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ABSTRACT. Let X be a subset of the set of prime numbers which
is either equal to the entire set of prime numbers or of cardinality
one. In the present monograph, we continue our study of the pro-X
fundamental groups of hyperbolic curves and their associated con-
figuration spaces over algebraically closed fields in which the primes
of ¥ are invertible. The starting point of the theory of the present
monograph is a combinatorial anabelian result which, unlike results
obtained in previous papers, allows one to eliminate the hypothesis
that cuspidal inertia subgroups are preserved by the isomorphism in
question. This result allows us to [partially] generalize combinato-
rial cuspidalization results obtained in previous papers to the case
of outer automorphisms of pro-X fundamental groups of configuration
spaces that do not necessarily preserve the cuspidal inertia subgroups
of the various one-dimensional subquotients of such a fundamental
group. Such partial combinatorial cuspidalization results allow one in
effect to reduce issues concerning the anabelian geometry of con-
figuration spaces to issues concerning the anabelian geometry of
hyperbolic curves. These results also allow us, in the case of config-
uration spaces of sufficiently large dimension, to give purely group-
theoretic characterizations of the cuspidal inertia subgroups of
the various one-dimensional subquotients of the pro-¥ fundamental
group of a configuration space. We then turn to the study of tripod
synchronization, i.e., roughly speaking, the phenomenon that an
outer automorphism of the pro-¥ fundamental group of a log config-
uration space associated to a stable log curve typically induces the
same outer automorphism on the various subquotients of such a fun-
damental group determined by tripods [i.e., copies of the projective
line minus three points]. Our study of tripod synchronization allows
us to show that outer automorphisms of pro-¥ fundamental groups of
configuration spaces exhibit somewhat different behavior from the
behavior that may be observed — as a consequence of the classical
Dehn-Nielsen-Baer theorem — in the case of discrete fundamen-
tal groups. Other applications of the theory of tripod synchronization
include a result concerning commuting profinite Dehn multi-
twists that, a priori, arise from distinct semi-graphs of anabelioids
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of pro-¥ PSC-type structures [i.e., the profinite analogue of the notion
of a decomposition of a hyperbolic topological surface into hyperbolic
subsurfaces, such as “pants’], as well as the computation, in terms
of a certain scheme-theoretic fundamental group, of the purely
combinatorial/group-theoretic commensurator of the group of profi-
nite Dehn multi-twists. Finally, we show that the condition that
an outer automorphism of the pro-3 fundamental group of a stable
log curve lift to an outer automorphism of the pro-¥ fundamental
group of the corresponding n-th log configuration space, where n > 2
is an integer, is compatible, in a suitable sense, with localization
on the dual graph of the stable log curve. This localizability prop-
erty, together with the theory of tripod synchronization, is applied to
construct a purely combinatorial analogue of the natural outer
surjection from the étale fundamental group of the moduli stack of
hyperbolic curves over QQ to the absolute Galois group of Q.
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INTRODUCTION

Let X C Primes be a subset of the set of prime numbers Primes
which is either equal to Primes or of cardinality one. In the present
monograph, we continue our study of the pro-X fundamental groups
of hyperbolic curves and their associated configuration spaces over al-
gebraically closed fields in which the primes of ¥ are invertible [cf.
[MzTal, [CmbCsp|, [NodNon]|, [CbTpl]].

Before proceeding, we review some fundamental notions that play
a central role in the present monograph. We shall say that a scheme
X over an algebraically closed field k is a semi-stable curve if X is
connected and proper over k, and, moreover, for each closed point x
of X, the completion of the local ring Ox , is isomorphic over k either
to k[[t]] or to k[[t1,ts]]/(t1t2), where t, t1, and ¢, are indeterminates.
We shall say that a scheme X over a scheme S is a semi-stable curve if
the structure morphism X — S is flat, and, moreover, every geometric
fiber of X — S is a semi-stable curve. We shall say that a pair (X, D)
consisting of a scheme X over a scheme S and a [possibly empty] closed
subscheme D C X is a pointed stable curve over S if the following
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conditions are satisfied: X is a semi-stable curve over S; D is contained
in the smooth locus of the structure morphism X — S and étale over S
the invertible sheaf wx,s(D) — where we write wx/g for the dualizing
sheaf of X /S — is relatively ample [relative to the morphism X — SJ.
We shall say that a scheme X over a scheme S is a hyperbolic curve
over S if there exists a pointed stable curve (Y, F) over S such that Y
is smooth over S, and, moreover, X is isomorphic to Y \ E over S.

It is well-known [cf. [SGA1], Exposé V, §7] that if X is a connected
locally noetherian scheme, and T — X is a geometric point of X,
then the category Fét(X) consisting of X-schemes Z whose structure
morphism is finite and étale and [necessarily finite étale] X-morphisms
forms a Galois category, for which the functor from Fét(X) to the cat-
egory of finite sets given by Z — Z X x T is a fundamental functor [cf.
[SGA1], Exposé V, Définition 5.1]. Thus, it follows from the general
theory of Galois categories [cf. the discussion following [SGA1], Ex-
posé V, Remarque 5.10] that one may associate, to the Galois category
Fét(X) equipped with the above fundamental functor, the “fundamen-
tal pro-group” of the Galois category Fét(X) equipped with the above
fundamental functor, which we shall refer to as the étale fundamental
group m (X, ) of (X,Z). If X is a normal scheme, K is an algebraic
closure of the function field K of X, and T is the tautological geometric
point of X determined by K, then 7 (X,7) may be naturally identi-
fied with the quotient of Gal(K /K) determined by the union of finite
subextensions K € L C K such that the normalization of X in L is
finite étale over X [cf. [SGA1], Exposé I, Corollaire 10.3]. Since [one
verifies easily that] the étale fundamental group is, in a natural sense,
independent, up to inner automorphism, of the choice of the basepoint,
i.e., the geometric point “T”, we shall omit mention of the basepoint
throughout the present monograph.

Let G be a topological group. Then we shall write Aut(G) for the

group of [continuous] automorphisms of G, Inn(G) C Aut(G) for the

group of inner automorphisms of G, and Out(G) o Aut(G)/Inn(G) for

the group of [continuous| outomorphisms [i.e., outer automorphisms]
of G. Thus, an outer automorphism of G is an automorphism of GG
considered up to composition with an inner automorphism.

Let k£ be a field, k%P a separable closure of k, and X a geometrically

connected scheme of finite type over k. Write Gy < Gal(k*?/k) for the

absolute Galois group of k. Then it is well-known [cf. [SGA1], Exposé
IX, Théoreme 6.1] that the natural morphisms of schemes X xj kP —
X — Spec k determine an exact sequence of profinite groups

I — m(X X B°P) — m(X) — G — 1.

Write Ax for the mazimal pro-YX quotient of the étale fundamental
group 7y (X Xj k°P) of X xj k*P and IIx for the quotient of the étale
fundamental group 71 (X) of X by the normal closed subgroup of m(X)
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determined by the kernel of the natural surjection (m1(X) =) w1 (X Xk
k*P) — Ax. Then the above displayed exact sequence determines an
exact sequence of profinite groups

1—>Ax—>HX—>Gk—>1

Next, observe that the above displayed exact sequence induces a natural
action of Ilx on Ax by conjugation, i.e., a homomorphism IIy —
Aut(Ax), which restricts to the tautological homomorphism Ax —
Inn(Ax). Thus, by considering the respective quotients by Ay, we
obtain an outer action of G on Ax, i.e., a homomorphism

Gk — Out(Ax).

This outer action is one of the main objects of study in anabelian
geometry.

In the situation of the preceding paragraph, if X is a hyperbolic curve
over k, then each cusp of X [i.e., each geometric point of the smooth
compactification of X whose image is not contained in X] determines a
conjugacy class of closed subgroups of Ay [i.e., the inertia subgroup(s)
associated to the cusp|, each member of which we shall refer to as a
cuspidal inertia subgroup of Ax. Now suppose further that & is the
field of fractions of a complete regular local ring R, and that every
element of ¥ is invertible in R. Suppose, moreover, that X has a stable

model over R, i.e., that there exists a pointed stable curve (Y, E) over

S ¥ Spec R such that X is isomorphic to (Y'\ E) xg k over k. Then

combinatorial anabelian geometry may be described as the study of
the combinatorial geometric properties of the irreducible components
and nodes [i.e., singular points|] of the geometric fiber of (Y, E) over
the unique closed point of S by means of the purely group-theoretic
properties of the outer action of GG, — or, alternatively, various natural
subquotients of G, — on Ax. Here, we observe that this geometric
fiber of (Y, F) over the unique closed point of S may be regarded as a
sort of degeneration of the hyperbolic curve X.

Let k be an algebraically closed field of characteristic € 3 and X a
hyperbolic curve over k. For each positive integer m, write

e X, for the m-th configuration space of X, i.e., the open sub-
scheme of the fiber product of m copies of X over k obtained
by removing the various diagonals;

e II,, for the maximal pro-3 quotient of the étale fundamental
group (X)) of Xp;

o Xo ¥ Speck and 1Ty & {1}.

Let n be a positive integer. We shall think of the factors of X, as
labeled by the indices 1,...,n. Thus, for £ C {1,...,n} a subset
of cardinality m — m, where m is a nonnegative integer, we have a
projection morphism X,, — X,, obtained by forgetting the factors that
belong to E, hence also an induced outer surjection 11, — I1,,, i.e., a
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surjection considered up to composition with an inner automorphism.
Normal closed subgroups Ker(II,, — II,,) C II, obtained in this way
will be referred to as fiber subgroups of I1,, of length n —m [cf. [MzTal,
Definition 2.3, (iii)]. Write

X, —X,1—...— X, — ... — X;] — X,

for the projections obtained by forgetting, successively, the factors la-
beled by indices > m [as m ranges over the nonnegative integers < n].
Thus, we obtain a sequence of outer surjections

I, =11, —» ... > 1L, —» ... = II; — Il,.

For each nonnegative integer m < n, write K, def Ker(II,, — II,,).

Thus, we have a filtration of subgroups
I} =K, CK,,1C...CK,C...CK CKy=1Il,.

In the situation of the previous paragraph, let Y be a hyperbolic
curve over k and Yn a positive integer. Write YIly,, for the “IL,”
that occurs in the case where we take “(X,n)” to be (Y,¥n). Let
a: I, = Yy, be a(n) [continuous] outer isomorphism. Then we shall
say that

e o is PF-admissible [cf. [CbTpl], Definition 1.4, (i)] if o induces
a bijection between the set of fiber subgroups of II,, and the
set of fiber subgroups of Y Iy ,;

e « is PC-admissible [cf. [CbTpl], Definition 1.4, (ii), as well as
Lemma 3.2, (i), of the present monograph] if, for each positive
integer a < n, a(K,) C YIlv, is a fiber subgroup of YIlv,
of length Yn — a, and, moreover, the Y IIy ,-conjugacy-orbit of
isomorphisms K, /K, = a(K, 1)/a(K,) determined by «
induces a bijection between the set of conjugacy classes of cus-
pidal inertia subgroups of K, 1/K, and the set of conjugacy
classes of cuspidal inertia subgroups of (K, 1)/a(K,) [where
we note that it follows immediately from the various defini-
tions involved that the profinite group K, 1/K, (respectively,.
a(K, 1)/a(K,)) is equipped with a natural structure of pro-:
surface group — cf. [MzTal, Definition 1.2];

e o is PFC-admissible [cf. [CbTpl], Definition 1.4, (iii)] if « is
PF-admissible and PC-admissible.

