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Combinatorial mutations

Mirror symmetry for P?(C)

PYC) <™ fi=a4y+Lli(C)2oC

The period 7¢(t) of f is computed as follows:
1 2/ 1 dxdy
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which coincides with the regularized quantum period Gz c) of P?(C).
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Combinatorial mutations

Mirror symmetry for P?(C)

P2((C) another mirror g=y+ le + y% 4 y%

The period 7,(t) of g is also equal to 7f(t) = éﬂﬂ((c).

Problem

to give relations among Laurent polynomials having the same period.

Combinatorial mutations rephrase mutations for Laurent polynomials
(which preserve the period) in terms of Newton polytopes.

Newton polytope

fi Newt(f)
mutation combinatorial mutation
o ZY yb—)i (today)
z+y z+y Newton polytope
gt Newt(g)
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Combinatorial mutations

Combinatorial mutations for lattice polytopes

N ~ 7Z™: a Z-lattice of rank m,

M = Homgz(N,Z),

Ng = N ®z R and My = M ®z R,

Hyp={ve Ngr| (w,v)=nh}forweMandheZ,

P C Ng: an integral convex polytope with the vertex set V(P) C N,
w € M: a primitive vector,

F C Hyp: an integral convex polytope.

For every h € Z<_1, there exists a possibly-empty integral convex
polytope G, C Ng such that Gy H“(P/\Hwﬁ)—mf:g

V(P)N Hyp C Gr+|h|[FC PN Hy p-

If this assumption holds, then we say that the combinatorial mutation
mut,, (P, F') of P is well-defined.
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Combinatorial mutations

Combinatorial mutations for lattice polytopes

Definition (Akhtar—Coates—Galkin—Kasprzyk 2012)

The combinatorial mutation mut,, (P, F) of P is defined as follows:

mut,, (P, F) := conv U GpU U (PN Hyp)+hF) | € Ng.
h<—1 h>0

e mut, (P, F) is an integral convex polytope.
e muty, (P, F') is independent of the choice of {Gp}p<_1.
o If Q = mut, (P, F'), then we have P = mut_,,(Q, F).

A
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Combinatorial mutations

Example

For w = (—1,—1) € M and F = conv{(0,0), (1,—1)}, we have

muty, (—,F)

8
8
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Combinatorial mutations

Example

For w = (—1,—1) € M and F = conv{(0,0), (1,—1)}, we have

Newt (-pJ /Vewt («2)

Y

Y
shrink £0 @ point

///\A
F+0,))

muty, (—,F)
——

8

ex pand ﬂy +2F
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Combinatorial mutations

Main result

Theorem (F.—Higashitani preprint 2020)

For the anti-canonically polarized flag variety (G /B, Ls,), the dual
polytopes of the following are all related by sequences\of combinatorial
mutations up to unimodular equivalence: GAVIZP)

@ Berenstein—Littelmann—Zelevinsky's string polytopes, (P-‘=';j > L)

ol*PDS, roots
o Nakashima—Zelevinsky polytopes, e

e Feigin—Fourier-Littelmann—Vinberg polytope (for type A,, or Cy,).

Kashiwara involution

{BLZ's string polytopes} {NZ polytopes}

w [F.—Oya preprint 2020] [F.—Oya preprint 2020]

{g-vector p°|yt°pes}®trop. -cluster mutation

Ardila—Bliem—Salazar's transfer map

Gelfand—Tsetlin polytope FFLV polytope
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Newton—Okounkov bodies of flag varieties

Flag varieties

G: a connected, simply-connected semisimple algebraic group over C,
B C G: a Borel subgroup,

G/B: the full flag variety,

P, : the set of dominant integral weights.

Theorem (Borel-Weil theory)

There exists a natural bijective map
P, = {globally generated line bundles on G/B}, A Ly,

such that H°(G/B, L))* is the irreducible highest weight G-module with
highest weight .

