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Introduction —Koornwinder polynomials—

e Macdonald polynomials Py(x|q, t;) are multivariate g-orthogonal
polynomials associated to affine root systems.

e Koornwinder polynomials Py(x|q, t, to, tn, Uo, u,) are g-orthogonal
polynomials, multivariate analogue of Askey-Wilson polynomials
[Koornwinder, 1992].

@ Koornwinder polynomials are understood as Macdonald polynomials
associated to the affine root system of type (C), C,)
[, 1995; Sahi 1999; Stokman 2000].

@ Specializing parameters (t, to, tn, Uo, Un), we can recover Macdonald
polynomials of type B,, C, and BC,.
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Main result —Koornwinder LR-coefficients—

Notations
@ x = (x1,...,xn) : variables of Koornwinder polynomials.
@ by := @7, Ze; : weight lattice of type C,.
@ (h7)+ ={A=M)€bz A > > X, >0} : set of dominant weights.
® K:=Q(q? /2, té/2, /2, ué/z, u,1,/2): base field.
@ Woh: Weyl group of type C,.

Denote Koornwinder polynomial for A € (h%)4 by
PA(x) == Px(x|q, t, to, tn, uo, up) € K[x=]"

Consider Littlewood Richardson (LR) coefficients for Koornwinder
polynomials, i.e., the structure constants CKM of the product

PACIPL(x) = D K Pu(x).

ve(hy)+
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Main result (cont.)

Theorem (Y., Theorem 3.4.2)

For dominant weights A, o € (h7)+, we have

PA(x)Py(x) = % ) 3 ApBoCoP (o) ().

Fu’ WA(E) veW perg @iz} 1, (vanu) 1)

Main properties

@ p runs over a set FZC(W(/\;_l, (v.w(u))™1) of colored alcove walks.

@ The terms Ap, By, and C, are factored (shown in the next pages).
Minor notations

@ w): the longest element of the stabilizer W\ C W, of A.

W, (t): the Poincare polynomial of W) with variables t, t,.
WH C Wp: a complete system of representatives of Wy/W,,.
wo € Wo: the longest element.

wt(p) € (hz)*: a certain element determined by the colored alcove walk p.
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Main result (cont.)

The terms A, and B, are given by
Ap = H pla), By = H pla).
a€L((v-w(p) =t t(—wo 1)) a€L(t(wt(p))wo,e(p))

The factor p(«) is given by

t% 1— t—lqsh(—a)tht(—a)

1-— qsh(foz)tht(—a) (O‘ Z W~an)
pla) = 11 1 11, .
1 (1 + t02 t, 2q2 sh(=a) 43 ht(*a))(]_ —t, 2t g2 sh(—a) 43 ht(—a))
tnz (€ W.a)
1-— qSh(—a)tht(—a)
qsh(a) — q,k’ t(e)

1.,V 1,V
= H'yeRfr 278 H%Ri(totn)zm .B) (a=B+ké€S),

with RS :={e;+¢ |1 <i<j<n}and RY :={2¢|1<i<n}.

@ The factor p looks similar to Pieri coefficients for Macdonald
polynomials of type A,.
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Main result (cont.)

The term G, is given by C, :=[],_; Co.x with

1 the k-th step of p is a positive crossing
er&des ) M (qSh(’hk(p))th"(fhk(p))) a negative crossing
1jz+(qsh i (p)) ¢ht(—hy (P))) a gray positive folding
Cp,k = ,w (q Sh(—hk(i’))tht(_hk("))) a gray negative folding
—er(qSh Bi) ¢ht(=B)) a black folding and the k-th step of p* is positive
—w (g sh(— 5k)tht(*ﬂk)) a black folding and the k-th step of p* is negative

where the factor 1/*(z), ni(z) are given by the following:

1
+ t2 —t 2
V@ = F o (=L....n-1),
1 1 11 _1 1 1 1 l _1
+5 +5
wi(z)_7¥(“3_“n2)+z 2(“02_‘-’02) wi(z)_i;(th_tn )+z (0 — 1t 2)
0 o 1—z%t1 ’ n o 1—z%1
1—tz1—t"'z .
ni(z) :== PR BeW.aq,i=1,...,n—1),
1 1 1 _1 _1 1 -1 _1
2 1 2,2 1 2 1
no(2) = (1—u? u0 22)(1+u uy 222) (L+wu, ugz2)(1—uy “uy 222) (8 € W.a)
1—-=z 1—-=z ’
11 5 1 13 ~1 1 3 ~1 _1 3
nn(z) = (A—tRtgz2)A+t5ty 222) (141, 2t 22)(1—ty °ty *22) (B € W.ap)
" ’ 1—z 1—2z o
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Affine root system of type (C., C,)

Root system of type Cj.
@ b} = D Ze;: weight lattice.
Q@ R={ecite|i#j}U{£2¢ |1<i< n}: root system with simple roots aj (1 < i < n).