Suppose, moreover, that (X,n) = (Y,¥n), which thus implies that
« is a(n) [continuous| outomorphism of I1,, = Y1lv,. Then we shall say
that

e « is F-admissible [cf. [CmbCsp], Definition 1.1, (ii)] if a(K) =
K for every fiber subgroup K of II,;

e « is C-admissible [cf. [CmbCsp]|, Definition 1.1, (ii)] if « is
PC-admissible, and «(K,) = K, for each nonnegative integer
a <n;
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o o is FC-admissible [cf. [CmbCsp|, Definition 1.1, (ii)] if « is
F-admissible and C-admissible.

One central theme of the present monograph is the issue of n-
cuspidalizability [cf. Definition 3.20], i.e., the issue of the extent
to which a given isomorphism between the pro-Y fundamental groups
of a pair of hyperbolic curves lifts [necessarily uniquely, up to a per-
mutation of factors — cf. [NodNon], Theorem B| to a PFC-admissible
[cf. [CbTpl], Definition 1.4, (iii)] isomorphism between the pro-% fun-
damental groups of the corresponding n-th configuration spaces, for
n > 1 a positive integer. In this context, we recall that both the alge-
braic and the anabelian geometry of such configuration spaces revolves
around the behavior of the various diagonals that are removed from
direct products of copies of the given curve in order to construct these
configuration spaces. From this point of view, it is perhaps natural to
think of the issue of n-cuspidalizability as a sort of abstract profinite
analogue of the notion of n-differentiability in the theory of differen-
tial manifolds. In particular, it is perhaps natural to think of the theory
of the present monograph [as well as of [MzTal, [CmbCsp], [NodNon],
[CbTpI]] as a sort of abstract profinite analogue of the classical
theory constituted by the differential topology of surfaces.

Next, we recall that, to a substantial extent, the theory of combina-
torial cuspidalization [i.e., the issue of n-cuspidalizability| developed
in [CmbCsp] may be thought of as an essentially formal consequence of
the combinatorial anabelian result obtained in [CmbGC], Corol-
lary 2.7, (iii). In a similar vein, the generalization of this theory of
[CmbCsp| that is summarized in [NodNon|, Theorem B, may be re-
garded as an essentially formal consequence of the combinatorial an-
abelian result given in [NodNon], Theorem A. The development of the
theory of the present monograph follows this pattern to a substantial
extent. That is to say, in §1, we begin the development of the the-
ory of the present monograph by proving a fundamental combinatorial
anabelian result [cf. Theorem 1.9], which generalizes the combinato-
rial anabelian results given in [CmbGC], Corollary 2.7, (iii); [NodNon],
Theorem A. A substantial portion of the main results obtained in the
remainder of the present monograph may be understood as consisting
of various applications of Theorem 1.9.

By comparison to the combinatorial anabelian results of [CmbGC],
Corollary 2.7, (iii); [NodNon|, Theorem A, the main technical feature of
the combinatorial anabelian result given in Theorem 1.9 of the present
monograph is that it allows one, to a substantial extent, to

eliminate the group-theoretic cuspidality hypothesis

— i.e., the assumption to the effect that the isomorphism between pro-
¥, fundamental groups of stable log curves under consideration [that is
to say, in effect, an isomorphism between the pro-Y fundamental groups
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of certain degenerations of hyperbolic curves| necessarily preserves cus-
pidal inertia subgroups — that plays a central role in the proofs of ear-
lier combinatorial anabelian results. In §2, we apply Theorem 1.9 to
obtain the following [partial] combinatorial cuspidalization result
[cf. Theorem 2.3, (i), (ii); Corollary 3.22], which [partially] generalizes
[NodNon|, Theorem B.

Theorem A (Partial combinatorial cuspidalization for F-ad-
missible outomorphisms). Let (g,r) be a pair of nonnegative inte-
gers such that 2g — 2 +r > 0; n a positive integer; ¥ a set of prime
numbers which is either equal to the set of all prime numbers or of car-
dinality one; X a hyperbolic curve of type (g,7) over an algebraically
closed field of characteristic ¢ ¥; X,, the n-th configuration space
of X ; 1L, the maximal pro-3 quotient of the fundamental group of X, ;

Out" (I1,,) € Out(IL,)

the subgroup of F-admissible outomorphisms [i.e., roughly speaking,
outer automorphisms that preserve the fiber subgroups — cf. the dis-
cussion preceding Theorem A; [CmbCsp|, Definition 1.1, (ii), for more
details| of 11,,;
Out"™(11,,) € Out¥(11,,)

the subgroup of FC-admissible outomorphisms [i.e., roughly speak-
ing, outer automorphisms that preserve the fiber subgroups and the
cuspidal inertia subgroups — cf. the discussion preceding Theorem A;
[CmbCsp|, Definition 1.1, (ii), for more details] of I1,,. Then the fol-
lowing hold:

(i) Write
C 1 ifr#0, C 3 ifr#0,
m= ) 2 ifr=0, PP 4 difr=0.
If n > iy (respectively, n > ny;), then the natural homomor-
phism

Out® (I1,,41) — Out(I1,,)

induced by the projections X1 — X, obtained by forgetting
any one of the n+1 factors of X,,+1 [cf. [CbTpl], Theorem A,
(i)] is injective (respectively, bijective).

(i) Write
2 if(g,r)=(0,3),
nFCdéf 3 Zf(ga)%(v )andr#()?
4  ifr=0.

If n > npg, then it holds that
Out™(11,,) = Out™(I1,,) .
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(iii) Suppose that (g,7) & {(0,3);(1,1)}. Then the natural injec-
tion /cf. [NodNon]|, Theorem B]

OutFC (HQ) — OutFC (H1>

induced by the projections Xo — Xy obtained by forgetting ei-
ther of the two factors of X5 is not surjective.

Here, we remark that the non-surjectivity discussed in Theorem A,
(iii), is, in fact, obtained as a consequence of the theory of tripod syn-
chronization developed in §3 [cf. the discussion preceding Theorem C
below|. This non-surjectivity is remarkable in that it yields an impor-
tant example of substantially different behavior in the theory of profi-
nite fundamental groups of hyperbolic curves from the corresponding
theory in the discrete case. That is to say, in the case of the classical
discrete fundamental group of a hyperbolic topological surface, the sur-
jectivity of the corresponding homomorphism may be derived as an
essentially formal consequence of the well-known Dehn-Nielsen-Baer
theorem in the theory of topological surfaces [cf. the discussion of Re-
mark 3.22.1, (i)]. In particular, it constitutes an important “counterex-
ample” to the “line of reasoning” [i.e., for instance, of the sort which
appears in the final paragraph of [Lch], §1; the discussion between
[Lch], Theorem 5.1, and [Lch|, Conjecture 5.2] that one should expect
essentially analogous behavior in the theory of profinite fundamental
groups of hyperbolic curves to the relatively well understood behav-
ior observed classically in the theory of discrete fundamental groups of
topological surfaces [cf. the discussion of Remark 3.22.1, (iii)].

Theorem A leads naturally to the following strengthening of the
result obtained in [CbTpl], Theorem A, (ii), concerning the group-
theoreticity of the cuspidal inertia subgroups of the various one-
dimensional subquotients of a configuration space group [cf. Corol-
lary 2.4].

Theorem B (PFC-admissibility of outomorphisms). In the no-
tation of Theorem A, write

Out™ (I1,,) € Out(IL,)

for the subgroup of PF-admissible outomorphisms [i.e., roughly speak-
ing, outer automorphisms that preserve the fiber subgroups up to a pos-
sible permutation of the factors — cf. the discussion preceding Theo-
rem A; [CbTpl|, Definition 1.4, (i), for more details] and

Out™(11,,) € Out™ (I1,,)

for the subgroup of PFC-admissible outomorphisms [i.e., roughly speak-
ing, outer automorphisms that preserve the fiber subgroups and the cus-
pidal inertia subgroups up to a possible permutation of the factors —
cf. the discussion preceding Theorem A; [CbTpl], Definition 1.4, (iii),
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for more details|. Let us regard the symmetric group on n letters &,
as a subgroup of Out(Il,,) wia the natural inclusion &, — Out(Il,)
obtained by permuting the various factors of X,,. Finally, suppose that
(g9,7) € {(0,3);(1,1)}. Then the following hold:

(i) We have an equality
Out(IL,) = Out™ (11,,).
If, moreover, (r,n) # (0,2), then we have equalities

Out(IL,) = Out™ (I,,) = Out™(I,) x &,,.

(i) If either
r>0 n>3

or
n>4

Y

then we have equalities

Out(II,,) = Out™*(I1,) = Out™ (11, x &,,.

The partial combinatorial cuspidalization of Theorem A has natural
applications to the relative and [semi-|absolute anabelian geom-
etry of configuration spaces [cf. Corollaries 2.5, 2.6], which gen-
eralize the theory of [AbsTpl], §1. Roughly speaking, these results
allow one, in a wide variety of cases, to reduce issues concerning the
relative and [semi-]absolute anabelian geometry of configuration spaces
to the corresponding issues concerning the relative and [semi-]absolute
anabelian geometry of hyperbolic curves. Also, we remark that in this
context, we obtain a purely scheme-theoretic result [cf. Lemma 2.7] that
states, roughly speaking, that the theory of isomorphisms [of schemes!]
between configuration spaces associated to hyperbolic curves may be
reduced to the theory of isomorphisms [of schemes!] between hyper-
bolic curves.

In §3, we take up the study of [the group-theoretic versions of] the
various tripods [i.e., copies of the projective line minus three points]
that occur in the various one-dimensional fibers of the log configura-
tion spaces associated to a stable log curve [cf. the discussion entitled
“Curves” in [CbTpl], §0]. Roughly speaking, these tripods either oc-
cur in the original stable log curve or arise as the result of blowing up
various cusps or nodes that occur in the one-dimensional fibers of
log configuration spaces of lower dimension [cf. Figure 1 at the end
of the present Introduction|. In fact, a substantial portion of §3 is
devoted precisely to the theory of classification of the various tripods
that occur in the one-dimensional fibers of the log configuration spaces
associated to a stable log curve [cf. Lemmas 3.6, 3.8]. This leads natu-
rally to the study of the phenomenon of tripod synchronization, i.e.,
roughly speaking, the phenomenon that an outomorphism [that is to
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say, an outer automorphism| of the pro-% fundamental group of a log
configuration space associated to a stable log curve typically induces
the same outer automorphism on the various [group-theoretic| tripods
that occur in subquotients of such a fundamental group [cf. Theo-
rems 3.16, 3.17, 3.18]. The phenomenon of tripod synchronization, in
turn, leads naturally to the definition of the tripod homomorphism
[cf. Definition 3.19], which may be thought of as the homomorphism
obtained by associating to an [FC-admissible] outer automorphism of
the pro-X fundamental group of the n-th log configuration space as-
sociated to a stable log curve, where n > 3 is a positive integer, the
outer automorphism induced on a [group-theoretic] central tripod,
i.e., roughly speaking, a tripod that arises, in the case where n = 3 and
the given stable log curve has no nodes, by blowing up the intersection
of the three diagonal divisors of the direct product of three copies of
the curve.