In this talk, we mainly focus on L2, which is isomorphic to the
anti-canonical bundle of G/B.
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Newton—Okounkov bodies of flag varieties

Newton—QOkounkov bodies

e Fix a birational map from (C*)™ to G//B, which induces an
isomorphism C(G/B) ~ C(t1,...,tm).
o <: a total order on Z™, respecting the addition.
e 7€ H°(G/B,L)): a nonzero section.
The lowest term valuation v'9": C(G/B) \ {0} — Z™ is defined by

V2V (f/g) = vV (f) — v2¥(g), and
Ulgw(f) = (a1,...,am) & f=ct]* - - t2m + (higher terms w.r.t. <)

for f,g € Clt1,...,tm] \ {0}, where c € C*.
We define a semigroup S = S(G/B,L’A,vlgw,r) C Zso X Z™ and a real
closed convex cone C' = C(G/B, L, ’Ulgow,T) C R>p x R™ by

S = {(k,v2" (/7)) | k € Zso, 0 € H'(G/B, L)\ {0}},
C': the smallest real closed cone containing S.
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Newton—Okounkov bodies of flag varieties

Newton—QOkounkov bodies

Definition (Lazarsfeld-Mustata 2009, Kaveh—Khovanskii 2012)

The Newton—Okounkov body A(G/B,E,\,UISOW,T) CR™ of (G/B, L))
associated with ’UISOW and 7 is defined by

A(G/B,EA,vlgow,T) ={aeR™|(1,a) € C(G/B,EA,vISOW,T)}.

v

The Newton—Okounkov bodies A(G/B,[,,\,UISOW,T) of (G/B, L)) realize
the following representation-theoretic polytopes:

@ string polytopes (Kaveh 2015, F.—Oya 2017),
o Nakashima—Zelevinsky polytopes (F.—Naito 2017, F.—Oya 2017),
e FFLV polytopes (Feigin—Fourier-Littelmann 2017, Kiritchenko 2017).
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Newton—Okounkov bodies of flag varieties

Newton—QOkounkov bodies

Assumption

The semigroup S(G/B, Ly, IOW,T) is finitely generated and saturated.

Theorem (Steinert preprint 2019)

If the assumption holds for A = 2p, then A :== A(G/B, L2, ', T)

'U< 5
contains exactly one lattice point a in its interior, and the dual polytope

AV :={u e Ng | (v —a,u) > —1 for allu' € A}

is an integral convex polytope, where A C R™ =: M.

to relate dual polytopes A(G/B,Egp,vlgw, 7)V associated with different
kinds of valuations leW using combinatorial mutations.
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Newton—Okounkov bodies arising from cluster structures

Cluster varieties

Let us consider an A-cluster variety
A= JA = USpec ClAZL [ e{L,....m} = Ju U Jg]),
S

where s runs over the set of seeds which are mutually mutation equivalent,
and the tori are glued via the following birational cluster mutations:

* Ai;s (/L?ék%
HlAs) S ALCTT A5+ TT 433 G=h)

if 8" = pg(s), where e = (g; )i ; is the exchange matrix of s.

Definition (Berenstein-Fomin—Zelevinsky 2005)

The ring C[A] of regular functions is called an upper cluster algebra.
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Newton—Okounkov bodies arising from cluster structures

Cluster structures on unipotent cells

Let U~ be the unipotent radical of the opposite Borel subgroup B~, and

G/B= | | BuB/B
weW

the Bruhat decomposition of G/B, where W is the Weyl group.

Definition

For w € W, the unipotent cell U, is defined by

U, =BwBNnU CG.

Theorem (Berenstein—-Fomin—Zelevinsky 2005)

The coordinate ring C[U,,| admits an upper cluster algebra structure.
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Newton—Okounkov bodies arising from cluster structures

Cluster structures on unipotent cells

Each reduced word 4 = (i1, ..., iy,) for w induces a seed
si = ((Ajs,),€") for Uy, given by
o Aj, € ClU,] is the restriction of the generalized minor

Asil-“sijw'ij,wij S (C[G] for 1 < Js=m;

o if we write & = (€s,t)s,t, then

1 if sT=1t,
-1 if s =1t",
€st = (g, hi,) ifs<t<st <th,

—{ai, hyy) ift<s<tt <st,

0 otherwise,
where

Et=min({k+1<j<mlij =i} U{m+1}).

