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Introduction

RAMANUJAN’S “DEATH BED LETTER’

Dear Hardy, January 1920

“I am extremely sorry for not writing you a single letter up to now. I
discovered very interesting functions recently which I call “Mock”
Y-functions. ...they enter into mathematics as beautifully as the ordinary
theta functions. I am sending you with this letter some ....”
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RAMANUJAN’S “DEATH BED LETTER’

Dear Hardy, January 1920

“I am extremely sorry for not writing you a single letter up to now. I
discovered very interesting functions recently which I call “Mock”
Y-functions. ...they enter into mathematics as beautifully as the ordinary
theta functions. I am sending you with this letter some ....”

EXAMPLE
One of Ramanujan’s examples:

n2

R q
1@ '_1+HZ::1(1+q)2(1+q2)2---(1+q")2'
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WHAT ARE MOCK THETA FUNCTIONS?

SOME HISTORY

In his PhD thesis ("02), Zwegers combined Lerch-type series
and Mordell integrals to obtain non-holomorphic Jacobi forms.
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WHAT ARE MOCK THETA FUNCTIONS?

SOME HISTORY

In his PhD thesis ("02), Zwegers combined Lerch-type series
and Mordell integrals to obtain non-holomorphic Jacobi forms.

“THEOREM” (ZWEGERS, 2002)

The mock theta functions are (up to powers of q) holomorphic
parts of the specializations of weight 1/2 harmonic Maass forms.
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HARMONIC MAASS FORMS (NOTE. z = x + iy € H)

“DEFINITION”

A weight £ harmonic Maass form on I is any smooth function f on H
satisfying:
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HARMONIC MAASS FORMS (NOTE. z = x + iy € H)

“DEFINITION”

A weight £ harmonic Maass form on I is any smooth function f on H
satisfying:

Q Forall A= (2%) el C SLy(Z) we have

1(£53) = @+ 1o
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HARMONIC MAASS FORMS (NOTE. z = x + iy € H)

“DEFINITION”

A weight £ harmonic Maass form on I is any smooth function f on H
satisfying:

Q Forall A= (2%) el C SLy(Z) we have

! (“Z + b) — (x4 ) f(2).

cz+d

@ We have that A f = 0, where
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HARMONIC MAASS FORMS (NOTE. z = x + iy € H)

“DEFINITION”

A weight £ harmonic Maass form on I is any smooth function f on H
satisfying:

Q Forall A= (2%) el C SLy(Z) we have

1(£53) = @+ 1o

@ We have that A f = 0, where

REMARK

Classical modular forms represent a density 0 subset of HMF's.
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FOURIER EXPANSIONS OF HMF's (q : 27”2)

FUNDAMENTAL LEMMA
If f € Hy_y, and T'(a, ) is the incomplete I'-function, then

&= 3 e + 3 Gmtk—14nnly)e

n>>>—oo n<0

! !

Holomorphic part /© Nonholomorphic part f~
g-series “Period integral of MF”
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FOURIER EXPANSIONS OF HMF's (q : 27”2)

FUNDAMENTAL LEMMA
If f € Hy_y, and T'(a, ) is the incomplete I'-function, then

&= 3 e + 3 Gmtk—14nnly)e

n>>>—oo n<0

! !

Holomorphic part /© Nonholomorphic part f~
g-series “Period integral of MF”

REMARK

Ramanujan’s examples are the f with k = 1/2.
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RAMANUJAN’S STRANGE CONJECTURE

CoONJECTURE (RAMANUJAN)

Consider the mock theta q’ﬁf(q) and modular form q’TIALb(q), where

n2

- q
g (1+g2(1+¢*)%- - (1+4¢)*

bg) =(1-q)(1-¢")1—¢°) - x (1—2¢+2¢" —2¢° +---).
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RAMANUJAN’S STRANGE CONJECTURE

CONJECTURE (RAMANUJAN)

Consider the mock theta q’ﬁf(q) and modular form q’ﬁb(q), where

n2

- q
g (1+g2(1+¢*)%- - (1+4¢)*

bg) =(1-q)(1-¢")1—¢°) - x (1—2¢+2¢" —2¢° +---).

