux descriptions

D

Tabp, = {J

Jk

S

U { ntkl
yi

Jt

S

IS EX

() Q<<
A< <-

D 0<t<n, j€ Jp,

| 1—-P(n—1) <s,

(4)ns

"%jk

- <je <1, t:odd
- <je <1, t:even

]kE{l,---,n—Q}, jiEJDa 1_P(k)§57 (*)lkj}

5 0<t<n,

nri| | Ji € Ip,
P By <a

— (%7

Al
ifk<n—1, D
ifk:n—l, n+1° -= Xs+P(n),n
if k=n.
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Explicit forms of =, via tableaux descriptions

Theorem (K-Nakashima)

g : type X (=A, B, C, or D), ¢ : adapted to the Cartan matrix of g.
Then ¢ satisfies the positivity condition and

EL = Tabij.

=-An explicit form of =, via rectangular tableaux.
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Explicit forms of Im(WV,) via tableaux descriptions

Corollay
Im(V,) = {x € Z*|p(x) > 0, Vp € Tabx,}
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Explicit forms of Im(WV,) via tableaux descriptions

Corollay

Im(V,) = {x € Z*|p(x) > 0, Vp € Tabx,}
= {x€Z>|p(x) >0, Vo € Taby,, xm;=0(Viel, m>n).}

Taby , := {

J1

X
€ Tabx,|s < n} : a finite set

J2

Jk

S

Thus, Im(W,) can be written via finitely many inequalities and finitely

many variables X, ;.
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Explicit forms of =, via tableaux descriptions

Example) g : type Ay, e =(---,2,1,2,1,2,1). We have po; = 0.

Thbi¢
A —A
={p<i<3 1<s<pu{ 1<i<j<3, 1<5<2)
J

= {Xi = Xe41,i-1]1 <01 <3, 1 <5 <2}
U{Xs1,i — Xsi2,i-1 + Xsj — Xs41j-1|]1 <71 <j <3, 1 <5 <2}
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Explicit forms of =, via tableaux descriptions

Example) g : type Ay, e =(---,2,1,2,1,2,1). We have po; = 0.

Thbi¢
A —A
={p<i<3 1<s<pu{ 1<i<j<3, 1<5<2)
J

= {Xi = Xe41,i-1]1 <01 <3, 1 <5 <2}
U{Xs1,i — Xsi2,i-1 + Xsj — Xs41j-1|]1 <71 <j <3, 1 <5 <2}

Im(V,) = {x € Z>|p(x) > 0, Vo € Tab3 ,, xm1 = xm2 =0 (3 < m)}
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Explicit forms of =, via tableaux descriptions

Example) g : type Ay, e =(---,2,1,2,1,2,1). We have po; = 0.

Thbi¢
A —A
={p<i<3 1<s<pu{ 1<i<j<3, 1<5<2)
J

= {Xi = Xe41,i-1]1 <01 <3, 1 <5 <2}
U{Xs1,i — Xsi2,i-1 + Xsj — Xs41j-1|]1 <71 <j <3, 1 <5 <2}

Im(V,) = {x € Z>|p(x) > 0, Vo € Tab3 ,, xm1 = xm2 =0 (3 < m)}

:{X € ZOO|X172 Z X2,1 Z 0, X1,1 Z 0, Xm+1,2 = Xm42,1 = 0, Vm € ZZl}~
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4. Polyhedral realizations and monomial realizations
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Mono. real. and polyh. real. of B(>0)

In this section, we will compare inequalities defining polyhedral
realizations and monomial realizations.
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Mono. real. and polyh. real. of B(>0)

In this section, we will compare inequalities defining polyhedral
realizations and monomial realizations.

Recall For j € Z>1, 3 S; : Hom(Z>, Z) — Hom(Z>,Z). We put
Sk =1{S, - Sixsill € Zzo,j1,--+ ,Ji, SE€L=1} (kel),

Putting

e U —.,k>

kel

if + satisfies the ‘positivity condition’ then
Im(V,) = {a € Z®|p(a) >0, Vp € =, }.

We compare =, x and a monomial realization of B(A).
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Monomial realization of crystal base

@ g: symmetrizable K.M Lie algebra with generalized Cartan
matrix A,

@ . : adapted to A = (a;;).