Naoki Fujita (The University of Tokyo) Combinatorial mutations on NO bodies Oct. 8, 2020 17 /32



Newton—Okounkov bodies arising from cluster structures

Cluster structures on unipotent cells

Theorem (Kang—Kashiwara—Kim—-Oh 2018, Qin preprint 2020)
For w € W, the upper global basis By C C[U,,] is (the specialization at
g =1 of) a common triangular basis. In particular, the following hold.
(1) For all b € By and s, there uniquely exists
9s(b) = (g91,--.,9m) € Z™ (the extended g-vector of b) such that
be Al - AZn (1 + > z I X,
0¢(aj)j€Juf€Z£%f J€Jut
where )?j = Ai?’sl - -Ai,{fs".
(2) Ifs' = pg(s), then gs(b) = pi (gs(b)) for all b € By, where
pl s R™ 5 R™ (g1,...,9m) = (g1, .-, dh), is the tropicalized
cluster mutation given by
;) gi +max{er;,0}gr — e min{gr, 0} (i # k),
9i = .
—9k (i =k).

Naoki Fujita (The University of Tokyo)
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Newton—Okounkov bodies arising from cluster structures

g-vectors as higher rank valuations

Definition (Qin 2017)
For each seed s = ((A,s);,€), define a partial order <5 on Z™ by

g' =g g <= g’ —gc Z ZZO(gj,l, .. 75j,m)-
jeJuf
This =g is called the dominance order associated with s.

Fix a total order <¢ on Z™ refining the opposite dominance order <g’.

Definition (F.—Oya preprint 2020)

For each seed s, define a valuation vs on
C(Uy) = C(A) = C(Ays, . - ., Amis) to be the lowest term valuation v,

<

For all b € B, and s, the equality vs(b) = gs(b) holds.
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Newton—Okounkov bodies arising from cluster structures

g-vector polytopes

Let 7, € HY(G/B, L)) be a lowest weight vector. For the longest element
wo € W, the unipotent cell U, is an open subvariety of G/B.

Theorem (F.—Oya preprint 2020)

Let s be a seed for UJO, A€ Py, and t a reduced word for wy.

(1) A(G/B, Ly, vs,Tx) does not depend on the choice of a refinement <
of the opposite dominance order <g¥.

A(G/B, Ly, vs,Ty) is a rational convex polytope.

S(G/B, Ly, vs,Ty) Is finitely generated and saturated.

Ifs' = ,uk(s), then A(G/B, L, vy, T)\) = ,u{(A(G/B, L, Vs, T)\)).
A(G/B, Ly, vs;,T\) is unimodularly equivalent to the string polytope
A;(X) by an explicit unimodular transformation.

(6) There is a seed s?™ such that A(G/B, L, vgmut, Ty) is unimodularly

equivalent to the Nakashima—Zelevinsky polytope ﬁz()\)
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Newton—Okounkov bodies arising from cluster structures

g-vector polytopes

Corollary (F.—Higashitani preprint 2020)

The unique interior lattice point as = (a;j)1<j<m of A(G/B, L2y, s, T2p)
is given by

0 — 0 (if j € Juf),
Tl (if e Jy).

Let i = (i1,...,im) be a reduced word for wy. Then the unique interior
lattice point a; = (aj); of the string polytope A;(2p) is given by

2 = Z (Sijp1 + - S Dy, i)
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Newton—Okounkov bodies arising from cluster structures

Relation with combinatorial mutations

Theorem (F.—Higashitani preprint 2020)

(1) The dual polytopes A(G/B, L2, vs,T2,)" for seeds s are all related
by sequences of combinatorial mutations up to unimodular
equivalence.

(2) In particular, the dual polytopes A;(2p)Y and A;(2p)Y of string
polytopes and Nakashima—Zelevinsky polytopes for reduced words
are all related by sequences of combinatorial mutations up to
unimodular equivalence.

More strongly, we can realize the tropicalized cluster mutation uf as a dual
operation of a combinatorial mutation up to unimodular equivalence. This
dual operation was introduced by Akhtar—Coates—Galkin—Kasprzyk (2012)

v
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Relation with FFLV polytopes

Marked poset polytopes

o II: a poset equipped with a partial order =,
e ACII: a subset of Il containing all minimal elements and maximal
elements in 11,
® A = (M\a)aeca € R4 such that A\, < Ay whenever a < b in II, which is
called a marking.
The triple (ﬁ,A,)\) is called a marked poset.