Theorem C (Synchronization of tripods in three or more di-
mensions). Let (g,r) be a pair of nonnegative integers such that 2g —
241 > 0; n a positive integer; X a set of prime numbers which is
either equal to the set of all prime numbers or of cardinality one; k
an algebraically closed field of characteristic ¢ ¥; (Speck)® the log
scheme obtained by equipping Spec k with the log structure determined
by the fs chart N — k that maps 1 — 0; X8 = X ¢ stable log
curve of type (g,r) over (Speck)°s. Write G for the semi-graph of
anabelioids of pro-Y, PSC-type determined by the stable log curve X'8.
For each positive integer i, write XZ-log for the i-th log configuration
space of the stable log curve X' [cf. the discussion entitled “Curves”
in “Notations and Conventions”]; 1I; for the mazimal pro-Y quotient
of the kernel of the natural surjection m (X,°®) — w1 ((Spec k)1°8). Let
T C 1, be a {1,--- ,m}-tripod of II,, [cf. Definition 3.3, (i)] for
m a positive integer < n. Suppose that n > 3. Let

Htpd g H3

be a 1-central {1, 2,3}-tripod of Il,, [cf. Definitions 3.3, (i); 3.7,
(ii)]. Then the following hold:

(i) The commensurator and centralizer of T in I1,, satisfy the
equality

Cu, (T) =T x Zy, (T).

Thus, if an outomorphism « of 11,,, preserves the 11,,,-conjugacy
class of T C Il,,, then one obtains a ‘restriction” a|r €

Out(T).
(ii) Let o € Out™(I1,) be an FC-admissible outomorphism of I1,,.

Then the outomorphism of 13 induced by o preserves the 1l3-
conjugacy class of I C Il3. In particular, by (i), we obtain
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a natural homomorphism
Trrepa - Out?e(I1,,) — Out(I1P9) .

We shall refer to this homomorphism as the tripod homo-
morphism associated to 11,,.

(iii) Let a € Out"™(II,,) be an FC-admissible outomorphism of 11,
such that the outomorphism «,, of I1,,, induced by o preserves
the 11,,,-conjugacy class of T C 11, and induces [cf. (i)] the
identity automorphism of the set of T-conjugacy classes of
cuspidal inertia subgroups of T'. Then there exists a geometric
[ef. Definition 3.4, (ii)] outer isomorphism II'**4 = T with
respect to which the outomorphism Tpwa(a) € Out(II'P4) [cf.
(i1)] is compatible with the outomorphism ap,|r € Out(T)

[ef. ()].

(iv) Suppose, moreover, that either n > 4 or r # 0. Then the
homomorphism Tuea of (ii) factors through Out®(ITP)A+ C
Out(I1*9) [cf. Definition 3.4, (i)], and, moreover, the resulting
homomorphism

‘thpd: OutF(Hn) = OutFC (Hn) - OutC(Htpd)A+
[¢f. Theorem A, (ii)] is surjective.

Here, we remark that the surjectivity of the tripod homomorphism
[cf. Theorem C, (iv)] is obtained [cf. Corollary 4.15] as a consequence
of the theory of glueability of combinatorial cuspidalizations developed
in §4 [cf. the discussion preceding Theorem F below|. Also, we recall
that the codomain of this surjective tripod homomorphism

OutC(ITPd)A+

may be identified with the [pro-X] Grothendieck-Teichmiiller group
GT* [cf. the discussion of [CmbCsp], Remark 1.11.1]. Since GT* may
be thought of as a sort of abstract combinatorial approximation
of the absolute Galois group Gg of the rational number field Q, it is
thus natural to think of the surjective tripod homomorphism

Out™(IT,,) — Out®(I1'Pd)A+

of Theorem C, (iv), as a sort of abstract combinatorial version of
the natural surjective outer homomorphism

1 ((Mg)a) = Go

induced on étale fundamental groups by the structure morphism (Mg 7)o
— Spec (Q) of the moduli stack (M, ,1)q of hyperbolic curves of type
(g,7) [cf. the discussion of Remark 3.19.1]. In particular, the kernel of
the tripod homomorphism — which we denote by

Out" (IL,, )&
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— may be thought of as a sort of abstract combinatorial analogue of
the geometric étale fundamental group of (Mg )q [i-e., the kernel of
the natural outer homomorphism 1 ((My1)q) = Gal.

One interesting application of the theory of tripod synchronization
is the following. Fix a pro-X fundamental group of a hyperbolic curve.
Recall the notion of a nondegenerate profinite Dehn multi-twist
[cf. [CbTpl], Definition 4.4; [CbTpl], Definition 5.8, (ii)] associated to a
structure of semi-graph of anabelioids of pro-¥ PSC-type on such a fun-
damental group. Here, we recall that such a structure may be thought
of as a sort of profinite analogue of the notion of a decomposition of a
hyperbolic topological surface into hyperbolic subsurfaces [i.e., such as
“pants”]. Then the following result asserts that, under certain techni-
cal conditions, any such nondegenerate profinite Dehn multi-twist that
commutes with another nondegenerate profinite Dehn multi-twist as-
sociated to some given totally degenerate semi-graph of anabelioids
of pro-X PSC-type [cf. [CbTpl], Definition 2.3, (iv)] necessarily arises
from a structure of semi-graph of anabelioids of pro-> PSC-type that
is “co-Dehn” to, i.e., arises by applying a deformation to, the given
totally degenerate semi-graph of anabelioids of pro-X PSC-type [cf.
Corollary 3.25]. This sort of result is reminiscent of topological results
concerning subgroups of the mapping class group generated by pairs of
positive Dehn multi-twists [cf. [Ishi], [HT]].

Theorem D (Co-Dehn-ness of degeneration structures in the
totally degenerate case). In the notation of Theorem C, for i =
1, 2, let Y/°% be a stable log curve over (Speck)°8; H; the “G” that
occurs in the case where we take “X'8” to be Y}°%: (M;, Si, ¢s) a 3-
cuspidalizable degeneration structure on G [cf. Definition 3.25,
(i), (v)]; a; € Out(Ilg) a nondegenerate (H;, S;, ¢;)-Dehn multi-twist
of G [cf. Definition 3.23, (iv)]. Suppose that oy commutes with s,
and that Hy is totally degenerate [cf. [CbTpl], Definition 2.3, (iv)].

Suppose, moreover, that one of the following conditions is satisfied:

(i) » # 0.
(ii) a; and ay are positive definite [cf. Definition 3.23, (iv)].

Then (Hi,S1,¢1) is co-Dehn to (Ha, Sa,¢2) [cf. Definition 3.23,
(#1)], or, equivalently [since Hs is totally degenerate/, (Ha, Sa, ¢p2) <
(M1, S1,¢1) [cf. Definition 3.23, (i1)].

Another interesting application of the theory of tripod synchroniza-
tion is to the computation, in terms of a certain scheme-theoretic
fundamental group, of the purely combinatorial commensurator of
the subgroup of profinite Dehn multi-twists in the group of 3-cuspidali-
zable, FC-admissible, “geometric” outer automorphisms of the pro-X
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fundamental group of a totally degenerate stable log curve [cf. Corol-
lary 3.27]. Here, we remark that the scheme-theoretic [or, perhaps more
precisely, “log algebraic stack-theoretic”] fundamental group that ap-
pears is, roughly speaking, the pro-¥ geometric fundamental group
of a formal neighborhood, in the corresponding logarithmic moduli
stack, of the point determined by the given totally degenerate sta-
ble log curve. In particular, this computation may also be regarded
as a sort of purely combinatorial algorithm for constructing this
scheme-theoretic fundamental group [cf. Remark 3.27.1].

Theorem E (Commensurator of profinite Dehn multi-twists
in the totally degenerate case). In the notation of Theorem C
[so n > 3], suppose further that if r = 0, then n > 4. Also, we

assume that G is totally degenerate [cf. [CbTpl], Definition 2.3,
—-— def ——

(w)]. Write s: Speck — (Mg = (Mg p))speck [cf- the discussion
entitled “Curves” in “Notations and Conventions”] for the underly-
ing (1-)morphism of algebraic stacks of the classifying (1-)morphism

—log

(Speck)le — (Mlgﬁ])k & (Mg p)speck [cf- the discussion entitled

“Curves” in “Notations and Conventions”] of the stable log curve X'°8
over (Speck)'°s; /\7;% for the log scheme obtained by equipping /\75 def
Spec k with the log structure induced, via s, by the log structure of
(ﬂ:ﬁ]) k; NI for the log stack obtained by forming the [stack-theoretic]
quotient of the log scheme ./C/'s10g by the natural action of the finite k-
group “s X (M, ) s”, i.e., the fiber product over (Mg )i of two copies
of s; N, for the underlying stack of the log stack N°8; I C m(N!°®)
for the closed subgroup of the log fundamental group w1 (N1°8) of Nl°&
given by the kernel of the natural surjection m (N8) — m(N;) [in-
duced by the (1-)morphism N8 — N, obtained by forgetting the log

structure; W%Z) (NI°8) for the quotient of mi(N8) by the kernel of the
natural surjection from In, to its mazimal pro-¥ quotient [ffs. Then
we have an equality

NOutF(Hn)gCO (Dehn(G)) = OOutF(Hn)gCO (Dehn(G))
and a natural commutative diagram of profinite groups

1 — Iy — e (Nleg) — MmN —— 1

l l |

1 —— Dehn(G) —— Coueran, e (Dehn(G)) —— Aut(G) —— 1

[cf.  Definition 3.1, (ii), concerning the notation “G”] — where the
horizontal sequences are exact, and the vertical arrows are isomor-
phisms. Moreover, Dehn(G) is open in Cgq v g, )z (Dehn(G)).
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In §4, we show, under suitable technical conditions, that an auto-
morphism of the pro-X fundamental group of the log configuration
space associated to a stable log curve necessarily preserves the graph-
theoretic structure of the various one-dimensional fibers of such a
log configuration space [cf. Theorem 4.7]. This allows us to verify the
glueability of combinatorial cuspidalizations, i.e., roughly speak-
ing, that, for n > 2 a positive integer, the datum of an n-cuspidalizable
outer automorphism of the pro-3¥ fundamental group of a stable log
curve is equivalent, up to possible composition with a profinite Dehn
multi-twist, to the datum of a collection of n-cuspidalizable automor-
phisms of the pro-X fundamental groups of the various irreducible com-
ponents of the given stable log curve that satisfy a certain gluing condi-
tion involving the induced outer actions on tripods [cf. Theorem 4.14].

Theorem F (Glueability of combinatorial cuspidalizations). In
the notation of Theorem C, write

OUtFC(Hn)brCh g OutFC(Hn)

for the closed subgroup of OutFC(Hn) consisting of FC-admissible out-
omorphisms « of 11, such that the outomorphism of Il determined by
a induces the identity automorphism of Vert(G), Node(G), and, more-
over, fizes each of the branches of every node of G [cf. Definition 4.6,
()]

Glu(IL,) € [ Out™((IL,).)

veVert(G)

for the closed subgroup of HUEVert(g) Out™((11,),,) consisting of “glue-
able” collections of outomorphisms of the groups “(IL,),” [cf. Defini-
tion 4.9, (iii)]. Then we have a natural exact sequence of profinite
groups

1 — Dehn(G) — Out™(11,,)> " — Glu(II,) — 1.

This glueability result may, alternatively, be thought of as a re-
sult that asserts the localizability [i.e., relative to localization on
the dual semi-graph of the given stable log curve] of the notion of n-
cuspidalizability. In this context, it is of interest to observe that this
glueability result may be regarded as a natural generalization, to the
case of n-cuspidalizability for n > 2, of the glueability result obtained
in [CbTpl], Theorem B, (iii), in the “l-cuspidalizable” case, which is
derived as a consequence of the theory of localizability [i.e., relative to
localization on the dual semi-graph of the given stable log curve| and
synchronization of cyclotomes developed in [CbTpl], §3, §4. From
this point of view, it is also of interest to observe that the sufficiency
portion of [the equivalence that constitutes] this glueability result [i.e.,
Theorem F] may be thought of as a sort of “converse” to the theory
of tripod synchronizations developed in §3 [i.e., of which the necessity



COMBINATORIAL ANABELIAN TOPICS II 15

portion of this glueability result is, in essence, a formal consequence —
cf. the proof of Lemma 4.10, (ii)]. Indeed, the bulk of the proof given in
§4 of Theorem 4.14 is devoted to the sufficiency portion of this result,
which is verified by means of a detailed combinatorial analysis [cf. the
proof of [CbTpl], Proposition 4.10, (ii)] of the noncyclically primi-
tive and cyclically primitive cases [cf. Lemmas 4.12, 4.13; Figures
2, 3, 4].