Q@ Wy ={%1}"x &, = (s1,5,...,5:) C GL(h}): the finite Weyl group.
eiv1 (U =1) _ .
@ Worbibysie=4de¢ (=i+1), speg=1{ " G=n
. e U#n)
g (=n

Affine root system of type (Cy, C,).
) f)é := by, @ Z§: extension by the null root 4.
@ The (non-reduced) affine root system S of type (Cy, Cy):

S :={tei + gé,:l:2e;+k(5 |keZ, 1<i<n}
U{te+te+kd|keZ,1<i<j<n}Chs.
Simple roots are a; and o (0 < i < n).
e W :=t(P)x W, C GL(E/]%) . the extended affine Weyl group. (¢(P): the group ring of P.)
d—e (i=1)
€ (i#1)
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Koornwinder polynomials

Notations of parameters
@ {to | a € S} : a family of parameters with t, = tg iff W.a = W.53.
@ Five orbits for the W-action on S (if n > 2):

Wai=W.a (i=1,...,n=1), W.a,, W.ay, W.ao, W.ag.
° (tam tDéi = ta,.Va tOéna toz(\)/v ta,\,/) = (t07 t? t'77 o, u")’
@ K= Qq/2, e1/2, /2 622yl ul/?): the base field.
Fact (Koornwinder, 1992)

There is a family {Px(x) | A € (bz)+} of Koornwinder polynomials

W
Pa(x) = Pa(x | g,t, to, ta, o, un) € K[x*']"
satisfying the following conditions.
@ P»(x)'s are orthogonal with respect to a certain inner product.
@ Py (x) is an eigenfunction of a certain g-difference operator.

@ P, (x) is monic with respect to the dominance order.
The family {Px(x)} is a K-basis of K[x*1]".
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Alcove walks

Recall the main statement:

1
Pr(x)P.(x) = — Z Z ApBo CoP— i) (X)-
" WA(E) veWs pere Gyt (vmu) )
Definition of alcove walks.
@ Ai={x=(x1,...., %) €Eba | 3 >x1 >+ >x, > 0}: the fundamental alcove.
@ For each alcove wA, we give properly the signs + to the two sides on edges of wA.

@ Let w € W and take a reduced expression w =s;, ---s;, € W.
For z€ W and b= (by,...,b,) € {0,1}", we call a sequence

p = (A, zsilflA, ., zsh --sf’A)

n

an alcove walk of type W = (i1,...,1I) beginning at z.

I'(Vv>, z): the set of alcove walks of type W beginning at z.
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Alcove walks (cont.)

Examples of alcove walks in rank 2

W= 515815,z=¢€e € W.
p1 = (A, A, A, 5551A, $2515A), .
P2 = (A, SlA7 51$2A, 5152$1A, 51525150A) < F( w, Z)
w2
Ha,
H,,
(3:3) = 32
1
sud 0] 2 W1
4 |+ 1
0 L] 0 0 Py
i Ha, o
1 _ 1 U
s1A ( ())72w1 l 4 4
(_
9 9 a9
2 & 31
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Colored alcove walks

Crossings and foldings.
e For p=(po,...,pr) € F(W,z), the k-th step means py_1 — px.

@ Each step is classified intro four types:

positive crossing ‘ negative crossing ‘ positive folding ‘ negative folding
|+ +|- +| - -+
> > — —
Pk—1 Pk Prk—1 Pk Prk—1 =Pk | wvp_y18;, A Pk—1 =Pk | vp_18;, A

Definition of colored alcove walks.
@ C:={x=(x1,...,%) €Ebg | x1 > x > -+ > x, > 0} : the dominant chamber.

o F(W,z) == {p=(po.....pr) €T(W,2) | px C C,k}.
o I$(W,z) : the set of alcove walks p € (W, z) with coloring of all
the foldings by either black or gray.
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Outline of the proof

s’ WA(E) veWr perg Tm—1,(vontu) 1)

PARIPL) = —— 3 > AoB> CoP i) () J

E,(x) € K[X*1]: the non-symmetric Koornwinder polynomials [Sahi].
@ E,(x) is an eigenfunction of Dunkl operators in the affine Hecke algebra of type C,.
@ {Ei(x)| A € b3} is a K-basis of K[x].
@ P(x) is obtained by symmetrizing Ex(x).

Our proof is a (C,/, C,)-type analogue of [Yip, 2012].
© For A, 1 € (h2)+, we derive an expansion formula x* Ex(x) = 3_ rc 6 Exm(p)(X)-
1
@ Use Ram-Yip type formula E.(x) =3 o fotg,

This formula was derived by [Orr, Shimozono 2018], based on [Ram, Yip, 2008] for
the untwisted affine root systems.

© Using (1) and (2) we can derive E,(x)Px(x) = >, cw» ZPEI'ZC Ap CoE () (X).
@ Symmetrize (3) and switch A <> p.

) xWiP)
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Main result (recollection)

For dominant weights A, i € (h7)+, we have
1
PA(x)Pu(x) = JETIN Z Z ApBp Co P ugwi(p) (X)
twy® Wa(t) vewn per§ (wN) =1, (v.w(pn)) 1)

where

@ p runs over a set I'QC(W()\i’l7 (v.w(p))™1) of colored alcove walks, and
@ the terms A,, B, and C, are factored.