Example

A

T = @\ /®
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Relation with FFLV polytopes

Marked poset polytopes

Definition (Ardila—Bliem—Salazar 2011)

O(IL, A, ) = {(2p) i 4 € R |

xp <zqif p<q, \g <zpifa=<p, z, <\ if p=<al,

~ I\ A
C(TL, A, N) = {(5) iy a € RO |
k
S wp < - Aaifa<p <o <pp < b}
=1

The polytope O(II, A, \) is called the marked order polytope, and
C(IL, A, \) is called the marked chain polytope.

If A € Z4, then these polytopes are integral convex polytopes.
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Relation with FFLV polytopes

Marked poset polytopes

Example
A4
T Y
z
Ao \ / A3
A1

O(IL A, \) = {(z,y,2) € R? |

Ay < < Mg, A <z <min{z,y}, A3 <y < Ay},
CAL AN = {(z,y,2) €REy |z < Ay — N,

r+z< A=A, y+2< A=Ay < A — Azt
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Relation with FFLV polytopes

Transfer maps and combinatorial mutations

Define a piecewise-affine map ¢: RIVA _y RINA, (zp)p = (2)p, by

ol =min({z, —xy | p <p, p €M\ Ay U{z, — Ny | p/ <p, 1/ € A})

forp € II \ A, where ¢ < p means that ¢ < p and that there is no
¢ € I\ {p,q} with ¢ < ¢’ < p.

Theorem (Ardila—Bliem—Salazar 2011)

The map ¢ gives a piecewise-affine bijection from O(ﬁ, A, )) to
C(IL, A, \), which is called a transfer map.

Remark

For a usual poset II, the order polytope O(II), the chain polytope
C(IT), and the transfer map ¢ between them were originally introduced by
Stanley (1986).

| A

v
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Relation with FFLV polytopes

Transfer maps and combinatorial mutations

The poset I is pure, that is, all maximal chains in II have the same
length. In particular, the rank function 7: I — Z> is well-defined,
where r(p) is the length of a chain starting from a minimal element in Il
and ending at p.

Let A" denote the marking of (ﬁ, A) given by

(AN)g :=r(a) for ac A

Then O(IL, A, \") (resp., C(IL, A, \")) has a unique interior lattice point.

Theorem (F.—Higashitani preprint 2020)

The dual polytopes O(I1, A, \")V and C(II, A, \")" are related by a
sequence of combinatorial mutations.
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Relation with FFLV polytopes

Construction of the combinatorial mutation sequence

Theorem (F.—Higashitani preprint 2020)

The dual polytopes O(I1, A, \")V and C(II, A, \")" are related by a
sequence of combinatorial mutations.

For each p € IT \ A, set

° w, = —ep,

o F=conv({—ey |p <p, p € I\ Ayu{o|p <p, p/ € A}).
We write ﬁ\A = {p1,...,p~n}, where p; < p; only if i > j. Then

C(IL A, N")Y = muty, (=, Fpy) 0+ omuty, (—, Fp)(O(IL, 4,A7)Y).

More strongly, the transfer map ¢ coincides with the dual operation of
muty, (=, Fpy) 0 omuty, (—,Fp,) up to translations.
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Relation with FFLV polytopes

Gelfand—Tsetlin polytopes and FFLV polytopes

Figure: The marked poset Figure: The marked poset
in type A,, where in type C},, where

Ask 1= D2 (As ) for A<k = 2<p (A ) for
AePrand 1<k <n. AePand1<k<n.
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Relation with FFLV polytopes

Gelfand—Tsetlin polytopes and FFLV polytopes

Let (ﬁ,A, A) be one of the marked posets given in the previous slide.

@ The marked order polytope (’)(ﬁ,A, A) coincides with the
Gelfand—Tsetlin polytope GT'(A).

@ The marked chain polytope C(ﬁ, A, \) coincides with the FFLV
polytope FFLV ()).

@ The weight A = 2p corresponds to the marking A" given by the rank
function 7.

Let G be of type A, or Cy,. Then the dual polytopes GT(2p)" and
FFLV(2p)Y are related by a sequence of combinatorial mutations.
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Relation with FFLV polytopes

Thank you for your attention!
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