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Rogers—Ramanujan identities (Rogers 1894, Ramanujan 1913)
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Rogers—Ramanujan partition theorem (Schur 1917, MacMahon 1918)

R = {)\ c Par | 1< Vi < Z(A), i —)\i.i,-l > 2},
R :={ e R |mi(\) =0}
Then PT
R ~ {\ € Par | parts = 1,4 (mod5)},

R 2 {\ € Par | parts = 2,3 (mod5)}.

> Par:={A=(A1,- -, ) | A1 = > A > 1}
> A =30, it size
> 0(X) :=£: length
> mi(A) = {7 [ Aj =i}

> Par(n) := {\ € Par | |\| = n}

> For C,D C Par, C~D:<= ¥n>0, |C N Par(n)| = |D N Par(n)|.



Example NV, A — Aigr > 23 {0 Vi, A = 1,4 (mod5)}

9=09 9=9

=8+1 =6+14+1+1
—742 =4+44+1

=6+3 =44+141+1+1+1
=5+3+1 =1+--+1

{N] Vi, A — Aig1 > 2 and ma(X) =0}~ {\| Vi, \i = 2,3 (mod5)}

=9 9=7+2
=T7+2 =3+3+3
=6+3 =3+4+2+2+42

Equivalence of “sum sides”

> dM=> > JMZE:WZE:'M_E:nggﬁtgj

AER n>0 L(A)=n n>0 L(N)<n n>0
Xi—Xip12>2 (Vi)

e —

(9,7,4,1) (2,2,1)



Lepowsky—Wilson (1970-80s): Lie-theoretic proof for Rogers—Ramanujan identities
> Based on Lepowsky—Milne's observation (1978)

» By computing principally specialized character of level 3 standard modules of the affine Lie algebra Agl)
in two ways:

X(3Mo), x(2A0 + Ax)

vertex-operator eyl-Kac and Lepowsky's formulas
theoretic construction

partition side product side

Rogers—Ramanujan PT

(In fact, the RRPT was one of the motivations for inventing the vertex operators)

X: affine Dynkin diagram, g(X): affine Lie algebra

For n; € Z>q (i € {vertices of X}),
> V =V (> n;A;): irreducible integrable highest weight module (a.k.a. standard module)
» Q(V): vacuum space w.r.t. the principal Heisenberg subalgebra
> x(3_niA;): principally specialized character of Q(V)



Andrews—Gordon identities

Theorem (Gordon (1961))
Fork>2and1<i<k,

INIVF, A = Njsrer > 2 and ma(N) <i— 1} % {\ | parts £ 0,4+i  (mod 2k + 1)}

Theorem (Andrews (1974))
Fork>2and1<i<k,
NP4 4N +Nit-+Ng_1 1

Z . - H 1—¢7

50 (6D (G @Dns - (G Dy

7>0
j#0,£¢ (mod 2k+1)
where N; =n; + -+ +ng_1.

» k = 2 ~» Rogers—Ramanujan
» There is a similar generalization for even moduli (Andrews—Bressoud identities (1979, 1980)).

Furthermore,
type level identities
Agl) 3 Rogers—Ramanujan (mod 5)
Agl) 2k+1  Andrews—Gordon (mod 2k + 3)
AV 2k Andrews—Bressoud (mod 2k + 2)




Big Picture

Choose g(X) and Y. m;A; (m; > 0) ~» “Rogers-Ramanujan type”

AP
AP >2)
BM(e>3)
(e 2)
P> 4)
i

F»

E®

oo
1 1
ol
04,._¥°
11 11
id
O0—0—~0=::+=0=pO
1 2 2 2 2
0= 00— :-—04=0
1 2 1
) 9
0—0—0—::+—0—0
1 2 2 2 1
o—0=o
1 2 3

EY

EY
AP

AQ(E>2)
AR (£23)
D (e>2)

EJ

3,
DY

partition theorem

g-series identity
?2
0=0—0—0—0—0—0
1 2 3 4 3 2 1
93
0-~0—~0—~0—~0—~0—~0~—0
1 2 3 5 6 4 2
1
oEo
ag ay
04&0—:+— 0 <0
agp ay a1 ae
1
1 "'I, 2 2
o~ —0=—:+= 0 &0
o @ o3 e O
04 0—:-— 0 Do
as o -1 ae
12 1
o—o0 040 o
ag oy a. as ay

?