If q approaches an even order 2k root of unity (i.e. pole of f),

Ken Ono (University of Virginia) Eichler integrals of Eisenstein series



Eichler integrals of Eisenstein series
Introduction
Maass forms

RAMANUJAN’S STRANGE CONJECTURE

CONJECTURE (RAMANUJAN)

Consider the mock theta q’ﬁf(q) and modular form q’ﬁb(q), where

n2

- q
g (1+g2(1+¢*)%- - (1+4¢)*

b(g) i=(1-q)1-¢")(1—¢")---x (1-2¢+2¢" —2¢"+---).
If q approaches an even order 2k root of unity (i.e. pole of f), then

flg) = (=1)"b(q) = O(1).
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“q APPROACHES A ROOT OF UNITY”

Radial asymptotics, near roots of unity.

A
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As ¢ — —1, we have

f(=0.994) ~ —1-103!, £(—0.996) ~ —1-10%, £(—0.998) ~ —6-10%,

«0O0>» «F>» «E» «E>» = Q>
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NUMERICS

As ¢ — —1, we have

£(=0.994) ~ —1-103%, f(—0.996) ~ —1-10%6, £(—0.998) ~ —6-10",

£(-0.998185) ~ _GO\’SO[
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POLES AT ¢ = —1 AND q =1

Amazingly, Ramanujan’s guess gives:

q —0.990 —0.992 —0.994 —0.996 —0.998

F(@)+b(q) || 3.961... | 3.969... | 3.976... | 3.984... | 3.992. ..
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POLES AT ¢ = —1 AND q =1

Amazingly, Ramanujan’s guess gives:

q —0.990 | —0.992 | —0.994 | —0.996 | —0.998
F(@)+b(q) || 3.961... | 3.969... | 3.976... | 3.984... | 3.992. ..

It is true that
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Finite SUMS OF ROOTS OF UNITY.

TueoreM (F-O-R (2013))

If ¢ is an even 2k order root of unity, then

k—1
lm(£(@) = (=)*b(@) = ~4 (1 + O+ (L4 Y
n=0
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Finite SUMS OF ROOTS OF UNITY.

TueoreM (F-O-R (2013))

If ¢ is an even 2k order root of unity, then

k—1
(}Ln}(f(q) - (_1)kb(q)) =—4 Z(l + C)Q(l + 42)2 A (1 + Cn)2<n+1.
n=0
REMARK

This behavior “near roots of unity” is a glimpse of quantum modularity.
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WHAT IS GOING ON?

QUESTION

Ramanujan essentially discovered that
liné (Mock ¥ — ¢, MF) =Quantum MF
q—

/]\
O(1) numbers
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QUANTUM MODULAR FORMS

DEFINITION (ZAGIER)

A weight £ quantum modular form is a complex-valued
function f on @\ S for some set S, such that
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QUANTUM MODULAR FORMS

DEFINITION (ZAGIER)

A weight £ quantum modular form is a complex-valued
function f on @\ S for some set S, such that for all v = (‘é 3) €
SL2(Z) the function
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QUANTUM MODULAR FORMS

DEFINITION (ZAGIER)

A weight £ quantum modular form is a complex-valued
function f on @\ S for some set S, such that for all v = (‘é 3) €
SL2(Z) the function

hy(2) = f(z) = e(7)(cz + d) 7" f <Z§is>

satisfies a “suitable” property of continuity or analyticity.
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APPLICATIONS OF HMFs AND QMF's

Integer partitions and g-series

Eichler-Shimura theory
(e.g. modularity of elliptic curves via Eichler integrals)

Arithmetic Geometry (i.e. BSD Conjecture)
@ Moonshine

o Knot invariants.
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EICHLER INTEGRALS OF MODULAR FORMS

DEFINITION (EICHLER)

If f(z) =>_a(n)q™ is a weight k modular form, then its Eichler
integral is

FEichlery(z) := Z a(n)n*~ k¢
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EICHLER INTEGRALS OF MODULAR FORMS

DEFINITION (EICHLER)

If f(z) =>_a(n)q™ is a weight k modular form, then its Eichler
integral is

FEichlery(z) := Z a(n)n*~ k¢

QUESTION
Eichler integrals of MFs are prominent in the theory of HMFs.
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EICHLER INTEGRALS OF MODULAR FORMS

DEFINITION (EICHLER)

If f(z) =>_a(n)q™ is a weight k modular form, then its Eichler
integral is
FEichlery(z) := Za(n)nkkq".