Finally, we apply this glueability result to derive a cuspidalization
theorem — i.e., in the spirit of and generalizing the corresponding
results of [AbsCsp|, Theorem 3.1; [Hsh|, Theorem 0.1; [Wkb], Theorem
C [cf. Remark 4.16.1] — for geometrically pro-l fundamental groups of
stable log curves over finite fields [cf. Corollary 4.16]. That is to say,
in the case of stable log curves over finite fields,

the condition of compatibility with the Galois action
is sufficient to imply the n-cuspidalizability of arbi-
trary isomorphisms between the geometric pro-I fun-
damental groups, for n > 1.

In this context, it is of interest to recall that strong anabelian results
[i.e., in the style of the “Grothendieck Conjecture”] for such geomet-
rically pro-I fundamental groups of stable log curves over finite fields
are not known in general, at the time of writing. On the other hand,
we observe that in the case of totally degenerate stable log curves
over finite fields, such “strong anabelian results” may be obtained un-
der certain technical conditions [cf. Corollary 4.17; Remarks 4.17.1,
4.17.2].

NOTATIONS AND CONVENTIONS

Sets: If S is a set, then we shall denote by #S5 the cardinality of S.

Groups: We shall refer to an element of a group as trivial (respectively,
nontrivial) if it is (respectively, is not) equal to the identity element of
the group. We shall refer to a nonempty subset of a group as trivial
(respectively, nontrivial) if it is (respectively, is not) equal to the set
whose unique element is the identity element of the group.

Topological groups: Let G be a topological group and J, H C G
closed subgroups. Then we shall write

Z;(H) ¥ {jeJ|jh=hjforany h e H} = Zg(H)NJ

for the centralizer of H in J,
2(G) = Za(G)
for the center of G, and

Z5°(H) € lim 2,(U) € J
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— where the inductive limit is over all open subgroups U C H of H —

for the “local centralizer” of H in J. We shall write Z'°¢(Q) o Le(@)
for the “local center” of G. Thus, a profinite group G is slim [cf. the
discussion entitled “Topological groups” in [CbTpl], §0] if and only if
Z"(G) = {1}.

Rings: If R is a commutative ring with unity, then we shall write R*
for the multiplicative group of invertible elements of R.

Curves: Let g, r;, ro be nonnegative integers such that 2¢g — 2 +
r1 + 1o > 0. Then we shall write Mg,[n]m for the moduli stack of
pointed stable curves of type (g,r1 + r2), where the first r marked
points are regarded as unordered, but the last ro marked points are
regarded as ordered, over Z; Mg 14r, © Mg ] 4r, for the open sub-
stack of M, )4, that parametrizes smooth curves; ﬂ;[g,,l] 4, for the
log stack obtained by equipping Mg,[m]m with the log structure as-

sociated to the divisor with normal crossings Mg 14r, \ Mg pi]4rs
M m11rsi Cofra)ers — Mg m]4r, for the tautological stable curve over
ﬂg,mm; 5%[7«1%@ C 597[7,1“7“2 for the corresponding tautological di-
visor of cusps of (_','97[“]“2 — ﬂg,[ﬁ]m. Then the divisor given by
the union of 1_397[,,1]”2 with the inverse image in Eg,[erz of the divi-

sor Hg,[m]m \ My g4 C ﬂ%[rle determines a log structure on

- —log

Cy fr1)4+ro; Write Cg 14, for the resulting log stack. Thus, we obtain

We shall write

Cofri4r C 597[T1}+r2 for the interior of E;id +r, lcf. the discussion
entitled “Log schemes” in [CbTpl], §0]. In particular, we obtain a

(1-)morphism of stacks Cq r]4r, — Mg r]4r.- Moreover, for a nonneg-

ative integer r such that 2g—2+r > 0, we shall write Mg,m def Mg,[r]+0;

def ——log def ——log — def — — def ==
Mg = Mg p+0; M M +0 Corl = Coir+0; Dy, = Dy r)+0;

g.lr] —
o _;?THOS Co.lr] o Cy,ir}+0- In particular, the stack M, ;) may be

g,|r

reg[a}rded as a moduli stack of hyperbolic curves of type (g,r) over Z. If
S is a scheme, then we shall denote by means of a subscript S the result
of base-changing via the structure morphism S — SpecZ the various
log stacks of the above discussion.

Let (g,7) be a pair of nonnegative integers such that 2g — 2+ r > 0;
n a positive integer; X'°8 a stable log curve [cf. the discussion entitled
“Curves” in [CbTpl], §0] of type (g,r) over a log scheme S'°8. Then we

shall refer to the log scheme obtained by pulling back the (1-)morphism
m;i] = ﬂ;‘ji] given by forgetting Ee last n [ordered] points via
the classifying (1-)morphism S'& — M, of X' as the n-th log

conguration space of X8,

—lo ——log

a (1-)morphism of log stacks Cgfh]m = My 4
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Figure 1 : tripods in the various fibers of a configuration space
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1. COMBINATORIAL ANABELIAN GEOMETRY IN THE ABSENCE OF
GROUP-THEORETIC CUSPIDALITY

In the present §1, we discuss various combinatorial versions of the
Grothendieck Conjecture for outer representations of NN- and IPSC-
type [cf. Theorem 1.9 below|. These Grothendieck Conjecture-type
results may be regarded as generalizations of [NodNon|, Corollary 4.2;
[NodNon|, Remark 4.2.1, that may be applied to isomorphisms that
are not necessarily group-theoretically cuspidal. For instance, we prove
[cf. Theorem 1.9, (ii), below] that any isomorphism between outer
representations of IPSC-type [cf. [NodNon], Definition 2.4, (i)] is nec-
essarily group-theoretically verticial, i.e., roughly speaking, preserves
the verticial subgroups.

A basic reference for the theory of semi-graphs of anabelioids of PSC-
type is [CmbGC]. We shall use the terms “semi-graph of anabelioids of
PSC-type”, “PSC-fundamental group of a semi-graph of anabelioids of
PSC-type”, “finite étale covering of semi-graphs of anabelioids of PSC-
type”, “vertex’, “edge’, “node’, “cusp’, “verticial subgroup”, “edge-like
subgroup”, “nodal subgroup”, “cuspidal subgroup”, and “sturdy’ as they
are defined in [CmbGC], Definition 1.1 [cf. also Remark 1.1.2 below].
Also, we shall apply the various notational conventions established in
[NodNon], Definition 1.1, and refer to the “PSC-fundamental group of
a semi-graph of anabelioids of PSC-type” simply as the “fundamental
group” [of the semi-graph of anabelioids of PSC-type]. That is to
say, we shall refer to the maximal pro-X quotient of the fundamental
group of a semi-graph of anabelioids of pro-X PSC-type [as a semi-
graph of anabelioids!] as the “fundamental group of the semi-graph of
anabelioids of PSC-type”.

In the present §1, let 3 be a nonempty set of prime numbers and G a
semi-graph of anabelioids of pro-> PSC-type. Write G for the under-
lying semi-graph of G, Ilg for the [pro-X| fundamental group of G, and
5 — G for the universal covering of G corresponding to Ilg. Then since
the fundamental group Ilg of G is topologically finitely generated, the
profinite topology of Ilg induces [profinite] topologies on Aut(Ilg) and
Out(Ilg) [cf. the discussion entitled “Topological groups” in [CbTpl],
§0]. If, moreover, we write Aut(G) for the automorphism group of G,
then, by the discussion preceding [CmbGC], Lemma 2.1, the natural
homomorphism

Aut(G) — Out(Ilg)

is an injection with closed image. [Here, we recall that an automor-
phism of a semi-graph of anabelioids consists of an automorphism of
the underlying semi-graph, together with a compatible system of iso-
morphisms between the various anabelioids at each of the vertices and
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edges of the underlying semi-graph which are compatible with the var-
ious morphisms of anabelioids associated to the branches of the under-
lying semi-graph — cf. [SemiAn|, Definition 2.1; [SemiAn]|, Remark
2.4.2.] Thus, by equipping Aut(G) with the topology induced via this
homomorphism by the topology of Out(Ilg), we may regard Aut(G) as
being equipped with the structure of a profinite group.

Definition 1.1. We shall say that an element v € Ilg of Ilg is verticial
(respectively, edge-like; nodal; cuspidal) if v is contained in a verticial
(respectively, an edge-like; a nodal; a cuspidal) subgroup of Ilg.

Remark 1.1.1. Let v € Ilg be a nontrivial [cf. the discussion entitled
“Groups’ in “Notations and Conventions”] element of Tlg. If vy € Tlg is
edge-like [cf. Definition 1.1], then it follows from [NodNon], Lemma 1.5,
that there exists a unique edge e € Edge(G) such that v € Il;. If y € Tlg
is wverticial, but not nodal [cf. Definition 1.1], then it follows from

[NodNon], Lemma 1.9, (i), that there exists a unique vertez v € Vert(G)
such that v € Il.

Remark 1.1.2. Here, we take the opportunity to correct an unfortu-
nate misprintin [CmbGC]. In the final sentence of [CmbGC], Definition
1.1, (ii), the phrase “rank > 2” should read “rank > 2”. In particular,
we shall say that G is sturdy if the abelianization of the image, in the
quotient IIg — IIg™ of IIg by the normal closed subgroup normally
topologically generated by the edge-like subgroups, of every verticial
subgroup of Ilg is free of rank > 2 over Z*. Here, we note in passing
that G is sturdy if and only if every vertex of G is of genus > 2 [cf.
[CbTpl], Definition 2.3, (iii)].

Lemma 1.2 (Existence of a certain connected finite étale cov-
ering). Let n be a positive integer which is a product [possibly with

multiplicities!] of primes € X; €1, €3 € Edge(G); v € Vert(G). Write
e, €1(G), ez &f €2(G), and v o v(G). Suppose that the following
conditions are satisfied:

(i) G is untangled /cf. [NodNon]|, Definition 1.2].

(ii) If ey is a node, then the following condition holds: Let w,
w' € V(ey) be the two distinct elements of V(ey) [cf. (i)].
Then #(N(w) NN (w')) > 3.

(iii) If ey is a cusp, then the following condition holds: Let w €
V(e1) be the unique element of V(e1). Then #C(w) > 3.
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(iv) e # es.
(v) v & V(er).

Then there exists a finite étale Galois subcovering G' — G of 5 — G
such that n divides [Ilg, : Iz, N1lg/|, and, moreover, Ig,, Iz C Tlg.