Big Picture

tition th
Choose g(X) and Y. m;A; (m; > 0) ~» “Rogers-Ramanujan type” {par ttion theorem

g-series identity

RR-type PT: typically

. . . PT
{\ € Par | difference condition + forbidden patterns} “~ X( ZmiAi)

RR-type identity (one possible formulation):

>

ni,e,nE 20

(_1)Zi Sﬂliqzi Ai(néi)+zi<j Bijning+>,; Cin; _ .A.)
(@P15qP )y -+ (gP%; 7% )y a X(Zml '

("Andrews—Gordon type” sum)

» product side: computed via Weyl-Kac and Lepowsky's formulas

» partition and multisum sides: vague



Agg) case

level of moAg + mi1A1 = mg + 2ma
From vertex operator theoretic construction

level 2 Rogers—Ramanujan|,_,,2 (mod 10)

level 3 Conjecture: Capparelli (1988)

Proof: Andrews(1994), Tamba—Xie(1995), Capparelli(1996) etc.
level 4 Conjecture: Nandi (2014)
Proof: T.-Tsuchioka (arXiv:1910.12461)

Higher levels
» Hirschhorn (1979), Capprelli (2004): partition theorems regarding level 5,7
» McLaughlin-Sills (2008): single sum=product identities regarding level 6
» T.-Tsuchioka (arXiv:2006:02630): AG-type sum=product g-series identities regarding level 5, 7
> Kanade—Russell (arXiv:2010.01008): different sum=product identities for all level

In each case, it is unclear whether they are related to vertex operators



Agg) level 4 identities (conjectured by Nandi (2014))
Theorem (T.-Takigiku, arXiv:1910.12461)

(N1) Ai = Aig1 #1,

(N2) X; — Xig2 >3,

(N3) Ai —XAit2 =3 = A\i # A1,

(N&) Ai — Aiso =3 and 21 Ai = Ais1 # iz,

(N5) Ai — X2 =4 and 2t Ni = A # Xit1 and Ait1 # Nite,

(N6) No subwords of (A1 — X2, A2 — A3, -+, A\yay—1 — Ay(n)) match the pattern (3,2%,3,0).

(2*: zero or more repetitions of 2)
N :={X € Par | (N1)-(N6)},
Ni:={X e N |mi(\) =0},
Ne:i={AeN |mi(A) <1 fori=1,2,3},
mi(A) =m3(A) =0, ma(X) <1

Ng =<NEN i .
A does not contain (2k + 3,2k,2k —2,--- ,4,2) fork > 1

Then
Ny BN | parts = £2, 43,44 (mod 14)},
Na (N | parts = £1, 44,46 (mod 14)},
N B[N | parts = +£2, 45,46 (mod 14)}.



. . L. . . PT
A common recipe for proving a partition identity C ~ D (of RR type)
C: difference conditions, D: mod conditions

Step 1 Find a g-difference equation for the (x, ¢)-generating series fc(z,q) le(’\) AT,
Aec
(e.g.) Rogers—Ramanujan: fr(z,q) = fr(zq,q) + zqfr(z¢*, q)
Step 2 Solve the g-difference equation and obtain a g-series expression for fc(1,q).

(eg) fr =3, An(g)z"
~ An—q A +q2n 114 n—1-
2n—1 n? n,_n
q q T q
" An = 7An— = . SR, q) =
1—¢""" 7 (g o)n fr(e,q) -
Step 3 Use some formulas (theorems) on g-series and prove fc(1,q) = fo(1,q).

2
q" 1
(eg) =
nzz% (@G Dn (2:4%¢%)
> in this case, it's just the Rogers—Ramanujan (g-series) identity
> Slater (1952) gave > 100 similar identities (single sum = product), based on Bailey's g summation
formula and “Bailey’s Lemma”. Now almost 200 such identities are recorded in a recently published book

of Sills.




. . L. . . PT
A common recipe for proving a partition identity C ~ D (of RR type)
C: difference conditions, D: mod conditions

Step 1 Find a g-difference equation for the (x, ¢)-generating series fc(z,q) sz(’\) AT,
xec
(e.g) Rogers-Ramanujan: fr(z,q) = fr(zq,q) + zqfr(2¢*,q)

In RR case, this equation is algorithmically obtained via the theory of linked partition ideals by Andrews.
> Par 5 X < (f1, f2,...) where fi = m;(X)
> 14:=0, 75 :=(1)
> R=AXAi = Xip1 22} < {(f1, f2, - ) | V5, i+ fia <1}
< infinite sequences in {A, B} with “BB” forbidden
(e.g.) A=(6,3,1) + (1,0,1,0,0,1,0,0,...) +» BABAABAA---
()~ (2 ) () = 0

AER
begin with X

~ qdiff. eq. for fr(z,q) = Fa(zq™") can be obtained

Linked partition ideal = C (C Par) which can be encoded to infinite sequences with forbidden patterns of finite
length

» Applicable to most of known RR-type partition theorems
» Not applicable to Nandi's partitions N1, N2, N5 (due to “x” in (N6))



Theorem (T.—Tsuchioka)

If C C Par can be encoded to infinite sequences with forbidden patterns given by a regular expression, then a
g-difference equation for fc(x,q) can be algorithmically obtained.