The set p = (pjk)jkel, jk, a0 i as before:

1 if ( 7k7j7k7j7k7.j)7
Pjik = . . . .
0 if ( 7./7k7./ak7./7k)'

For doubly-indexed variables {X,;|i € I, s € Z},

V= {X_ IT x&

SEZ, i€l

Cs,i € Z, only finitely many (s ; # 0} ,
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Monomial realization of crystal base

For X= J] X3 ey, wi(X):=Y G,

seZ,iel

0i(X) := max {Z Cils € Z} ,ei(X) = wi(X) — wt(X)(h).

k<s

Setting

R aj,k
Asio=XerXerrw [ X3
J#k, aj k70

Define the Kashiwara operators as
~ AL X if pi(X) >0, ’ i ,
Fx = ) A it wi(X) X — Ap, iX !f gi(X) >0,
0 if  ©i(X)=0, 0 if £(X)=0,
where the integers ns and n,, are combinatorially determined from
exponents of X.
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Monomial realization of crystal base

Theorem (Nakajima, Kashiwara)

(i) The 6-tuple Y(p) = (¥, wt, ¢, &/, i, &)ies is a crystal.
(i) If a monomial X € ) satisfies ¢;(X) = 0 for all i € /, then

B(Wt(X)) = {Fsﬁlx‘s 20, g, s € I}\{O}
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Monomial realization of crystal base

Theorem (Nakajima, Kashiwara)

(i) The 6-tuple Y(p) = (¥, wt, ¢, &/, i, &)ies is a crystal.
(i) If a monomial X € ) satisfies ¢;(X) = 0 for all i € /, then

B(Wt(X)) = {Fsﬁlx‘s 20, g, s € I}\{O}

@ We denote the embedding of crystals by 1 : B(wt(X)) — V.
@ IfXe{ [ X5 eV, >0} thene(X)=0(iel).

seZ,iel
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|
Monomial realization of crystal base

Theorem (Nakajima, Kashiwara)

(i) The 6-tuple Y(p) = (¥, wt, ¢, &/, i, &)ies is a crystal.
(i) If a monomial X € ) satisfies ¢;(X) = 0 for all i € /, then

B(Wt(X)) = {Fsﬁlx‘s 20, g, s € I}\{O}

@ We denote the embedding of crystals by 1 : B(wt(X)) — V.
@ IfXe{ [ X5 eV, >0} thene(X)=0(iel).

sez, iel
Rem) For the construction of monomial realizations, one can take the
set of integers p = (pj k)jkel, j#k, a0 More generally.
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Ex) A monomial realization for B(A;) of type Cs

Xs+P(2),2
fa -Here, s € Zzl_p(z).
Xs41,1X51p3),3 1 Xs1pP(3),3
XsrP(2)41,2 Xs42,1
3 3
Xs+1,1Xs1P2) 41,2 1 X5,2+P(2)+1,2
XstpP(3)+1,3 Xs+2,1Xs1P(3)41,3
2 2
Xs41,1Xs542,1 Xsip@yr12 2 Xs+21Xsip(3)413 3. Xs12.1
XstP(2)+2.2 1 Xsrp(2)42,2 X52+P(2)+2,2 XstP(3)42.3 1
\Xs+l,1 1 Xepp@)41,2N 1 XsiP(2)42,2
Xs+3,1 X221 X431 5 Xs+3,1 X5 P(3)42,3
Xop(3)+1.3 3 2

Xs13,1X51p(2) 42,2 Xstp(2)43,2
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Inequalities =, » of polyh. real. of type B3

XstP(2),2 -S,.« are the operators of NZ — algorithm.

S . . . .
stP(2).2 -Each inequality is obtained from the
1 U :
Xs+1,1H%61P(3),3 ———> Xsip@)3—Xst21  mono. realization of previous page
—Xs4+P(2)+1,2 . . . .
@ via tropicalization.