Proof. Suppose that e; is a node (respectively, cusp). Write H for
the [uniquely determined] sub-semi-graph of PSC-type [cf. [CbTpl],
Definition 2.2, (i)] of G whose set of vertices is = V(e;) = {w,w'}
[cf. condition (ii)] (respectively, = {w} [cf. condition (iii)]). Now it
follows from condition (ii) (respectively, (iii)) that there exists an e3 €
Node(Gln) = N(w) N N (w') (respectively, € Cusp(G|g) N Cusp(G) =
C(w)) [cf. [CbTpl], Definition 2.2, (ii)] such that e3 # es. Moreover,
again by applying condition (ii) (respectively, (iii)), together with the
well-known structure of the abelianization of the fundamental group
of a smooth curve over an algebraically closed field of characteristic
¢ 3, we conclude that there exists a finite étale Galois covering Gy —
Glu that arises from a normal open subgroup of Ilg), and which is
unramified at every element of Edge(G|m) \ {e1, e3} and totally ramified
at ey, es with ramification indices divisible by n. Now since Gy — G|y is
unramified at every element of Cusp(G|g) N Node(G), one may extend
this covering to a finite étale Galois subcovering G' — G of § — g
which restricts to the trivial covering over every vertex u of G such
that u # w, w’ (respectively, u # w). Moreover, it follows immediately
from the construction of G' — G that n divides [l : Il N Ilg/], and
Il;,, II; C Ilg,. This completes the proof of Lemma 1.2. U

Lemma 1.3 (Product of edge-like elements). Let 7, v, € Ilg be
two nontrivial edge-like elements of llg [cf. Definition 1.1]. Write

€1, €y € Edge(g) for the unique elements of Edge(G) such that v, €
Iz, 72 € Iz, [cf. Remark 1.1.1]. Suppose that the following conditions

are satisfied:

(i) For every positive integer n, it holds that ~]~% is verticial.
(i) €1 # es.

Then there exists a [necessarily unique — cf. [NodNon|, Remark 1.8.1,

(111)] v € Vert(G) such that {e1,e2} C E(v); in particular, it holds that
172 € 1.

Proof. Since €; # €, [cf. condition (ii)], one verifies easily that there

exists a finite étale Galois subcovering H — G of G — G that satisfies
the following conditions:

(1) &x(H) # ea(H).
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(2) H is untangled [cf. [NodNon]|, Definition 1.2; [NodNon], Re-
mark 1.2.1, (i), (ii)].

(3) For i € {1,2}, if ¢; € Node(G), then the following holds: Let
w, w' € V(€;(H)) be the two distinct elements of V(&;(H)) [cf.
(ii)]. Then #(N(w) NN (w')) > 3.

(4) For i € {1,2}, if ¢; € Cusp(G), then the following holds:
Let w € V(€;(H)) be the unique element of V(€;(H)). Then
#C(w) > 3.

Now it is immediate that there exists a positive integer m such that
vt € g, N1y, 75" € Iz, N1ly. Let v € Vert(G) be such that 714" €
Il [cf. condition (i)].

Suppose that v(H) & V(e;(H)). Then it follows from Lemma 1.2
that there exists a finite étale Galois subcovering H' — H of G — M
such that v{* & 113, and, moreover, Ilz, N1l IIzNII C IIy,. But this
implies that 75", v7"v5" € Ily, hence that " € Iy, a contradiction. In
particular, it holds that v(H) € V(e1(H)); a similar argument implies
that v(H) € V(é2(H)), hence that V(€1 (H)) N V(ex(H)) # 0. Thus, by
applying this argument to a suitable system of connected finite étale
coverings of H, we conclude that V(e1)NV(é3) # 0, i.e., that there exists
a v € Vert(G) such that {e1,é3} C £(v). Then since Il , 15, C I3,
it follows immediately that v;79 € Ilz. This completes the proof of
Lemma 1.3. 0O

Proposition 1.4 (Group-theoretic characterization of closed
subgroups of edge-like subgroups). Let H C Ilg be a closed sub-
group of llg. Then the following conditions are equivalent:

(i) H is contained in an edge-like subgroup.

(ii) An open subgroup of H is contained in an edge-like sub-
group.
(iii) Every element of H is edge-like [cf. Definition 1.1].

(iv) There exists a connected finite étale subcovering G' — G of
G — G such that for any connected finite étale subcovering
G — G of G — G that factors through G — G, the image of
the composite
H N g s Mg — T157°%
— where we write HZJ?/edge for the torsion-free [cf. [CmbGC],
Remark 1.1.4] quotient of the abelianization Hg‘? by the closed
subgroup topologically generated by the images in Hg‘? of the
edge-like subgroups of llg: — is trivial.
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Proof. The implications (i) = (ii) = (iv) are immediate. The equiv-
alence (iii) < (iv) follows immediately from [NodNon|, Lemma 1.6.
Thus, to complete the verification of Proposition 1.4, it suffices to ver-
ify the implication (iii) = (i). To this end, suppose that condition (iii)
holds. First, we observe that, to verify the implication (iii) = (i), it
suffices to verify the following assertion:

Claim 1.4.A: Let 71, 72 € H be nontrivial elements.

Write €1, e; € Edge(G) for the unique elements of

Edge(G) such that v, € I15,, v, € II;, [cf. Remark 1.1.1].

Then 51 = 52.
To verify Claim 1.4.A, let us observe that it follows from condition (iii)
that, for every positive integer n, it holds that v]'v% is edge-like, hence
verticial. 'Thus, it follows immediately from Lemma 1.3 that there
exists an element v € Vert(G) such that {e;,e2} C £(v); in particular,
it holds that vy, 7o € Il. Thus, to complete the verification of Claim
1.4.A, we may assume without loss of generality — by replacing Ilg, H
by 1T, Iz N H, respectively — that Node(G) = () [so €71, é; € Cusp(G)].
Moreover, we may assume without loss of generality — by replacing Ilg
(respectively, 71, 72) by a suitable open subgroup of Ilg (respectively,
suitable powers of 71, 72) — that #Cusp(G) > 4. Thus, it follows
immediately from the well-known structure of the abelianization of the
fundamental group of a smooth curve over an algebraically closed field
of characteristic € ¥ that the direct product of any 3 cuspidal inertia
subgroups of 11g associated to distinct cusps of G maps injectively to the
abelianization Hgb of Ilg. In particular, since 7,7y, is edge-like, hence
cuspidal, we conclude, by considering the cuspidal inertia subgroups
that contain 7, 72, and 12, that € = 5. This completes the proof of
Claim 1.4.A; hence also of the implication (iii) = (i). This completes
the proof of Proposition 1.4. O

Proposition 1.5 (Group-theoretic characterization of closed
subgroups of verticial subgroups). Let H C Ilg be a closed sub-
group of llg. Then the following conditions are equivalent:

(i) H is contained in a verticial subgroup.

(ii) An open subgroup of H is contained in a verticial subgroup.
(iii) Every element of H is verticial [cf. Definition 1.1].
)

(iv) There exists a connected finite étale subcovering G — G of

G > G such that for any connected finite étale subcovering
G' — G of G — G that factors through G — G, the image of
the composite

b- b
HnN Hg/ —> Hg/ —» Hg/ com
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— where we write I for the torsion-free [cf. [CmbGC],
Remark 1.1.4] quotient of the abelianization Hag]? by the closed
subgroup topologically generated by the images in Hg’? of the
verticial subgroups of Illg: — is trivial.

Proof. The implications (i) = (ii) = (iv) are immediate. Next, we
verify the implication (iv) = (iii). Suppose that condition (iv) holds.
Let v € H. Then to verify that v is wverticial, we may assume with-
out loss of generality — by replacing H by the procyclic subgroup
of H topologically generated by v — that H is procyclic. Now the
implication (iv) = (iii) follows immediately from a similar argument
to the argument applied in the proof of the implication (i) = (i) of
[NodNon], Lemma 1.6, in the edge-like case. Here, we note that unlike
the edge-like case, there is a slight complication arising from the fact
[cf. [NodNon], Lemma 1.9, (i)] that an element v € Vert(G) is not
necessarily uniquely determined by the condition that H C Il ie.,
there may exist distinct vy, v, € V() for some € € Node(G) such that
H C Il = Il N1lg,. On the other hand, this phenomenon is, in fact,
irrelevant to the argument in question, since Il does not contain any
elements that fix, but permute the branches of, e. This completes the
proof of the implication (iv) = (iii).

Finally, we verify the implication (iii) = (i). Suppose that condition
(iii) holds. Now if every element of H is edge-like, then the implication
(iii) = (i) follows from the implication (iii) = (i) of Proposition 1.4,
together with the fact that every edge-like subgroup is contained in a
verticial subgroup. Thus, to verify the implication (iii) = (i), we may
assume without loss of generality that there exists an element v, € H

of H that is not edge-like. Write v; € Vert(G) for the unique element

of Vert(G) such that v, € I3 [cf. Remark 1.1.1].
Now we claim the following assertion:

Claim 1.5.A: H C Il

Indeed, let v, € H be a nontrivial element of H. If v = 7, then
vo € Il . Thus, we may assume without loss of generality that v, # 7s.

. def —1
Write v = 717, .

Next, suppose that v, is not edge-like. Write v € Vert(G) for the
unique element of Vert(G) such that v, € Il [cf. Remark 1.1.1]. Let
H — G be a connected finite étale subcovering of G — G. Then since
neither v1 nor 7 is edge-like, one verifies easily — by applying the
implication (iv) = (i) of Proposition 1.4 to the closed subgroups of
IIg topologically generated by 71, 72, respectively — that there exist
a connected finite étale subcovering H' — H of G — H and a positive
integer n such that 7, 75 € Il C Ily, and, moreover, the images
of 4", 7% € Il via the natural surjection Il —» Hj:i/ *d€ [of. the
notation of Proposition 1.4, (iv)] are nontrivial. Thus, it follows from
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the existence of the natural split injection

@ sz/edge N H;’;)//edge
veVert(H)

of [NodNon], Lemma 1.4, together with the fact that 7775 € Iz is
verticial [cf. condition (iii)], that v3(H') = v2(H'), hence that v;(H) =
U2(H). Therefore, by allowing the subcovering H — G of G —> G to
vary, we conclude that v; = vs; in particular, it holds that v, € Il .

Next, suppose that 7, is edge-like, but that v is not edge-like. Then,
by applying the argument of the preceding paragraph concerning s to
v, we conclude that ~, hence also 75, is contained in Il .

Next, suppose that both 72 and v are edge-like. Write €3, € €
Edge(G) for the unique elements of Edge(G) such that vo € Ilg,, v € 1z
[cf. Remark 1.1.1]. Then since v, is not edge-like, it follows immedi-
ately that ey # €. Moreover, it follows from condition (iii) that for
any positive integer n, the element v§~y" is verticial. Thus, it follows

immediately from Lemma 1.3 that there exists a unique v € Vert(G)
such that {es,e} C £(v), 11 = 772 € ;. On the other hand, since
vy € Vert(G) is uniquely determined by the condition that v, € Ilz,, we
thus conclude that v; = v, hence that v, € Il;, C I3, as desired. This
completes the proof of Claim 1.5.A and hence also of the implication
(iii) = (i). O

Theorem 1.6 (Section conjecture-type result for outer rep-
resentations of SNN-, IPSC-type). Let 3 be a nonempty set of
prime numbers, G a semi-graph of anabelioids of pro-X PSC-type, and
I — Aut(G) an outer representation of SNN-type [cf. [NodNon],
Definition 2.4, (ii1)]. Write llg for the [pro-X] fundamental group of G

e out . . . i .
and 117 def IIg x I [ef. the discussion entitled “Topological groups” in
[CbTpl|, §0J; thus, we have a natural exact sequence of profinite groups

1l —1Ilg —1; —1—71.

Write Sect(Il; /1) for the set of sections of the natural surjection 11 —
1. Then the following hold:

(i) For anyv € Vert(G), the composite Iz — 11 — I [cf. [NodNon],
Definition 2.2, (1)] is an isomorphism. In particular, I; C I1;
determines an element sy € Sect(1l;/1); thus, we have a map

Vert(G) — Sect(I1; /1)

v — Sy -

Finally, the following equalities concerning centralizers of sub-
groups of 11y in llg [cf. the discussion entitled “Topological
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groups” in “Notations and Conventions”] hold: Zn,(sz(1)) =
Zg (L) = 115.

(ii) The map of (i) is injective.