Regular expression (on a finite set X):
> 0, {a} (a € X), T are regular expr.

» Closed under N, U, concatenation, *, ©

Point: for a regular expression X on 3,

a sequence in X not containing a pattern in X <— a “walk” on 3 finite automata

(e.g.) X ={A,B,C}, X = AB"A. For a sequence in X,

B.C B A,B,C

A
AB*A is forbidden <= never falling into s2 in start »éi\_/é_A,

C



> N 3Xe( -) + infinite sequence in {0,1,2,3,4}

f17f27f37f47f57f67' :
KLl
Vk > 1, (fort1, forr2) € {mo = 0,m1 = (2),m2 = (2,2),713 = (1), ma = (1, 1)}

<— infinite sequence in {0,1,2, 3,4} with

(N1) Xs = Xig1 # 1, forbidden patterns:
(N2) s = At 2 8 (1,{2,3,4}), (2,{1,2,3,4}),
(N3) X = dira =8 = X # A (3, {24), (42,34,
(N4) Xi —Xit2 =3 and 24 X; = Ait1 # Aita, (1,0,4), (2,0,{3,4}),
(N5) A —Xjy2 =4 and 2+t X; = A; # Xip1 and Aip1 # Xigo, (3,0,4), (4,17%,0,{3,4}).
(N6) No subwords of ()\1 — A2, A2 — Az, - - - 7/\2()\)—1 — )\[()\)) match the
pattern (3,2, 3,0). Here,
{a,b,---} is exactly one of a,b,-- -,

N = {X € Par | (N1)-(N6)}, a* is zero or more reps of a.
N1 = {A €N | mi(A) = 0}, . _*
No = {AEN | mi(\) < 1fori=1,2,3}, Forbidden prefixes:
Ns={ren M) = ms(A) = 0, my(N) <1 A (3), (4)

8= € X does not contain (2k + 3,2k, 2k — 2,--- ,4,2) fork > 1 [~ Noa: (2), (4), (0,4)

Na: (2), (3), (4), (0,4), (1%,0,3)



> N3 (

f17f27f37f47f57f67' .
e i Vg

-) <> infinite sequence in {0,1,2,3,4}

Vk > 1, (fort1, fort2) € {mo = 0,m = (2),m2 = (2,2),713 = (1), ma = (1,1)}

input sequence for the below automaton s.t. it never falls into gg <— infinite sequence in {0, 1,2,3,4} with

For N7 (resp. N2, N3), the start state is changed to g7 (resp. g3, ga)

$
CEREREE

8

8 8 8888

NN

=000 o

2 2
zq?

0
zq?

0
2 2t
2@ 2

0
0
0
0

OO OO

oo O~OO

Fo(zq®)
Fi(zg®)
Fy(xq?)
F3(xq?)
Fy(zq?)
F5(xq?)
Fr(zq?)

forbidden patterns:

(1,{2,3,4}), (2,{1,2,3,4}),
(37{274})7 (47 {27 374})7

(1,0,4), (2,0,{3,4}),
(3,0,4), (4,1%,0,{3,4}).
Here,

{a,b,- -} is exactly one of a,b, - -,
a* is zero or more reps of a.

+
Forbidden prefixes:

Niz (3), (4)
NZ: (2)v (4)! (074)
N3 (2), (3), (4), (0,4), (1*,0,3)




Now Step 1 for Nandi's partitions is done:

q-diff. eq. for N7: (N2, N3: similar)

po(z,q) =1,
p2(w’Q):—1—w(q2+q3+q4),
5 \ ) ) 5
' pa(z,q) =2q (1-z+zq +2q +zq),
0= szi(x, Q)i (26, q), where ( )

i=0 pe(z,q) = z°¢° (—1+wq4(1+q+q2—q5))7
ps(z,q) = 2°¢"°(1+ g+ ¢°)(1 — 2¢°),

pro(z,q) = 2°¢'T(1 — 2¢®)(1 — xg®).