QUESTION

Eichler integrals of MFs are prominent in the theory of HMFs.
What about for general “Fisenstein-type” series?

o g-series identities?
o Harmonic Maass forms?

o Quantum Modular forms?
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“EISENSTEIN-TYPE SERIES”

DEFINITION

For a € 7, we define the divisor function series

52_a(z) = Za1fa(n)q” = Z Zdl—aqn.

n=1 d|n
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“EISENSTEIN-TYPE SERIES”

DEFINITION

For a € 7, we define the divisor function series

52 a Zal a(n szl “q"

n=1 d|n

REMARKS
@ For k > 2, the Eichler integral of the modular Eax(z) satisfies

_ B

52—2k-(2’) = Ak

- Eichlerg,, (z).
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“EISENSTEIN-TYPE SERIES”

DEFINITION

For a € 7, we define the divisor function series

52 a Zal a(n szl “q"

n=1 d|n

REMARKS
@ For k > 2, the Eichler integral of the modular Eax(z) satisfies

_ B

52—2k(2) 4k:

- Eichlerg,, (z).

These are known to have “modularity properties” via HMFs.
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“EISENSTEIN-TYPE SERIES”

DEFINITION

For a € 7, we define the divisor function series

52 a Zal a(n szl “q"

n=1 d|n

REMARKS
@ For k > 2, the Eichler integral of the modular Eax(z) satisfies

_ B

52—2k(2) 4k:

- Eichlerg,, (z).

These are known to have “modularity properties” via HMFs.

@ Do the E2—q(2) give modular objects for other a?
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Executive Summary of New Results

@ Bloch-Okounkov g-brackets for t-hooks in partitions give E2_4(2).
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Executive Summary of New Results

@ Bloch-Okounkov g-brackets for t-hooks in partitions give E2_4(2).

@ Produces various types of Harmonic Maass forms
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Executive Summary of New Results

@ Bloch-Okounkov g-brackets for t-hooks in partitions give E2_4(2).
@ Produces various types of Harmonic Maass forms

@ Produces Holomorphic Quantum Modular Forms
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Executive Summary of New Results

@ Bloch-Okounkov g-brackets for t-hooks in partitions give E2_4(2).

(]

Produces various types of Harmonic Maass forms

@ Produces Holomorphic Quantum Modular Forms

@ Chowla-Selberg formulas
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Executive Summary of New Results

@ Bloch-Okounkov g-brackets for t-hooks in partitions give E2_4(2).

(]

Produces various types of Harmonic Maass forms

@ Produces Holomorphic Quantum Modular Forms

@ Chowla-Selberg formulas

Relations involving zeta-values and Bernoulli numbers
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t-hooks in Partitions

qg-BRACKETS OF FUNCTIONS ON PARTITIONS

DEFINITION (BLOCH-OKOUNKOV)
For functions f : P +— C on the integer partitions,
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q-BRACKETS OF FUNCTIONS ON PARTITIONS

DEFINITION (BLOCH-OKOUNKOV)

For functions f : P +— C on the integer partitions,the g-bracket
of fis

(Al
(F)g = w e Cllg).
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q-BRACKETS OF FUNCTIONS ON PARTITIONS

DEFINITION (BLOCH-OKOUNKOV)
For functions f : P +— C on the integer partitions,the g-bracket
of fis
ZAGP f(A)ql/\l
(flg:===——7— €Clldl
! orep a

REMARKS

e (Bloch and Okounkov) SLa(Z) quasimodular forms are
generated by q-brackets of shifted symmetric polynomials.
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qg-BRACKETS OF FUNCTIONS ON PARTITIONS

DEFINITION (BLOCH-OKOUNKOV)
For functions f : P +— C on the integer partitions,the g-bracket
of fis
ZAGP f(A)ql/\l
(flg:===——7— €Clldl
! orep a

REMARKS

e (Bloch and Okounkov) SLa(Z) quasimodular forms are
generated by q-brackets of shifted symmetric polynomials.

o Do q-brackets give other types of modular forms?
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FUNCTIONS ON t-HOOKS OF PARTITIONS

NOTATION

H(N) := {hook numbers of A}
Hi(A) := {hook numbers of A that are multiples of ¢}.
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FUNCTIONS ON t-HOOKS OF PARTITIONS

NOTATION

H(N) := {hook numbers of A}
Hi(A) := {hook numbers of A that are multiples of ¢}.

