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Setting

K: an algebraically closed field.

A: afinite dimensional K-algebra.

mod A: the cat. of fin. dim. A-modules.

proj A: the cat. of fin. gen. proj. A-modules.

|e|: the number of iso. of indec. direct summands.
n:=|Al.
KP(projA): the homotopy category of projA.

Ky(C): the Grothendieck group of a category C.
Ko(projA) has a Z-basis ([P(i)])%_, of all the indec. proj.
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Presentation spaces

Definition
Let 6 € Ko(projA). We set
(1) P, P! € projA so that
0 = [P§] - [P] and add P§ N add P¢ = {0}.
(2) PHomu(6) := Homy (P, P§): the presentation space of 6.

(3) Forf € PHom(6), Py := (P‘fi) PY) € KP(projA).
® We consider PHomy(6) as an irreducible algebraic variety.

® “For each general f € PHomy(6) ...” means
“30 c PHomu(60): open & dense, Vf € O ...".
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Direct sums in Ky(projA)

Definition [Derksen—Fei]
Let 6, 01, 0, € Ky(projA).
(1) 61 ® 6, .= each general f € PHomu(6; + 6,) admits

f; € PHom,(6;) such that Py = Py, & Py, in KP(projA).

® We sometimes write 61 + 6, = 01 @ 6.

(2) 6: indecomposable

— 0#0and (@ =60, ® 60, = 60 =00rb, =0)

& Prisindec. in K®(proj A) for each general f € PHom4(6).
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Canonical decompositions

Theorem [DF, Plamondon]
Let 0,601, 0, € Ko(projA).
(1) 6186, < Ff,.f € PHoma(6;) (i = 1,2),

Home(projA)(Pfl’ Pp[1]) =0, Home(projA)(sz" Pf{[l]) =0.

In this case, both conditions hold for each general pair (f1,12).
(2) There exists a canonical decomposition of €: i.e.

0=0100,®---®6,
with each 6; indecomposable.

It is unique up to reordering.
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Rigid and tame elements

Definition [DF]
Let 6 € Ky(projA): indecomposable.
(1) 0: rigid ;== 3f € PHomy(6), Py is a 2-term presilting; i.e.

Home(projA)(Pf, Pf[l]) = O

® Then, Ygeneral f* € PHomy(6), Py = Py in K®(projA) [P].
* {rigid elements} < {indec. 2-term presilting obj. in K°(projA)}.

(2) 0: tame : = 6 is not rigid, but 8 & 6 holds.

Example
IfA=K(1=32),60:=[P(1)]-[P(2)]is tame.
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Tame algebras are E-tame

Definition
A: E-tame == any indec. 6 € Ky(projA) is rigid or tame.

Theorem [Geiss—Labardini-Fragoso—Schrdéer] (cf. [P-Yurikusal])
Let A be a representation-tame algebra, then A is E-tame,
and if 6 € Ky(projA) is tame, then
for each general f € PHomy(0), they are isomorphic bricks:
e HO(Pf) = Cokerf,
* H '(vPs) = Kervf = 7 Cokerf.
® X: brick :== Ends(X) = K,
® vy is the Nakayama functor,
® 7 is the Auslander—Reiten translation.

They use properties of tame algebras by [Crawley-Boevey].
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Today’s topic and strategy

In the rest, we assume that A be a representation-tame algebra.
Problem
We want to know

® whether Ky(projA) has some tame element;

e where tame elements lie in Ko(projA).
In this talk, | will give the answer for special biserial algebras.
The strategy is:

e Atame element 6 € Ky(projA) cannot have
any rigid direct summand.

® How can we know whether a rigid element o= € Ky(projA) is
a direct summand of a given 6 € Ky(projA) or not?

® We can use the Euler form and numerical torsion pairs.
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Euler form

® The Euler form (e, ®): Ko(projA) x Ko(modA) — Z:
(P(i), $(j)) = 0iy.