(Step 2) By standard arguments (and some miracles) we can solve them:

(1) g™

n(@,q) = (¢ 90 Y 75—~ et
o) = (a0 X o
2
(=1)"g" (46" (¢°¢% "4 )
Step 3) Use three formulas of Slater (1952): = etc.
(Step 3) (1952): 2, (=g om0~ @ P (@41 4

n>0

Simultaneously we get
Z (_qu(;‘)m(;;)wmAQ(m’)
20 (¢:9)i(g% ¢%);

1% d*d"a" ¢, d"% ¢ (a=1),
=41/(¢",¢",4¢%¢* 4", 0% ¢ (a=2),

1/(q2’q5’q6 q8,q97q12;q14)oo (a:3)
where Ay (i, j) = i+ j, As(i,j) =i+ 3j, As(i,5) = 2i + 35.

~» matches the “Big Picture” (multisum = product). What about higher levels?

)

)



Theorem (T.-Tsuchioka, arXiv:2006:02630)

[z 9)oo
Level 5:

(é)+8(%)+2(§)+211j+211k+4jk+z+5]+k
Z (—l)k q

= (2,9/%;9) o0,

(2,9, -5 dloo = [%; @loo (Y5 dloo

1

o (a;9)i (4?5 4);(a% 4%k

( )+8< )+2( )+21;j+27:k+4jk+7,+7,7+:;k
Z (- 1)kq

= (
(92, 4%, 4%, 4% ¢*% 0

XAgz)(5Ao))

1

i,5,k=0

(note: XA(2> (BAo + A1) =
2

(¢;9)i(a%;92);(a%5 9

= (
lq:9* 4% 475 q' %o

X, (@ (Ao +2A1))
2

= (= XAéz) (5M0 + A1)

lq.q%,4%, 7 q10] - (fl;ql2)oo )
Level 7:
q( )+8(3 ) +10(5) +2i5+2ik+85k+itaj+5k 1
Ay (¢59)i(a%:42); (a2 4k T @ dh a7 a7 g%
q( )+8( )+10( )+2ij+2ik+8jk+i+8j+9k 1
750 (a9)i(a%;4%); (2% )k

Z kq( )+2( )+2( )+8( )+'ij+'ik+2il+4jk+4jl+4k£+i+3;+k+6[
(-1)

- _ (=
(9,4, 4%, 47, 4%, 4% ¢*°)o

X, (2) (Do + 3A1))
2

1

ey S8 (0:9)i (a5 4%);(a% a*)k(a*; a*)e

(5) + (2')+2(2)+s(§) Fijtik42ib44jktAj04+Ak0tit2j+Ak8E
(_1)k q
2

T a2, 63,44 4%, 4%, 475 4%

(= XAg2) (7M0))

1

(4;9)i(9%562);5 (4% ¢®) i (q*; 9%)e

= (
lg,42%,4%, 45 4%, 4% ¢* ]

X ,(2) (38A0 + 2A4))
D)

Final step of the proof: use Slater's formulas
2n2

q 2n242n n2
=X, (2)(500), D ———— = X, (2) (Ao+2A1),
=0 (G 92n Al ,LZEO (@5 @2n+1 A Z

=6 (@ d)2n

w2+n
= XA(2>(7A0) >

9 — 2 (3Ao2A0).
= (q @)2n+1 Al



Kanade—Russell's conjectures

Supposedly related to D'¥ level 3 modules (level of aAo +bA1 +cAa =a+2b+3¢c) ® @ @

1 1 1
s X ~(3) AO +A1 = 2 o I X3 A2 = .
(%,¢%,4%,47;¢°)oc ' " Pi ( ) (4,6%,4%,¢%¢°) 0’ " Pa (A2) (2,44 ¢°,¢%¢%)

Xp( (3h0) =

Conjecture (Kanade—Russell, 2014)

Let
K= {)\ € Par

Ai — Aig2 > 3,
Ai = Ait1 <1 = 3|\ + Aigr ’

Then -
K~ {\| parts=£1,£3 (mod 9)},

IAeK|mi()) =0t K {\|parts= +2,+3 (mod 9)},
{IXeK |mi(N) =ma(\) =0} X {\| parts= +3,+4 (mod 9)}.

Multisum expression (Kursungdz, 2018)

n2+3m2+3nm

D B

. 3. 43
= oo (@ D)n (% ¢%)m



A®) level 2 identities

Another seemingly interesting family of partition identities:

A Alladi-Schur's identities

A Gélinitz—Gordon identities

Ag) Rogers—Ramanujan identities

A Kanade—Russell's conjecture (2018), proved by Bringmann—Jennings-Shaffer-Mahlburg (2019)
(@26 ) [6¥54°" oo

(@*0%)o0 407" oo

Interestingly, the product sides of (Ag), level 4) are (some of) those of (A<121), level 2).