(iii) If, moreover, I — Aut(G) is of IPSC-type [cf. [NodNon],
Definition 2.4, (i)], then, for any s € Sect(Il;/I), the central-
izer Zmg(s(1)) is contained in a verticial subgroup.

(iv) Let s € Sect(1l;/I). Consider the following two conditions:

(1) The section s is contained in the image of the map of (i),

i.e., s = sy for some v € Vert(G).

(2) Zng(Zng(s(1))) = {1}.
Then we have an implication

(1) = (2).
If, moreover, I — Aut(G) is of IPSC-type, then we have an
equivalence

(1) = (2).

Proof. First, we verify assertion (i). The fact that the composite ;7 <
II; — I is an isomorphism follows from condition (2') of [NodNon],
Definition 2.4, (ii). On the other hand, the equalities Zp,(s5(/)) =
Zn, (Iy) = 1z follow from [NodNon], Lemma 3.6, (i). This completes
the proof of assertion (i). Assertion (ii) follows immediately from the
final equalities of assertion (i), together with [NodNon], Lemma 1.9,
(ii). Next, we verify assertion (iii). Write H & Zng(s(I)). Then
it follows immediately from [CmbGC], Proposition 2.6, together with
the definition of H = Zy,(s(/)), that for any connected finite étale

subcovering G' — G of G — G, the image of the composite
HnN Hg/ — Hg/ —» Hgl/a—comb

[cf. the notation of Proposition 1.5, (iv)] is trivial. Thus, it follows
from the implication (iv) = (i) of Proposition 1.5 that H is contained
in a verticial subgroup. This completes the proof of assertion (iii).
Finally, we verify assertion (iv). To verify the implication (1) = (2),
suppose that condition (1) holds. Then since Zn,(s3(1)) = Zn,(I5) =
I [cf. assertion (i)] is commensurably terminal in Ilg [cf. [CmbGC],
Proposition 1.2, (ii)] and center-free [cf. [CmbGC], Remark 1.1.3], we
conclude that Zy, (Zn, (s3(1))) = Zng(Ilz) = {1}. This completes the
proof of the implication (1) = (2). Next, suppose that I — Aut(G) is of

IPSC-type, and that condition (2) holds. Then it follows from assertion

(iii) that there exists a o € Vert(G) such that H o Zng(s(I)) C

I, so Iz C Zn,(H). On the other hand, since s(I) C Zy,(H), and
Zng(H) = Zng(Zng(s(I))) = {1} [cf. condition (2)], i.e., the composite
of natural homomorphisms Zp, (H) < II; — [ is injective, it follows
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that s(I) = Zp,(H) 2 I;. Since I and s(I) may be obtained as the
images of sections, we thus conclude that Iz = s(I), i.e., s = s3. This

completes the proof of the implication (2) = (1), hence also of assertion
(iv). O

Remark 1.6.1. Recall that in the case of outer representations of NN-
type, the period matriz is not necessarily nondegenerate [cf. [CbTpl],
Remark 5.9.2]. In particular, the argument applied in the proof of The-
orem 1.6, (iii) — which depends, in an essential way, on the fact that,
in the case of outer representations of IPSC-type, the period matrix is
nondegenerate [cf. the proof of [CmbGC], Proposition 2.6] — cannot be
applied in the case of outer representations of NN-type. Nevertheless,
the question of whether or not Theorem 1.6, (iii), as well as the appli-
cation of Theorem 1.6, (iii), given in Corollary 1.7, (ii), below, may be
generalized to the case of outer representations of NN-type remains a
topic of interest to the authors.

Corollary 1.7 (Group-theoretic characterization of verticial
subgroups for outer representations of IPSC-type). In the no-
tation of Theorem 1.6, let us refer to a closed subgroup of llg as a
section-centralizer if it may be written in the form Zu,(s(I)) for
some s € Sect(Il;/I). Let H C Ilg be a closed subgroup of Ilg. Then
the following hold:

(i) Suppose that H is a section-centralizer such that Zy,(H) =
{1}. Then the following conditions on a section s € Sect(Il;/I)
are equivalent:

(i-1) H = Zug (s(I)).
(-2) s(1) S Zu,(H).
(i-3) s(I) = Zn, (H).

(ii) Consider the following three conditions:
(ii-1) H is a verticial subgroup.
(ii-2) H is a section-centralizer such that Zn,(H) = {1}.
(ii-3) H is a maximal section-centralizer.
Then we have implications
(ii-1) => (ii-2) = (ii-3).

If, moreover, I — Aut(G) is of IPSC-type [cf. [NodNon],
Definition 2.4, (i)], then we have equivalences

(ii-1) <> (ii-2) < (ii-3).
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Proof. First, we verify assertion (i). The implication (i-1) = (i-2)
is immediate. To verify the implication (i-2) = (i-3), suppose that
condition (i-2) holds. Then since Zy,(H) N1lg = Zy,(H) = {1}, the
composite Zy,(H) < II; — I is injective. Thus, since the composite
s(I) = Zn,(H) — I} — [ is an isomorphism, it follows immediately
that condition (i-3) holds. This completes the proof of the implication
(i-2) = (i-3). Finally, to verify the implication (i-3) = (i-1), suppose
that condition (i-3) holds. Then since H is a section-centralizer, there
exists a t € Sect(Il;/I) such that H = Zy,(t(/)). In particular, t(1) C
Zn,(H) = s(I) [cf. condition (i-3)]. We thus conclude that t = s, i.e.,
that condition (i-1) holds. This completes the proof of assertion (i).
Next, we verify assertion (ii). The implication (ii-1) = (ii-2) fol-
lows immediately from Theorem 1.6, (i), (iv). To verify the impli-
cation (ii-2) = (ii-3), suppose that H satisfies condition (ii-2); let
s € Sect(Il;/I) be such that H C Zp,(s(I)). Then it follows imme-
diately that s(I) C Zp,(H). Thus, it follows immediately from the
equivalence (i-1) < (i-2) of assertion (i) that H = Zy,(s()). This
completes the proof of the implication (ii-2) = (ii-3). Finally, observe
that the implication (ii-3) = (ii-1) in the case where I — Aut(G) is of
IPSC-type follows immediately from Theorem 1.6, (iii), together with
the fact that every verticial subgroup is a section-centralizer [cf. the
implication (ii-1) = (ii-2) verified above]. This completes the proof of
Corollary 1.7. O

Lemma 1.8 (Group-theoretic characterization of verticial sub-
groups for outer representations of SNN-type). Let H C Ilg be
a closed subgroup of llg and I — Aut(G) an outer representation of

out

SNN-type [cf. [NodNon|, Definition 2.4, (iii)]. Write I1; o Ig x I
[cf. the discussion entitled “Topological groups” in [CbTpl], §0/; thus,
we have a natural exact sequence of profinite groups

1l —1Ilg —1; —1—71.

Suppose that G is untangled [cf. [NodNon|, Definition 1.2]. Then H
is a verticial subgroup if and only if H satisfies the following four
conditions:

(i) The composite Iy o Zn,(H) <= II; — I is an isomorphism.
(ii) It holds that H = Zy,(1g).
iii) For any v € Ilg, it holds that v € H if and only if H N (y- H -
g
v # {1}
(iv) H contains a nontrivial verticial element of Ilg [cf. Defini-
tion 1.1].
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Proof. It H is a verticial subgroup, then it is immediate that condition
(iv) is satisfied; moreover, it follows from condition (2) of [NodNon],
Definition 2.4, (ii) (respectively, [NodNon], Lemma 3.6, (i); [NodNon],
Remark 1.10.1), that H satisfies condition (i) (respectively, (ii); (iii)).
This completes the proof of necessity.

To verify sufficiency, suppose that H satisfies conditions (i), (ii), (iii),
and (iv). It follows from condition (iv) that there exists a v € Vert(G)

such that J %< H N 1; # {1}. If either J =1I; or J = H, i.e., either

II; € H or H C I, then it is immediate that either Iy C Iz or I; C Iy
[cf. [NodNon|, Definition 2.2, (i)]. Thus, it follows from condition (i)
[for H and II;] that Iy = I;. But then it follows from condition (ii)
[for H and Il that H = Zn,(Ig) = Zu,(Is) = Il3; in particular, H is
a verticial subgroup.

Thus, we may assume without loss of generality that J # H, Il;.

Let v € H\ J. Write J? o v - J-~~L. Then we have inclusions
[;DJCHDJ Cllyy (=v-Tz-~7h).
Now we claim the following assertion:
Claim 1.8.A: Ny, (J) = J, Ny (J7) = J7.

Indeed, let o € Ny (J). Then since {1} # J = JN(o-J 07! C
I3 N 1lge, it follows from condition (iii) [for IIz] that o € II;. Similarly,
since {1} # J = JN(oc-J-0') C HN(c-H- o), it follows
from condition (iii) [for H| that ¢ € H. Thus, 0 € IIyNH = J. In

particular, we obtain that N (J) = J. A similar argument implies

that Np,(J7) = J7. This completes the proof of Claim 1.8.A.
Now the composites Ny, (J), N, (J?) — 1I; — I fit into exact
sequences of profinite groups

1 — Np,(J) — N, (J) — 1,
1 — Npgy(J7) — Ny, (J7) — 1.
Thus, since we have inclusions
Iy = Zn,(H) € Zu,(J) /),
Iy = Zn,(H) C Zu,(J7) (J7),
Iz = Zn, (1) € Zn,(J) € N, (J),
Iy = Zn, (U ) € Zy, (J7) € N, (J7),

it follows immediately from Claim 1.8.A, together with condition (i)
[for H and IT3|, that

Nu,(J)=J - Ig=J - Iz , Ny, (J")=J"-Ig=J" L.
In particular, we obtain that
Iy € N, (J)=J- Iz Clly- Dy = Dy,
Iy € Ny, (J7)=J" - Izn C Iy - Dy = Dy

C Np,
C Np,



COMBINATORIAL ANABELIAN TOPICS II 29

[cf. [NodNon], Definition 2.2, (i)], i.e., Iy € Dz N Dg. On the other
hand, since H 5 v ¢ J = H N1l it follows from condition (iii) [for
II;] that IIz» NIl = {1}; thus, it follows immediately from the fact
that Dy N Dy N1lg = Iz N1l = {1} [cf. [CmbGC], Proposition 1.2,
(ii)], together with condition (i), that Iy = Dy N Dyv, which implies,
by [NodNon], Proposition 3.9, (iii), that there exists a w € Vert(G)
such that Iy = I. In particular, it follows from condition (ii) [for H
and ] that H = Zn,(Ig) = Zng,(Ig) = Ilg. Thus, H is a verticial
subgroup. This completes the proof of Lemma 1.8. Il

Theorem 1.9 (Group-theoretic verticiality /nodality of isomor-
phisms of outer representations of NN-, IPSC-type). Let X be
a nonempty set of prime numbers, G (respectively, H) a semi-graph
of anabelioids of pro-¥. PSC-type, 1lg (respectively, 11y ) the [pro-X]
fundamental group of G (respectively, H), a: Ilg = Il an isomor-
phism of profinite groups, I (respectively, J) a profinite group, pr: I —
Aut(G) (respectively, py: J — Aut(H)) a continuous homomorphism,
and B: 1 = J an isomorphism of profinite groups. Suppose that the
diagram
I —— Out(Hg)

ﬁJ/ lOut (o)

J — Out(Hy{)
— where the right-hand vertical arrow is the isomorphism induced by
a; the upper and lower horizontal arrows are the homomorphisms de-

termined by p; and py, respectively — commutes. Then the following
hold:

(i) Suppose, moreover, that py, p; are of NN-type [cf. [NodNon],
Definition 2.4, (iii)]. Then the following three conditions are
equivalent:

(1) The isomorphism « is group-theoretically verticial fi.e.,

roughly speaking, preserves verticial subgroups — cf. [CmbGC],

Definition 1.4, (iv)].