DEFINITION
If t € ZT and a € C, then define f,;: P — C by
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Consider the partition A =4+3+1:

o o, 03 0
o, o3 O
L2

—

Subscripts = Hook numbers

«O>» «Fr « > < 3 Q>
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t-hooks in Partitions

EXAMPLES

Consider the partition A=4+4+3+1:

o o, e3 e
oy o o — Subscripts = Hook numbers
(31

We find that H(\) = {1,1,1,2,3,4,4,6} and

Ho(N) ={2,4,4,6} and Hs(\) ={3,6}.
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EXAMPLES

Consider the partition A=4+4+3+1:

L0 oy o3 ®

oy o o — Subscripts = Hook numbers
(31

We find that H(\) = {1,1,1,2,3,4,4,6} and
Hg(A) = {2, 4,47 6} and H:;()\) = {3,6}
Therefore, we have

1307

11 1 1
14l — 4 — -
foa) =141+ 1+ ot ot e+ 511216~ 06

_p2(l 1 1 1) _ 139
faa(d) =2 <8 Teatat 216) ~ 216’

_o2( L 1\ _3
fo3(A) =3 (27 216)_8'
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If t is a positive integer and a € C, then we have

{fat)g = E2—a(t2).

v
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¢-IDENTITIES

THEOREM (B-O-W)

If t is a positive integer and a € C, then we have

{fat)g = E2—a(t2).

REMARKS

@ Proof follows easily from recent work of Han and Ji.
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¢-IDENTITIES

THEOREM (B-O-W)

If t is a positive integer and a € C, then we have

{fat)g = E2—a(t2).

REMARKS

@ Proof follows easily from recent work of Han and Ji.

@ Think “log-derivative” of the Nekrasov-Okounkov &

Westbury formula
S 11 (1-2) - [la-
XEP  heH(N) n=1
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Types of Harmonic Maass forms

SESQUIHARMONIC MAASS FORMS (a = 2)

DEFINITION

A weight k sesquiharmonic Maass form is a real analytic modular form
that is annihilated by Ay 2 := —&k 0 £&—k 0 &, where & = 2iy* 2.
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SESQUIHARMONIC MAASS FORMS (a = 2)

DEFINITION

A weight k sesquiharmonic Maass form is a real analytic modular form
that is annihilated by Ay 2 := —&k 0 £&—k 0 &, where & = 2iy* 2.

THEOREM (B-O-W)

Eo(tz) is a wgt zero sesquiharmonic Maass form on T'¢(t), where

Eo(te) = ty + (7 ~log(2) - logéty) BAOMNTINSS al(n)atn) .

2

n=1
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HARMONIC MAASS FORMS (a > 4 EVEN)

THEOREM (B-O-W)
If k > 2, then Eo_ok(t2) is a weight 2 — 2k harmonic Maass form on T'y(t), where
]E2,2k(tz)

sz (47T)2k—1

n=1

= (ty)* ' + 22k <((2k — 1) + (fore)g + i o1-ak(n)T*(2k — 1, 47rtny)q’m) .
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HARMONIC MAASS FORMS (a > 4 EVEN)

THEOREM (B-O-W)
If k > 2, then Eo_ok(t2) is a weight 2 — 2k harmonic Maass form on T'y(t), where
]E2,2k(tz)

sz (47T)2k—1

n=1

= (ty)* ' + 22k <((2k — 1) + (fore)g + i o1-ak(n)T*(2k — 1, 47rtny)q’m) .

PROOF.

@ Eichler integrals of holomorphic modular forms are “mock modular”.
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HARMONIC MAASS FORMS (a > 4 EVEN)

THEOREM (B-O-W)
If k > 2, then Eo_ok(t2) is a weight 2 — 2k harmonic Maass form on T'y(t), where
]E2,2k(tz)

= (ty)* 1+ % <C(2k — 1)+ (fore)g + Z o1-0k(N)T*(2k — 1, 47rtny)q’m) .

n=1

PROOF.

@ Eichler integrals of holomorphic modular forms are “mock modular”.