(In general, X, ((850 + 641) Ao + Ay) =
2n—1

(20

1
= = 4MNp) = A3)),
i,kZZO( W (2:9)i(a% )k [q27q3,q4;q14]oo( Xag (480) = X 42 (A3))
q( )+2( )+21k+1+3k 1
—1)k = = 200 + A1) = Ao + A1),
MZZ:O( ) @D [q,q4,q6;q14]oo( X @) (280 + A1) = x @ (Ao + A1)
( )+2( )+2ik+2i+3k 1

2

= = 2A1) = A .
=0 (0:90)i(a250*)k [q2,q5,q6;q14]oo( Xy (201) =X, @ (As))



Conjectures for A( ) Jevel 2 (T.—Tsuchioka, arXiv:2006:02630)

(1) Fi (27 2, 2) = XA(Z) (Ag), F1 (47 27 6) = XA(2) (A5) and Fi (67 47 6) = XA(2) (A7), where
13 13

Fi(a,b,c):i= > (=1)*

i k0 (2:9)i(a% @) (¢* a*)k

q ( )+2( )+4( )+21]+41k+4]k+az+bg+ck

(2) F2(1,3, 12) = XA(Q) (AO + Al), Fg(l,l,S) = XA(2> (A3) and }7'2(3,37 16) = XA(Q) (A7), where
13 13

q( )+2( )+16( )+2z;+4zk+4]k+az+bg+ck

Fy(a,b,c):= > (—1)

o (g;9)i(a%;4%);(q% ¢k

3) F3(1,5,1,12) = As), wh
(3) F5( ) XA(@,)( 5). where ()+4( )+2( )+16( )+27;j+2ik+4z‘£+4jk+8jé+4k£+m‘+bj+ck+d€

q
F3(a,b,c,d) := (fl)k
i,j,%;go (g;9)i(q%d)5 (4?5 ¢®)r (gt a%)e



Conjectures for A( ) Jevel 2 (T.—Tsuchioka, arXiv:2006:02630)

(2) FQ(].,?), 12) = XA(Q) (AO +A1), F2(1,1,8) = XA(Z) (A3) and F2(3,37 16) =X (2) (A7), where
13 13

+2(2)+16 +21]+4zk+4jkz+al+bg+ck
q
(a,b,0):= 3 (-1
750 (q;q)i(q sa%)i(a% a" )k

Observation: Letting k = 0 in (2), two of A( ) level 2 sums appear:

(3)+2(3 )+2u+z+a

S (-1l !

0 (@03 a®); 0% d a5 a e (X, (o) =Xy (R3)),
]-q( )+2(4)+20+i+35 1
i%{)(—l) G0i@5d®);  [adh % (Ex,p@ho+ M) =x, (o + ),
e

= - = 2A1) = As)).
0720 (439)i(a%42); o, 8 gt - Xa A1) = Xy (Bs))
(cf. Andrews—Gordon identities)
N4 4 NE_ + Nt 4+ Ny i o 2k+1l—i ,2k+1. ,2k+1
g ot a9 475 ) .
> ! : )2 (L (@K — i)ho + (i~ D)AY)
) (@ Dy (G Do (G Dy (45 9) o0 1
where N; =n; + -+

ctng—1.
> “ng_1 =0 part" ~ XA(l) ((2k‘ —2— i)Ao + (Z — I)Al)
1



Similar phenomenon between Af) level 4 and 5:

Level 4:
> (=1 Gy ! (=x @ (400) = X ,(2)(A3)),
5350 (G5 a®); a5 a e A Al
pal 2 S (=, (20 A1) = X (Ao + A1)
- - 2 0 1) = 2 0 1))
530 G5 d®);  [adh g A8 Aty
> WEIChlC bt o (= X (20 = X (89))
- = - = 2 1) — 2 5))
50 (:9)i(¢*5%); [0, ¢% % g 1ee " A57 Ay
Level 5:
q(;) ( )+2( )+21]+21k+4]k+1+5]+k i
-1 k = = =X 5A0
i.z,po( ) (759)i (a5 a%)5(a% )k 4%, 4% a* @° ¢*%]o (= X (540))
2JHRZ
q( )+s( )+2( )+21]+21k+4]k+1+7]+3k: 1
—1 k = =X Ao + 2A1
ivj’z,oo( ) (% 9)i(a% 6%);(a% ¢k la,4* 4% "5 a*]oo Ex,pl )

> j =0 part ~» double sums in level 4

Q. Does it generalize to the “Big Picture”?

Thank you!



	Andrews–Gordon identities
	Connection to Lie theory