® Ko(projA) has a Z-basis (P(i));_, of all the indec. proj.
® Ko(modA) has a Z-basis (5(7))_, of all the simple with P(i) - S(i).

® Each 6 € Ky(projA) gives a linear map
0 :=(6,9): Ko(modA) — Z.

e We can extend them to Ky(C)r := Ko(C) ®z R.
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Numerical torsion pairs

Definition [Baumann-Kamnitzer-Tingley]

For 6 € Ko(projA)r, we define torsion pairs (7, %5), (T3, F¢) by

To:={X emodA | VY « X, 6(Y) > 0},
To :={X €emodA | 0 # VY « X, 6(Y) > 0},
Fo:={X €emodA | VY C X, 6(Y) < 0},
Fo:={X emodA |0 #VYCX, 6(Y)<0}.

Definition [King]
For 6 € Ko(projA)r, we set the §-semistable subcat. by

Wy :=ToN ?‘9 (a wide subcategory of mod A).
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Rigid/tame elements and torsion pairs

® For 6 € Ky(projA) and f € PHomy(6),
set Cy := Coker f and K := Ker vf.
° HomK"(projA)(Pfl’ sz[l]) =D HomA(sz’ Kfl)'
® 9(X) =dimg HomA(Cf, X) — dimg Homy (X, Kf).

e If o0 = [U] € Ko(projA) with an indec. 2-term presilting obj. U,

then set C,, := H(U) and K, := H'(vU).

Since A is a representation-tame algebra, we have the following.

Proposition / (2) by [Y, Briistle—Smith—Treffinger]

(1) Forany 6 € Ky(projA), Cy € T ¢ and Ky € F ¢ hold
for each general f € PHomy(6).

(2) For any rigid oo € Ko(projA), C, € 7 and K, € .

(3) For any tame 1 € Ko(projA), Cy = Ky is a simple object in ‘W,
for each general f € PHomy(6).
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Direct sums and numerical torsion pairs

Proposition [ADI]

Let o € Ky(projA) be rigid and 6, 61, 6, € Ky(projA).

(1) 0100, & T4, CTo,, Fo, € Fo, B
= 3fi € PHomu(01), C, € Tg,, Ky, € Fo,.

Q0=0c0@-0) & C, €T Ks € Fp.

Definition
For each rigid o € Ky(projA), we set

Ny = {60 € Ko(projA)r | Cy € Ty, K5 € Fy}.

Lemma
For each rigid o= € Ky(projA), N,- is an open neighborhood of R.yo .
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“Purely non-rigid” area

Definition
We set a closed subset

Ro=Ro(A) = Ko(projA)e\ | ] No
o € Ky(projA): rigid

Lemma

(1) For @ € Ky(projA),
6 € Ry < allindec. direct summands of 6 are tame.

(2) Ro N Ky(projA) # {0} <= 360 € Ky(projA): tame.

Remark [Zimmermann—-Zvonareva, A]
Ro # {0} <= A is t-ilting infinite (infin. many rigid elements).
® We do not know whether Ry # {0} = Ry N Ko(projA) # {0}.
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Our result

Result
We determined R, for all special biserial algebras A = KQ/I.

® The main tool is maximal nonzero paths p in A.
® We focus on whether the string module M(p) for such p
belongs to 7 g or F¢.
® Ry is a union of finitely many rational polyhedral cones
for special biserial algebras.
® Thus, Ry # {0} = Ry N Ky(projA) # {0} holds.
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Special biserial algebras

Definition
We say that A = KQ/I is a special biserial algebra
with Q a finite quiver and I ¢ KQ an admissible ideal if

(a) I is generated by a set X ¢ KQ such that

each x € X is apath in Q or p — g with p # g paths in Q,
(b) Vi € Qp, < arrows from iin Q,
(c) Vie Qp, I« arrowstoiin Q,
d) aeQitoic€c Qo B+yeQifromi=apeclorayel,
() acQifromiec Qy, f+yecQitoi=Bacloryacl.