@ The nonholomorphic part is the “period integral” of FEax(z).
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MODULARITY OF (fors), (CASE k > 1)

NoTATION

For k € N, we define the Bernoulli number polynomial

k+1

2m B k+2—2m 2m—1
P7 — 2 2k+1 2k+ . m X
21(2) ) Z (k+2—2m) °
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MODULARITY OF (fors), (CASE k > 1)

NoTATION
For k € N, we define the Bernoulli number polynomial
+

2m B k+2—2m 2m—1
P7 — 2 2k+1 2k+ . m X
21(2) ) Z (k+2—2m) °

COROLLARY (B-O-W)

If k and t are positive integers and

M_2r,1(2) := (fort2,0)q — %P—Qk(tz) + %C(Wf +1),
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Types of Harmonic Maass forms

MODULARITY OF (fors), (CASE k > 1)

NoTATION
For k € N, we define the Bernoulli number polynomial
+

2m B k+2—2m 2m—1
P7 — 2 2k+1 2k+ . m X
21(2) ) Z (k+2—2m) °

COROLLARY (B-O-W)

If k and t are positive integers and

M_2r,1(2) := (fort2,0)q — %P—Qk(tz) + %C(Wf +1),

then for z € H we have

Mesi(2) = (£2)** M_ops (_i> :

t2z

Ken Ono (University of Virginia) Eichler integrals of Eisenstein series
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MODULARITY OF (fors)q (CASE k =1)

NoTATION

We require functions

) 1 1
Pi(z) :=—t (t + %) z+ 2 and  L¢(z) := ~1 -log(tz).
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MODULARITY OF (fors)q (CASE k =1)

NoTATION

We require functions

) 1 1
Pi(z) :=—t (t + %) z+ 2 and  L¢(z) := ~1 -log(tz).

COROLLARY (B-O-W)
If t is a positive integer and
Me(2) := (fi)q + Pe(2) + Le(2),

then for all z € H we have
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Results
Chowla-Selberg Formulas

ALGEBRAIC PARTS OF DEDEKIND’S ETA VALUES

DEFINITION (DEDEKIND)

The Dedekind eta-function is defined by

%1 ﬁl—q.
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ALGEBRAIC PARTS OF DEDEKIND’S ETA VALUES

DEFINITION (DEDEKIND)

The Dedekind eta-function is defined by

%l ﬁlfq.

THEOREM (CHOWLA AND SELBERG (1967))

Suppose that D < 0 is a fundamental discriminant and let

1
|D| 2n7 (D)

0 1 H < j )XD(J)
P = — I'| —
V2rD] \ ;= \ID|
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ALGEBRAIC PARTS OF DEDEKIND’S ETA VALUES

DEFINITION (DEDEKIND)

The Dedekind eta-function is defined by

%l ﬁlfq.

THEOREM (CHOWLA AND SELBERG (1967))

Suppose that D < 0 is a fundamental discriminant and let

1
|D| 2n7 (D)

0 1 H < j )XD(J)
P = — I'| —
V2rD] \ ;= \ID|

If 7 € Q(v/D) NH, then we have

n(—%) cT- Vb,
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RAMANUJAN’S EXAMPLES

Ramanujan discovered that

n(i/2) =25 -Q%,, (i) =92, n(2)=

Ken Ono (University of Virginia)
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RAMANUJAN’S EXAMPLES

Ramanujan discovered that

n(i/2) = 2% -Q%,, (i)

where
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MODULARITY FOR GEN FCN OF f,

NoraTiON
Fora € C and k € N define

Ho(2) =g 5 > faa(Wq™.
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MODULARITY FOR GEN FCN OF f,

NoraTiON
Fora € C and k € N define
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MODULARITY FOR GEN FCN OF f,

NoraTiON
Fora € C and k € N define

—_

U_g(2) i= —P_oy <—7> _ % (1= ") ¢k +1).