3 3
Trop([ T, X55') = o4 Conixenr

1
Xs41,1HXs1 P2)+1,2 —3  2Xs1P(2)+1,2

—Xs+P(3)+1,3 —Xs4+2,17Xs4-P(3)+1,3
2
1 2 + 3
Xs41,1HXs42,1 — = 5 Xs4P(2)41,2  —>  Xs42,1TXs1P(3)41,3 >  Xst2,1

TXs+P(2)42,2 1 —Xs4P(2)42,2 —Xs4P(2)42,2 *Xs+P§)+2,3
\ 1
1
Xs+1,1 —>  Xs4P(2)+1,2 1 Xs+P(2)+2,2
—Xs+3,1 —Xs42,1—Xs+3,1 5 —s+3,1 7 X+ P(3)+2,3
3 2
Xs4P(3)+1,3 T Xs+P(2)+3,2

Ts+3,1 7 X4 P(2)42,2
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Ex) Monomial realization for B(A;) of type G,

p) fi f fi 5
XstP(2 2’_“>_X53+171 ’—\>X3+1,1/_>—X5“'1X§+”P(2)‘2—N‘_Xs+1+P(2),2
s+P(2), Xs+14P(2),2 Xs42,1 ) X X301
f
Xs11,1Xs42,1 7
Xs+24P(2),2 2
f
Xsi1.1 Xs+14P(2),2
X5+3’1~ Xst214P(2),2
fi
Xs114P(2),2 )
Xs+2,1Xs43.1 % f
1 Xs12+P(2),2 X52+2.1 X254 X301
X5+P(2)+372’7’ Xs3+3,1 PF/XS‘F?)J&F‘XS+3¢1X5+2+P(2),2.é?/X52+2+P(2),2
) 1 1 1

Here, P(2) = po1 and s € Z1_pp). o ==
a1 Q2
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Inequalities =, » of polyh. real. of type G

Ss1P(2),2 Ss+1,1

e —
Xs+P(2),2 311 Xs14P@) 2 Xer14P(2),2—3Xs42,1

Ss114P(2),2

—Xs+P(2)+3,2 Xs12+P(2),273Xs13,1 3Xs+2,172Xs 124 P(2) 2
~ -~

Ss124P(2),2 Ss42,1

[ ——N ]
051 a2
@ Each inequality is obtained from mono. realization of the
previous page via tropicalization.
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Inequalities of polyh. real. for B(c0) of type Go

5}11

° Trop(x o

) = 2Xs:11 — Xs42.1 > 0 follows from

X3
TFOP(%) = 3Xs+11 — Xs+14P(2)2 = 0,
s+14+P(2),2

X52+1+P(2) 2

X3

s+2,1

Trop( ) = 2Xs414P(2),2 — 3Xsy21 = 0,

2 3(2% 411 — Xs12,1) = 2(3Xs41,1—Xst14P(2),2) F(2Xs 1 14P(2) 2—3Xs42,1)

@ Similarly, the inequalities obtained from red monomials follow by
other inequalities obtained from black monomials.
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Inequalities of polyh. real. for B(c0) of type Go

5}11

° Trop(X o

) = 2Xs:11 — Xs42.1 > 0 follows from

X3
TFOP(%) = 3Xs+11 — Xs+14P(2)2 = 0,
s+14+P(2),2

X52+1+P(2) 2

X3

s+2,1

Trop( ) = 2Xs414P(2),2 — 3Xsy21 = 0,

W 3(2%eq 1,1 — Xsi2,1) = 2(3Xsq1,1—Xs+14-P(2),2) H(2Xs 4 14-P(2) 2—3Xs42,1)
@ Similarly, the inequalities obtained from red monomials follow by
other inequalities obtained from black monomials.
=,k U {extra homomorphisms} £ Mono. real. of B (Ax) of tg.
We say ¢ € Hom(Z>,Z) is extra if p(x) > 0 follows from (x) > 0

(Vw € :L,k)-
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Mono. real. and polyh. real. for B(c0)

Conjecture
If + is adapted then the positivity condition holds and for each k € /,

=,k U {extra homomorphisms} = Trop H ek (BIAK)) |

SGZZI

where B(A,) is the crystal base of U,(‘g) and ‘g is the Lie algebra
associated with generalized Cartan matrix ‘A and p , is the
monomial realization with highest weight vector X .

Theorem (K.)

In the case g is type A,, B,, G or Agl), the conjecture is true.
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Remarks

If conjecture holds we obtain

Im(V,) =

{a € Z*|p(a) > 0, Yy € Trop H s (B(AK)) | }-

kGI, SEZZI

As for relations between polyh. real and mono. real.,

@ Kim-Shin explicitly gave an isomorphism between a monomial
realization for B(oc) and polyhedral realization Im(W,) in the
case g is classical type or G, and ¢ is specific one.

@ Nakashima proved that inequalities defining Im(WV,) are obtained
from monomial realizations of B(Ay) (k =1,2,--- ,n) in the
case g is classical type and ¢ is specific one.
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