(2) The isomorphism « is group-theoretically nodal [i.e.,
roughly speaking, preserves nodal subgroups — cf. [NodNon],
Definition 1.12].

(3) There exists a nontrivial verticial element vy € Tlg such
that o(vy) € Iy is verticial [cf. Definition 1.1].

(ii) Suppose, moreover, that p; is of NN-type, and that py is of
IPSC-type /cf. [NodNon|, Definition 2.4, (i)]. [For example,
this will be the case if both p; and py are of IPSC-type — cf.
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[NodNon|, Remark 2.4.2.] Then « is group-theoretically
verticial, hence also [cf. (i)] group-theoretically nodal.

Proof. First, we verify assertion (i). The implication (1) = (2) fol-
lows from [NodNon], Proposition 1.13. The implication (2) = (3)
follows from the fact that any nodal subgroup is contained in a verti-
cial subgroup. [Note that if Node(H) = 0, then every element of Il
is verticial.] Finally, we verify the implication (3) = (1). Suppose
that condition (3) holds. Since verticial subgroups are commensurably
terminal [cf. [CmbGC]|, Proposition 1.2, (ii)], to verify the implica-
tion (3) = (1), by replacing II;, IT; by open subgroups of II;, II;, we
may assume without loss of generality that p;, p; are of SNN-type [cf.
[NodNon], Definition 2.4, (iii)], and, moreover, that G and H are un-
tangled [cf. [NodNon], Definition 1.2; [NodNon|, Remark 1.2.1, (i), (ii)].
Let v € Vert(G) be such that v € II;. Then it is immediate that a(Il3)
satisfies conditions (i), (ii), and (iii) in the statement of Lemma 1.8.
On the other hand, it follows from condition (3) that a(Ily) satisfies
condition (iv) in the statement of Lemma 1.8. Thus, it follows from
Lemma 1.8 that «o(Ilz) C Iy is a wverticial subgroup. Now it follows
from [NodNon|, Theorem 4.1, that « is group-theoretically verticial.
This completes the proof of the implication (3) = (1).

Finally, we verify assertion (ii). It is immediate that, to verify as-
sertion (ii) — by replacing I, J by open subgroups of I, J — we may
assume without loss of generality that p; is of SNN-type. Let H C Ilg
be a verticial subgroup of Ilg. Then it follows from Corollary 1.7,
(ii), that H, hence also a(H), is a mazimal section-centralizer [cf. the
statement of Corollary 1.7]. Thus, since p; is of IPSC-type, again by
Corollary 1.7, (ii), we conclude that o(H) C Il is a verticial subgroup
of II3;. In particular, it follows from [NodNon], Theorem 4.1, together
with [NodNon], Remark 2.4.2, that « is group-theoretically verticial
and group-theoretically nodal. This completes the proof of assertion

(ii). O

Remark 1.9.1. Thus, Theorem 1.9, (i), may be regarded as a gen-
eralization of [NodNon], Corollary 4.2. Of course, ideally, one would
like to be able to prove that conditions (1) and (2) of Theorem 1.9,
(i), hold automatically [i.e., as in the case of outer representations of
IPSC-type treated in Theorem 1.9, (ii)], without assuming condition
(3). Although this topic lies beyond the scope of the present mono-
graph, perhaps progress could be made in this direction if, say, in the
case where X is either equal to the set of all prime numbers or of car-
dinality one, one starts with an isomorphism « that arises from a PF-
admissible [cf. [CbTpl], Definition 1.4, (i)] isomorphism between con-
figuration space groups corresponding to m-dimensional configuration
spaces [where m > 2] associated to stable curves that give rise to G and



COMBINATORIAL ANABELIAN TOPICS II 31

H, respectively [i.e., one assumes the condition of “m-cuspidalizability”
discussed in Definition 3.20, below, where we replace the condition of
“PFC-admissibility” by the condition of “PF-admissibility”]. For in-
stance, if Cusp(G) # 0, then it follows from [CbTplI], Theorem 1.8,
(iv); [NodNon]|, Corollary 4.2, that this condition on « is sufficient to
imply that conditions (1) and (2) of Theorem 1.9, (i), hold.
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2. PARTIAL COMBINATORIAL CUSPIDALIZATION FOR F-ADMISSIBLE
OUTOMORPHISMS

In the present §2, we apply the results obtained in the preceding §1,
together with the theory developed by the authors in earlier papers, to
prove combinatorial cuspidalization-type results for F-admissible out-
omorphisms [cf. Theorem 2.3, (i), below]. We also show that any F-
admissible outomorphism of a configuration space group [arising from a
configuration space] of sufficiently high dimension [i.e., > 3 in the affine
case; > 4 in the proper case| is necessarily C-admissible, i.e., preserves
the cuspidal inertia subgroups of the various subquotients correspond-
ing to surface groups [cf. Theorem 2.3, (ii), below|. Finally, we discuss
applications of these combinatorial anabelian results to the anabelian
geomelry of configuration spaces associated to hyperbolic curves over
arithmetic fields [cf. Corollaries 2.5, 2.6, below].

In the present §2, let > be a set of prime numbers which is either
equal to the set of all prime numbers or of cardinality one; n a positive
integer; k an algebraically closed field of characteristic & 3; X a hyper-
bolic curve of type (g, r) over k. For each positive integer i, write X; for
the i-th configuration space of X; II; for the maximal pro-3 quotient
of the fundamental group of X;.

Definition 2.1. Let o € Aut(Il,) be an automorphism of IL,,.
(i) Write
{1}=K,CK,.C---CK,C Ky CK,=1I,

for the standard fiber filtration on II,, [cf. [CmbCsp], Defini-
tion 1.1, (i)]. For each m € {1,2,--- n}, write C,, for the
finite] set of K,,_1/K,,-conjugacy classes of cuspidal inertia
subgroups of K,,_1/K,, [where we recall that K,, 1/K,, is
equipped with a natural structure of pro-X surface group —
cf. [MzTa], Definition 1.2]. Then we shall say that a is wC-
admissible [i.e., “weakly C-admissible”] if o preserves the stan-
dard fiber filtration on II,, and, moreover, satisfies the following
conditions:

o Ifm e {1,2,---n—1}, then the automorphism of K,,_1/K,,
determined by « induces an automorphism of C,,.

e [t follows immediately from the various definitions in-
volved that we have a natural injection C,,_; — C},. That
is to say, if one thinks of K, 5 as the two-dimensional
configuration space group associated to some hyperbolic
curve, then the image of C,,_; — (), corresponds to the
set of cusps of a fiber [of the two-dimensional configura-
tion space over the hyperbolic curve] that arise from the
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cusps of the hyperbolic curve. Then the automorphism of
K, 1 determined by « induces an automorphism of the
image of the natural injection C),_; — C,,.

Write

Aut“C(I1,,) € Aut(II,)
for the subgroup of wC-admissible automorphisms and

Out™(I1,) < Aut™(IL,)/Inn(I1,) € Out(Il,) .

We shall refer to an element of Out““(II,,) as a wC-admissible
outomorphism.

(ii) We shall say that a is FwC-admissible if o is F-admissible
[cf. [CmbCsp], Definition 1.1, (ii)] and wC-admissible [cf. (i)].
Write

Aut™C(I1,) C Aut™(IT,,)
for the subgroup of FwC-admissible automorphisms and
Out™C(I1,) © Aut™C(I1,) /Inn(I1,) € Out*(IL,) .

We shall refer to an element of Out™%(I1,,) as an FwC-admissible
outomorphism.

(iii)) We shall say that « is DF-admissible [i.e., “diagonal-fiber-
admissible”’] if a is F-admissible, and, moreover, a induces
the same automorphism of II; relative to the various quotients
I1,, — II; by fiber subgroups of co-length 1 [cf. [MzTa|, Defini-
tion 2.3, (iii)]. Write

AutPF(I1,,) € Aut"(I1,,)

for the subgroup of DF-admissible automorphisms.

Remark 2.1.1. Thus, it follows immediately from the definitions that
C-admissible = wC-admissible.

In particular, we have inclusions

Aut™(11,) < Aut™C(I1,) Out™(I1,) < Out™(11,)
N N N N
Aut®(I,) < Aut™o(II,) Out®(I,,) < Out™ (Il,)

[cf. Definition 2.1, (i), (ii)].
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Lemma 2.2 (F-admissible automorphisms and inertia subgroups).
Let a € Aut®(I1,) be an F-admissible automorphism of 11,,. Then the
following hold:

(i) There exist 8 € AutP"(Il,) [cf. Definition 2.1, (iii)] and v €
Inn(I1,) such that oo = B o .

(ii) For each positive integer i, write Z;Og for the i-th log config-
uration space of X [cf. the discussion entitled “Curves” in
“Notations and Conventions”]; Uz, C Z; for the interior of
Z%% [cf. the discussion entitled “Log schemes” in [CbTpl],
§0], which may be identified with X;. Let € be an irreducible
component of the complement Z,_y \ Uz, , [cf. [CmbCsp],
Proposition 1.3]; 1. C 11,1 an inertia subgroup of I1,,_; asso-
ciated to the divisor € of Z,_1; pr: Uz, — Uy, _, the projection
obtained by forgetting the factor labeled n; pr'': 1I,, — II,_,
the surjection induced by pr; IL,/, 1 df Ker(pr'!); 6 an ir-
reducible component of the fiber of the [uniquely determined]
extension Z, — Z, 1 of pr over the generic point of € [so
0 naturally determines an irreducible component of the com-
plement Z, \ Uz, |; Dy C I, Xy, , I. (C II,) — where the
homomorphism I1,, — 11,,_1 implicit in the fiber product is the
surjection pr't: I, — II,,_1 — a decomposition subgroup of
II,, x1, , Ic (C 1I,) associated to the divisor [naturally deter-

mined by] 0 of Z,; 11y o Dy NI, /n—1 [cf. [CmbCsp], Proposi-
tion 1.3, (iv)]. Suppose that the automorphism of I1,,_1 induced
by a € Aut¥(IL,,) relative to pr'™" stabilizes I, C I,,_;. Then o

preserves the 11,,/,_1-conjugacy class of 1ly.

Proof. Assertion (i) follows immediately from [CbTpI], Theorem A, (i).
Assertion (ii) follows immediately from Theorem 1.9, (ii) [cf. also the
proof of [CmbCsp]|, Proposition 1.3, (iv)]. O

Theorem 2.3 (Partial combinatorial cuspidalization for F-ad-
missible outomorphisms). Let X be a set of prime numbers which
15 either equal to the set of all prime numbers or of cardinality one; n
a positive integer; X a hyperbolic curve of type (g,r) over an alge-
braically closed field of characteristic & 3; X,, the n-th configuration
space of X ; II,, the mazimal pro-X quotient of the fundamental group
Of Xn;
Out”(I1,,) € Out(IL,)

the subgroup of F-admissible outomorphisms [i.e., roughly speaking,
outomorphisms that preserve the fiber subgroups — cf. [CmbCsp], Def-
inition 1.1, (ii)] of TL,,;

Out"“(I1,,) € Out"(I1,,)
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the subgroup of FC-admissible outomorphisms [i.e., roughly speak-
ing, outomorphisms that preserve the fiber subgroups and the cuspidal
inertia subgroups — cf. [CmbCsp)|, Definition 1.1, (ii)] of 11,,;

(OutFe(IL,) C) Out™C(IL,) C OutF(IL,,)

the subgroup of FwC-admissible outomorphisms [cf. Definition 2.1,
(i1); Remark 2.1.1] of 11,,. Then the following hold:

(i) Write

def{l if r # 0, def{?) if r #£0,

T2 gfr=0, ™IT 4 ifr=0.