Remark following from [Eisele-Janssens—Raedschelders, A]

On (a),if paths p # gin Q satisfyp =g #0in A,
then Ro(A/(p)) = Ro(A), since p € Z(A) Nrad A.
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String modules and band modules

In the rest, let A = KQ/I be a string algebra
(i.e. a special biserial algebra with I generated by paths).

Definition

Let s, b be awalk in Q.
e s stringin A ;= s does not contain a*'a*! or (paths in 7)*!.
® b:bandin A : == b?is a string in A.

We can construct a string module M(s) for each string s and
a band module M(b, 1) for each band b and 1 € K*.

Proposition [Crawley-Boevey, Krause]
Every indec. A-module is a string module or a band module.
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E-tameness of special biserial algebras

Lemma
(a) If o € Ko(projA) is rigid, then C,, K, are string modules or 0, and

C, €9, K,e€%F,.
(b) Ifn € Ko(projA) is tame, then a band b,, exists such that
Cr = Ky = M(by, Ar): a simple object in W,

for each general f € PHomy(n).
Here, Ay € K* depends on f, but b;, does not.
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Symbols for maximal paths

Definition

(1) MP.(A) :=={p:length>1|p#0,pa=0inA (Va € Q})}.
(2) MP*(A) :={p:length>1|p#0,ap=0in A (Va € Qy)}.
(3) MP(A) := MP.(A) N MP*(A).

We write g; for the path of length 0 for each i € Q.

Definition

(1) MP.(A) := MP.(A) U {&; | 3<; arrow from i}.

(2) MP (A) := MP*(A) U {g; | 3<; arrow to i}.

(3) MP(A) := MP.(A) N MP (A).

We introduce a subclass of special biserial algebras
for which MP(A) satisfies nice properties.
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Truncated gentle algebras

Definition
A special biserial algebra A = KQ/I is a truncated gentle algebra
if 31,1, c KQ: ideals satisfying I = I} + I, and
(i) I, is generated by a set J; of paths of length 2 such that
® veQitoieQyB+ryeQifromi=aB ¢Jioray ¢l
® acQifromieQy +yeQitoi= Ba¢J orya ¢J.
(ii) I is generated by a set J, of cycles of length > 3 such that
® V¢ EJZ,CZ ¢1;
® let @ € O appear two cycles ¢, ¢’ in Q and ¢ € Js,
then ¢’ € J, <= ¢’ is a cyclic permutation of c.

Example
® Finite dimensional gentle algebras (I, = 0).
® A/socA for Brauer graph algebras A with enough multiplicities.
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Example of truncated gentle algebras

A = KQ/(I} + I) is a truncated gentle algebra, where

5 5 5
1 ! 3 2 5 & 7
0= q TR
1 - B 55 Y1 7 4
2 - “— 6 - 8

11 == (@301, 0181, B302, @282, B1@3, 02V1, Y303, B2Y2, Y183, 04Y3)s
I = (@i 12, BiBiv1Biva, Yivie1Virz | § € {1,2,3}).

We have

MP(A) = {@iai+1, BiBi+1, YiYis1, 01020304 | i € {1,2,3}},
MP(A) = MP(A) U {&2, &7}.
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Classification of maximal paths

Proposition
Let A be a truncated gentle algebra.
MP(A) consists of (i), (ii), and MP(A) consists of (i), (ii), (iii).
In (i) and (ii), @ and B denote the first and the last arrows of p.
(i) The paths p of length > 1 satisfying
p#0inAandVy € 01, By =ya =0inA.
(ii) The paths p of length > 2 satisfying
p#0inAand3dy € Q) st
® ¢, :=pyandc’ :=yparecyclesin Q,
® By #0,ya #0,py=0and yp =0inA.
(iii) The paths ¢; for i € Qg satisfying
d<; arrow from i and J<; arrow to i.
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Main Theorem

Theorem [ADI]
Let A be a truncated gentle algebra. For 6 € Ky(projA)r, TFAE.
(@) 6 € Ry.
(b) Vp € MP.(A), M(p) ¢ T, and ¥p € MP (A), M(p) ¢ Fs.
(c) Vp € MP(4),

if p is of type (ii), then 8(M(p)) = 0; otherwise, M(p) € W.
In particular, Ry is a rational polyhedral cone.