In the preprint we studied some specializations of these LR-coefficients.
@ Rank n =1 case <= Askey-Wilson polynomials: discussed below.
@ Macdonald polynomials of type C,.

e Hall-Littlewood limit g — 0.
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The case of Askey-Wilson polynomials

One-variable Koornwinder polynomials = Askey-Wilson polynomials.
@ Pi(x) := Pie(x: q, to, t1, o, u1) : Askey-Wilson polynomial for le € b7 = Ze.
Consider Pieri coefficients, i.e., LR coefficients for minuscule weights.
e € € (b})+ = Ne : the unique minuscule weight of type C,.
o Pieri coefficients are ¢y, in Pi(x)Pi(x) =, cmPm(x).

Corollary ([Y., Proposition 4.1.3])

For a dominant weight A = e € (h%)+ = Ne, we have

Pl(X)P/(X) = P/+1(X) + F/P/(X) + G/P/71(X)7
Fi = —p(216 — 1) (g (¢°  totr) + g (qtots) + 4 (67 Ttots) + g (qtotr)),
G = —p(2/5 = Ot1)p(2(/ = 1)5 = Oél)no(qZIiltotl).
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Askey-Wilson case (cont.)

V=81
p* P 4p Bp Cp
‘ e )
Hy Hp Hy Hp 1 1 1
t(lw)
M Ho 1 pRI6—a1) | —yg (¢ Mot)
= Y
| |
o Ho H Ho 1 o216 — 1) —u5 (qtot1)
v=e€
Pk P Ap Bp Cp
‘ e U - Dw) ‘ tlw) ‘
M Mo Mo Ho M Ho | poi5—ay) | p((20 ~2)5-a1) | mo(g?ota)
(= Dw) tlw)
Hyo Ho Hi Ho | o5 qy) 1 —wt (¢ Ytota)
‘ 6;:J t(l - Dw) L:) ‘ t(lw) ‘
1 \ \
A Ho M Ho B Ho | pois—ay) 1 — (gto)
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Askey-Wilson case (cont.)

Correspondence between Askey-Wilson and Koornwinder parameters:

1A adoh pd b
(q,a,b,c,d) = (q7q2t0 UOa_q2t0 UO atl ula_tl u1 )

The equation P1(x)Pi(x) = Py1(x) + FiP)(x) + G;Pi(x) is rewritten as

-1
2zp(z) = hipi+1(2) + fipi(2) + gipi-1(2),  pi((x +x77)/2) = vPi(x)
with
.7 1- q/717r
" e - )
po_ 1A+ i) (as + 7)) — ¢! TN+ g)m(s + as)
e (L= @=2m)(1 — o'm) ’

N G q'7ab)(1 — ¢'"tac)(1 — ¢'tad)(1 — ¢'"be)(1 — ¢'Tbd)(1 — ¢'"1cd)
SR (1= @2m)1 - @ Ln) ’
m:=abcd, s:=a+b+c+d, s = alyp gyt -%—d717
1—1

= (@ e =@ —d M —g'm) - (1= ¢ ).

The rewritten equation coincides with the original recurrence relation of
Askey-Wilson polynomials p;(z) in [Askey, Wilson, 1985].
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Conclusions and Remarks

Conclusions:

@ We derived an alcove-walk formula of LR coefficients for Koornwinder
polynomials, which is a (CY, C,)-type analogue of Yip's formula for
Macdonald polynomials of untwisted affine root systems.

@ We also obtained some specializations of the formula. In particular, in
the rank 1 case, we recovered the recurrence formula of Askey-Wilson
polynomials.

Problems:
@ Specialization to Macdonald polynomials of type B, and BC,.

@ Simplified formula of Pieri coefficients for Koornwinder polynomials,
and its relation to Pieri formulas of type B,, C, and BC,.

@ Relation to tableaux formula for Koornwinder polynomials.

Thank you for your attention.
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Rank 2 case

Consider the case A = w1, p = wy.
@ t(w1) = sosises1, t(w2) = SpS1505251 9.
o W(wl) = S, W(UJQ) = S0S5150.-

0 WH=W®* = {e, o,s515,9519}.

Proposition (Y., Proposition 4.4.1)

For Koornwinder polynomials of rank 2, we have

1

Pw1(X)Pw2(X) = ﬁ(FPwl+w2(X) + G'Dwz(x) + HPwl(X))7

t, 2+ t2
F :=2p(26 — 2¢1),
G := —2p(20 — 2e2)p(26 — (€1 + €2))p(20 — 2€1)p(€e1 — €2)
x (1o (qtot2) + 5 (qtot) + o (qtot2) + ¥ (4 tot2),
H = 2p(26 — 261)p(26 — (€1 4 €2))?p(26 — 2€2)p(2€2) no(gtot).
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X1 X
w2 wo
1, )
2% 2%
w1 w1
Y Ys
w2 w2
w1 w1
Zn Zy
wo wy + wo w1 + wa w2 < Wy + wa
—
1
wy + %wz w1 + qw2
Wi Wsy
3 3. 3,
QW2 QW2 W2
()
—
wa < wy +wa w2 w1 + wa w2 w1 w2
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