I\

COROLLARY (B-O-W)
If z € H and k € N, then

_1 . 1 _ \I/_Qk(z)
Hopto ( z) 7Z2k\/_7izH2k+2(z) 777 (7%) .
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CHOWLA-SELBERG FOR H,(%)

COROLLARY (B-O-W)
Ifk €N and 7 € Q(v/'D) NH, where D < 0 is a fundamental

discriminant, then

1 1 — U_
Hopyo (—T) - WH%J&(T) €Q- \/2;;—(;)-
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NUMERICAL EXAMPLES

Numerical calculation gives

Hy(2i) ~ 5.887-107¢,

Hg(2i) ~ 5.887 - 1076,

Ken Ono (University of Virginia)

Hy

<
i

~ 0.05420,

) ~ 0.05398.
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NUMERICAL EXAMPLES

Numerical calculation gives
Hy(2i) ~ 5.887-107¢, H, <%> ~ 0.05420,
Hg(2i) ~ 5.887 - 1076, Hg <%> ~ 0.05398
We have proven that
1 W4 (2)
Q4

and
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Holomorphic Quantum Modular Forms

WHAT ABOUT THE OTHER &y_(t2) = (far)q?

QUESTION

So far all the results are about

62—a(t2) = (fa,t)q

for even a > 2.
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WHAT ABOUT THE OTHER &y_(t2) = (far)q?

QUESTION

So far all the results are about

g2—a(tz) = (fa,t)q
for even a > 2.

What can be said if a < —1 is odd?
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WHAT ABOUT THE OTHER &y_(t2) = (far)q?

QUESTION

So far all the results are about

62—a(t2) = (fa,t)q

for even a > 2.
What can be said if a < —1 is odd?

EXAMPLE
For instance, if a = —1 then we have

(fr11)g = o2(n)q".
n=1

Ken Ono (University of Virginia) Eichler integrals of Eisenstein series
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HOLOMORPHIC QUANTUM MODULAR FORMS

DEFINITION (ZAGIER)

A weight k£ holomorphic quantum modular form is a
function f: H — C, s.t.
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HOLOMORPHIC QUANTUM MODULAR FORMS

DEFINITION (ZAGIER)

A weight k£ holomorphic quantum modular form is a
function f : H > C, s.t. for all v = (Z Z) € SLa(Z) the function
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HOLOMORPHIC QUANTUM MODULAR FORMS

DEFINITION (ZAGIER)

A weight k£ holomorphic quantum modular form is a
function f : H > C, s.t. for all v = (‘c’ Z) € SLa(Z) the function

hy(2) := f(z) — e(y)(cz +d)7F f <a$ : b)

cr +d

is holomorphic on a “larger domain” than H.
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NEW HOLOMORPHIC QUANTUM MODULAR FORMS

THEOREM (B-O-W)
Suppose that a < —1 is odd. Then the following are true:
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NEW HOLOMORPHIC QUANTUM MODULAR FORMS

THEOREM (B-O-W)

Suppose that a < —1 is odd. Then the following are true:

(1) We have that (faz)q is a holomorphic weight 2 — a quantum modular form.
In particular, we have the modular transformations

2 %ds.

Er-a(2) = 2" s (—1> = o P(s)C(s)C(s +a— 1)

z)  om (2m)* sin (%)

Ken Ono (University of Virginia) Eichler integrals of Eisenstein series
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NEW HOLOMORPHIC QUANTUM MODULAR FORMS

THEOREM (B-O-W)

Suppose that a < —1 is odd. Then the following are true:

(1) We have that (faz)q is a holomorphic weight 2 — a quantum modular form.
In particular, we have the modular transformations

2 %ds.

1 1 T -1
Er-al2) — 20 (—7> == / (eXle)els £ a 1)
z 2T JRe(s)=1-2 (2m)® sin (7)
(2) Ast— 0%, we have the asymptotic expansion

ii F(2_a)<(2_a) @ o Bn+1 Bn+27a (_t)n
g27“(27r)N t2-a T +Zn+1n+2—a n!

n=0
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NEW HOLOMORPHIC QUANTUM MODULAR FORMS

THEOREM (B-O-W)

Suppose that a < —1 is odd. Then the following are true:

(1) We have that (faz)q is a holomorphic weight 2 — a quantum modular form.
In particular, we have the modular transformations

82_‘1(2) - Za72£2—a (_}> - : /R (s)=1-2 F(S)C(S)C(S taz 1) 2 %ds.

z)  om (2m)* sin (%)

(2) Ast— 0%, we have the asymptotic expansion

it\ TE-a)]¢@-a) (@) ~Bur Burea (=0)"
82%( ) et W eris e mt it

o t2-a n:on+1n+2—a n!