Remark

(1) If 8 € Ko(projA) is indivisible and on a ray (1-dim. face) of Ry,
then 6 is tame.

(2) Ingeneral, Ry itself does not give all information on tame elements.

22/34



Example of Theorem

01 02 03
1 3 5 7
0= w] Tl Sl Tl
2 — 44— —6——8

MP(A) = {@iis1, Bifis1, YiYis1, 01620304, 82, &7 | i € {1,2,3}}.
By our theorem, R consists of 0 = 3.7 | a;[P(i)] (a; € R) satisfying

® ai+ar+as=0,a3+a4+ag=0,as+as+ag =0,
® a1 +a3+as+a;+ag =0,
as +as +ay +ag,as +ay +ag, a7 + ag,ag < 0,
® 0,=0,a7 =0.
Thus, Ry = {xn1 + yn2 | x,y € Rso}, where

m = [P(D] = [PA] = [PO)] + [PO)]. 12 := [P(5)] - [P(8)].
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Example of Theorem

01 02 03
1 3 5 7
0= w] Tl Sl Tl
2 — 44— —6——8

Ro = {xn1 +ym | x,y € Rx¢}, where
m = [P(D)] = [P4)] = [P(5)] + [P6)], 2 :=[P(S)] - [P(8)].

11, 172 are tame, and the corresponding bands are

by, = o 3 8 3, bp=¢ 7 -

Since S(5) € F,, N Ty,, m @ 1> does not hold.
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Example of Theorem

11, 172 are tame, and the corresponding bands are

Since 171 ® 73 and i @ 173 in this case, no other tame element exists.
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Proof of (c) = (b)

Theorem [ADI]

Let A be a truncated gentle algebra. For 6 € Ky(projA)r, TFAE.
(@) 6 € Ry.

(b) Vp € MP.(A), M(p) ¢ 75, and ¥Vp € MP (A), M(p) ¢ F».
(c) Vp € MP(4),
if p is of type (ii), then 8(M(p)) = 0; otherwise, M(p) € W.
Proof of (c) = (b)
Let p € MP.(A).

e If p € MP(A) and is of type (ii), then 8(M(p)) = 0 gives M(p) ¢ T.
e Otherwise, 3g: path, gp € MP(A),
so M(gp) € Wy, which implies M(p) ¢ 7.
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Proof of (b) = (c)

Theorem [ADI]

Let A be a truncated gentle algebra. For 6 € Ky(projA)r, TFAE.
(@) 6 € Ry.

(b) Vp € MP.(A), M(p) ¢ 75, and ¥Vp € MP (A), M(p) ¢ F».
(c) Vp € MP(4),
if p is of type (ii), then 8(M(p)) = 0; otherwise, M(p) € W.

Proof of (b) = (c)

* I 3p € MP(A) is of type (ii) and 8(M(p)) > 0,
then 3g € MP(A) s.t. ¢, is a cyclic perm. of ¢,, and M(q) € 5.
e If 3p € MP(A) is of type (i) or (iii) and M(p) ¢ Wy, then

* 3X < M(p), X € T5 (then g € MP,(A), X € Tg); or
* 3X « M(p), X € Fp (then 3g € MP (A), X € F5).
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Proof of (b) = (a)

Theorem [ADI]
Let A be a truncated gentle algebra. For 6 € Ky(projA)r, TFAE.
(@) 6 € Ry.
(b) ¥p € MP.(A), M(p) ¢ T3, and Vp € MP (A), M(p) ¢ F».
(c) Vp € MP(4),

if p is of type (ii), then 8(M(p)) = 0; otherwise, M(p) € W.