REMARK (“LARGER DOMAIN”)
For v = (2%) € SLy(Z), the he, (2) extends to a holomorphic function on

_JC\(-00,-%) c>0,
Cr = {(C\(—i,oo) c<0.
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ASYMPTOTIC EXPANSIONS

NOTATION
If a < —1 is odd, then we have

O _\ v it
Garalt) = Y orcale™ = 62 (%) |
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ASYMPTOTIC EXPANSIONS

NOTATION
If a < —1 is odd, then we have

A _\ ot it
GQ_a(t) T nzz:l Ul—a(n)e =& 4 <27T> o

With k = 2 — a, the series above agrees, as t — 07, with

5 T(k)C(k) L C@—k) i But1 Buik (=)

Gr(t) .=
£(t) T ¢ Znt+int+k nl
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CASE WHERE a = —1

Gs(t)

Gs(t)

G (t)/Ga(1)

1.5

0.5
0.1

~ 0.2602861623
~ 0.6578359053
~ 2.3214805734
~ 19.0665916994
~ 2403.2805424358

~ 0.2602864321
~ 0.6578359052
~2 2.3214805734
~ 19.0665916994
~ 2403.2805424358

~ 0.9999989634
~ 0.9999999998
~ 1.0000000000
~ 1.0000000000
~ 1.0000000000

Ken Ono (University of Virginia)
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t-HOOK FUNCTIONS ON PARTITIONS

DEFINITION
If t € ZT and a € C, then define f,;: P — C by

fap(N) =071 ) hi
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t-HOOK FUNCTIONS ON PARTITIONS

DEFINITION
If t € ZT and a € C, then define f,;: P — C by

THEOREM (B-O-W)

If t is a positive integer and a € C, then we have

Ken Ono (University of Virginia) Eichler integrals of Eisenstein series



_ log(ty)

Eo(tz) is a wgt zero sesquiharmonic Maass form on To(t), where
6
]E(](tz) =1ty + ; 1 ( )

2

6(’(2)

n=1

+(f2t +ZO' 1 n)q”‘)

«Or «Fr o« « = A
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POSITIVE EVEN a

THEOREM (B-O-W)

Eo(tz) is a wgt zero sesquiharmonic Maass form on To(t), where

Eo(t2) =ty + (v—log@)—@ €D+t +Za l(n)qm).

THEOREM (B-O-W)
If k > 2, then Eo_o(t2) is a weight 2 — 2k harmonic Maass form on T'y(t), where
]Eg,%(tz)

BZk (47r)21c 1

n=1

= (ty)* ' + L’“)'_ <((2k = 1)+ (fore)g + i 012k (n)T*(2k — 1, 47rtny)q"") .
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ODD a < —1

THEOREM (B-O-W)

Suppose that a < —1 is odd. Then the following are true:

(1) We have that (fo.)q is a holomorphic weight 2 — a quantum modular form.
In particular, we have the modular transformations

Frald) = (_%> - % /Re<s>=1—% F(S)égrs))fs(iﬂ%z)_ :

2z %ds.
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ODD a < —1

THEOREM (B-O-W)

Suppose that a < —1 is odd. Then the following are true:

(1) We have that (fo.)q is a holomorphic weight 2 — a quantum modular form.
In particular, we have the modular transformations

Frald) = (_%> - % /Re<s>=1—% F(S)égrs))fs(iﬂ%z)_ :

2" %ds.
(2) Ast — 0%, we have the asymptotic ezpansion

it T@2-a)(2-a) (@  =~Burt Burza (1)
EH( ) 4 +> ntiza .

2 t2-a t n+ln+2—a n!

n=0
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ODD a < —1

THEOREM (B-O-W)

Suppose that a < —1 is odd. Then the following are true:

(1) We have that (fo.)q is a holomorphic weight 2 — a quantum modular form.
In particular, we have the modular transformations

rp (L1)_ 1 D +a-1)
52—11('2) — 26 (_;> T or /1;9(8)21—% (271')3 sin (%) 2

(2) Ast — 0%, we have the asymptotic ezpansion

it T@2-a)(2-a) (@  =~Burt Burza (1)
EH( ) 4 +> ntiza .

2 t2-a t n+ln+2—a n!

n=0

REMARK

These asymptotics are analogous to Ramanujan’s O(1) numbers that arise
with “classical” quantum modular forms.
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