Proof of (b) = (a)
Assume 6 ¢ Ry, then Jo € Ky(projA), 0 = o & (0 — o),
so C, € Tg and K, € Fy, thus (b) does not hold, since
e Jp € MP,(A), M(p) « C, (then M(p) € Tp); or
e Ip e MP (4), M(p) — K, (then M(p) € Fp).

(a) = (b) remains, and it is the most important part!
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Proof of (a) = (b)

Let A be a truncated gentle algebra.

Lemma
Let 6, € Ko(projA) with n tame and 6 & 7.
If p € MP..(A) with M(p) € Ty, then M(p) € W,,.

(1) Since 8 ® 5, 3f € PHoma(n), Ky € Fo.
Thus, M(p) € 75 implies Homu (M (p), Kr) = 0, s0 M(p) € 7.
(2) If Homa(Cr, M(p)) # 0, then 3g: a path, Cr » M(q) — M(p).
Since Cy is a band module for some band b,
® g ¢ MP,(A), sop € MP(A), and is of type (ii).
® The band b contains some path gar (3o € Oy, dr: a path).
® Choose the longest r, then M(p) - M(r) — Cr = K,
which contradicts (1).
(3) Therefore, Hom(Cr, M(p)) = 0, so M(p) € ‘W,,.
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Proof of (a) = (b)

Let A be a truncated gentle algebra.

Lemma

Let 6,7 € Ko(projA) with n tame and 6 & 7.
If p € MP..(A) with M(p) € T5, then M(p) € ‘W,

Proposition

Let 8 € Ry N Ky(projA), then M(p) & Ty.

For an arbitrary 6 € Ry C Ko(projA)g,

we use a sequence (6;);>, with 6; € Ko(projA)q converging to 6.
As of now, we cannot assume 6; € Ry N Ko(projA)qg.

Thus, we also need the following.
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Proof of (a) = (b)

Let A be a truncated gentle algebra.

Lemma

Let 6,7 € Ko(projA) with n tame and 6 & 7.
If p € MP..(A) with M(p) € T5, then M(p) € ‘W,

Proposition
Let 8 € Ry N Ky(projA), then M(p) & Ty.

Lemma

There exists E € Zs¢ s.t.
® Y0,Yo € Ky(projA) with o rigid and 6 & o,
* Vp € MP,(A) with M(p) € Ty,

M(p) € T4and0 < o(M(p)) < E.
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General result

Let A’ be a special biserial algebra.
Then, JA: a truncated gentle algebra with A - A" and |A| = |A’|.
For 6 € Ko(projA’)g, set ‘W, := Filta(‘Ws N mod A’) C mod A.

Theorem [ADI]
For each 6 € Ky(projA’)r, TFAE.
(@) 6 € Ro(A");
(b) 6 € Ry(A), and ¥p' € MP.(A"), M(p’) ¢ To;
(b') 6 € Ry(A), and Vp’ € MP (A"), M(p') & Fp;
(c) Vp € MP(A),
if p is of type (ii), then
Jg € MP(A), ¢, is a cyclic perm. of ¢, and M(q) € Wy;
otherwise, M(p) € (Wg’
Thus, Ry(A’) is a union of fin. many rational polyhedral cones.
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Application

Corollary / (a) & (b) by [Schroll-Treffinger-Valdivieso]
Let A be a special biserial algebra. TFAE.
(a) A is t-tilting finite.
(b) There exists no band A-module which is a brick.
(c) There exists no tame element € Ky(projA).
(d) Ro N Ko(projA) = {0}
(e) Ro = {0}.
We use our theorem to show (d) = (e).
® (a) = (b): [STV] (cf. [Demonet-lyama—-Jasso]).
® (b) = (¢) = (d) and (e) = (a) follow from facts cited in this talk.
® [STV] showed (b) = (a) in a way different from ours.
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Thank you for your attention.
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