If n > iy (respectively, n > ny), then the natural homomor-
phism

Out™ (I1,,41) — Out*(I1,,)

induced by the projections X,1 — X, obtained by forgetting
any one of the n+1 factors of X,,11 [cf. [CbTpl], Theorem A,
(i)] is injective (respectively, bijective).

(il) Write
2 if(g,r) = (0,3),

3
nee D43 if(g,r) # (0,3) and r # 0,
4 ifr=0.

If n > ngc, then it holds that
Out™(I1,,) = Out"(II,,) .

(iii) Write

2 ifr>2
npec 203 ifr=1,
4  ifr=0.

If n > npywc, then it holds that
Out™¢(I1,) = Out™(II,,) .

(iv) Consider the natural inclusion
S, — Out(IL,)

— where we write &,, for the symmetric group on n letters —
obtained by permuting the various factors of X,,. If (r,n) #
(0,2), then the image of this inclusion is contained in the cen-
tralizer Zoum,)(Out” (IL,)).

Proof. First, we verify assertion (iii) in the case where n = 2, which
implies that » > 2 [cf. the statement of assertion (iii)]. To verify
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assertion (iii) in the case where n = 2, it is immediate that it suffices
to verify that

AutFWC(Hg) = AutF<H2) .

Let a € Aut™(II,). Let us assign the cusps of X the labels ai,--- , a,.
Now, for each i € {1,--- , 7}, recall that there is a uniquely determined
cusp of the geometric generic fiber X5/, of the projection X, — X to
the factor labeled 1 that corresponds naturally to the cusp of X labeled
a;; we assign to this uniquely determined cusp the label b;. Thus,
there is precisely one cusp of X5/, that has not been assigned a label
€ {by, -+ ,b.}; we assign to this uniquely determined cusp the label
b,+1. Then since the automorphism of I1; induced by « relative to either
p1 or po — where we write py, po for the surjections Il — II; induced
by the projections X — X to the factors labeled 1, 2, respectively
— is F'C-admissible [cf. [CbTpl], Theorem A, (ii)], it follows from the
various definitions involved that, to verify that a € AutFWC(HQ), it
suffices to verify the following assertion:

Claim 2.3.A: For any b € {by, -~ ,b.}, if [, C Iy def

Ker(p;) C II, is a cuspidal inertia subgroup associated
to the cusp labeled b, then a([}) is a cuspidal inertia
subgroup.

Now observe that to verify Claim 2.3.A, by replacing o by the compos-
ite of a with a suitable element of Aut*“(Il,) [cf. [CmbCsp], Lemma
2.4], we may assume without loss of generality that the [necessarily FC-
admissible] automorphism of IT; induced by « relative to p;, hence also
relative to py [cf. [CbTpI|, Theorem A, (i)], induces the identity auto-
morphism on the set of conjugacy classes of cuspidal inertia subgroups
of Hl.

To verify Claim 2.3.A, let us fix b € {by,---,b,.}, together with a
cuspidal inertia subgroup I, C Il,/; associated to the cusp labeled b of
IIy/1. Also, let us fiz

e a €{ay, - ,a,} such that if b =b; and a = a;, then ¢ # j [cf.
the assumption that r > 2!J;

e a cuspidal inertia subgroup I, C II; associated to the cusp

labeled a of I1;.

Now observe that since the [necessarily FC-admissible] automorphism
of II; induced by « relative to p; induces the identity automorphism
on the set of conjugacy classes of cuspidal inertia subgroups of IIy, to
verify the fact that a(l}) is a cuspidal inertia subgroup, we may assume
without loss of generality [by replacing « by a suitable IIy-conjugate of
a] that the automorphism of II; induced by « relative to p; fizes I,. Let
Iy, CIly/1 be a major verticial subgroup at a [cf. [CmbCsp], Definition
1.4, (ii)] such that I, C IIg,. Then it follows from Lemma 2.2, (ii),
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that o fixes the Ily/;-conjugacy class of Ilg,, i.e., that H}a o a(llg,)
is a Ily/;-conjugate of IIr,. Thus, one verifies easily that, to verify
that «(1,) is a cuspidal inertia subgroup, it suffices to verify that the
isomorphism Iy, — H}a induced by « is group-theoretically cuspidal
— cf. [CmbGC], Definition 1.4, (iv). [Note that it follows immediately
from the various definitions involved that II, and H}a may be regarded
as pro-X fundamental groups of semi-graphs of anabelioids of pro-X
PSC-type.] On the other hand, it follows immediately from the various
definitions involved that this isomorphism factors as the composite

p, I 5 I < IIL

— where the first and third arrows are the isomorphisms induced by
po: Iy — II; [cf. [CmbCsp|, Definition 1.4, (ii)], and the second ar-
row is the automorphism induced by « relative to p, — and that the
three arrows appearing in this composite are group-theoretically cuspi-
dal. Thus, we conclude that a(l}) is a cuspidal inertia subgroup. This
completes the proof of Claim 2.3.A, hence also of assertion (iii) in the
case where n = 2.

Next, we verify assertion (ii) in the case where (g,7,n) = (0, 3,2).
In the following, we shall use the notation “a;” [for i = 1, 2, 3] and
“b;” [for 7 = 1, 2, 3, 4] introduced in the proof of assertion (iii) in
the case where n = 2. Now, to verify assertion (ii) in the case where
(g,m,n) = (0,3,2), it is immediate that it suffices to verify that

AU_tFC (Hg) = AutF(HQ) .

Let o € Aut"(Il;). Then let us observe that to verify that a €
Aut¥®(II,), by replacing o by the composite of o with a suitable ele-
ment of Aut™(I1,) [cf. [CmbCsp], Lemma 2.4], we may assume without
loss of generality that the [necessarily FC-admissible — cf. [CbTpl],
Theorem A, (ii)] automorphism of IT; induced by « relative to p;, hence
also relative to py [cf. [CbTpl]|, Theorem A, (i)] — where we write p,
po for the surjections I, — II; induced by the projections X; — X to
the factors labeled 1, 2, respectively — induces the identity automor-
phism on the set of conjugacy classes of cuspidal inertia subgroups of
IT;. Now it follows from assertion (iii) in the case where n = 2 that «
is FwC-admissible; thus, to verify the fact that o is FC-admissible, it
suffices to verify the following assertion:

Claim 2.3.B: If I;, C Il et Ker(p,) C Il is a cuspi-
dal inertia subgroup associated to the cusp labeled by,
then a(1,) is a cuspidal inertia subgroup.

On the other hand, as is well-known [cf. e.g., [CbTpl|, Lemma 6.10,
(ii)], there exists an automorphism of X5 over X relative to the projec-
tion to the factor labeled 1 which switches the cusps on the geometric
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generic fiber X/, labeled b; and by. In particular, there exists an auto-
morphism ¢ of II; over II; relative to p; which switches the respective
I1,/1-conjugacy classes of cuspidal inertia subgroups associated to b
and by. Write B =1"toaou.

Now let us verify that Claim 2.3.B follows from the following asser-
tion:

Claim 2.3.C: 8 € Aut"(Il,).

Indeed, if Claim 2.3.C holds, then it follows from assertion (iii) in the
case where n = 2 that, for any cuspidal inertia subgroup I, C Il
associated to the cusp labeled by, 5(1,,) is a cuspidal inertia subgroup.
Thus, it follows immediately from our choice of ¢+ that, for any cuspidal
inertia subgroup I, C I/, associated to the cusp labeled by, a(ly,) is
a cuspidal inertia subgroup. This completes the proof of the assertion
that Claim 2.3.C implies Claim 2.3.B.

Finally, we verify Claim 2.3.C. Since @ and ¢, hence also 3, preserve
Iy, C Ily, it follows immediately from [CmbCsp]|, Proposition 1.2, (i),
that, to verify Claim 2.3.C, it suffices to verify that § preserves =, C I,
[cf. [CmbCsp], Definition 1.1, (iii)], i.e., the normal closed subgroup
of Il; topologically normally generated by a cuspidal inertia subgroup
associated to by. On the other hand, this follows immediately from
the fact that o preserves the Ily/-conjugacy class of cuspidal inertia
subgroups associated to by [cf. assertion (iii) in the case where n = 2],
together with our choice of «. This completes the proof of Claim 2.3.C,
hence also of assertion (ii) in the case where (g,r,n) = (0, 3,2).

Next, we verify assertion (ii) in the case where (g,7,n) # (0,3,2).
Thus, n > 3. Write II} (respectively, II}; II1) for the kernel of the
surjection II,, — II,_3 (respectively, I,y — II,_3; II,_o — II,_3)
induced by the projection obtained by forgetting the factor(s) labeled
n, n — 1, n — 2 (respectively, n — 1, n — 2; n — 2). Here, if n = 3, then
we set IT,_3 = IIg & {1}. Then recall [cf., e.g., the proof of [CmbCsp],
Theorem 4.1, (i)] that we have natural isomorphisms

out out out

I, ~ ITL % I,y ; T,y ~I00 % Il,_g ; I,y ~II1 X II,_g

[cf. the discussion entitled “Topological groups’ in [CbTpl], §0]. Also,
we recall [cf. [MzTa], Proposition 2.4, (i)] that one may interpret the
surjections H;ﬂ, —» H; —» HI induced by the surjections II,, — II,,_; —
IT,,_o as the surjections “IlI3 — II, — II;” that arise from the projec-
tions X3 — Xy — X in the case of an “X” of type (¢g,7 + n — 3).
Moreover, one verifies easily that this interpretation is compatible with
the definition of the various “Out(—)’s” involved. Thus, since ngc = 4
if r = 0, the above natural isomorphisms, together with [CbTpl], The-
orem A, (ii), allow one to reduce the equality in question to the case
where n = 3 and r # 0.
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Now one verifies easily that, to verify the equality in question in the
case where n = 3 and r # 0, it is immediate that it suffices to verify
that

AutFC (Hg) = AutF(Hg) .

Let o € Aut™(IT3). Then let us observe that to verify o € Aut™(Il3),
by replacing o by the composite of a with a suitable element of Aut*“(Il3)
[cf. [CmbCsp], Lemma 2.4], we may assume without loss of general-
ity that the [necessarily FC-admissible — cf. [CbTpl|, Theorem A,
(ii)] automorphism of II; induced by « relative to ¢, hence also rel-
ative to either ¢o or g3 [cf. [CbTpl|, Theorem A, (i)] — where we
write g1, ¢o, g3 for the surjections II3 — II; induced by the projections
X3 — X to the factors labeled 1, 2, 3, respectively — induces the iden-
tity automorphism on the set of conjugacy classes of cuspidal inertia
subgroups of II;; in particular, one verifies easily that the [necessarily
FC-admissible — cf. [CbTpl], Theorem A, (ii)] automorphism of Il
— where we write p;: Il — II; for the surjection induced by the pro-

jection Xy — X to the factor labeled 1 and I/, dof Ker(p,) C I, —
induced by « induces the identity automorphism on the set of conjugacy
classes of cuspidal inertia subgroups of Il ;. Write X5/; (respectively,
X3/2; X3/1) for the geometric generic fiber of the projection X, — X
(respectively, X3 — Xy; X3 — X) to the factor(s) labeled 1 (respec-
tively, 1, 2; 1). Let us assign the cusps of X the labels ay,--- ,a,. For
eachi € {1,--- 7}, we assign to the cusp of Xy, that corresponds nat-
urally to the cusp of X labeled a; the label b;. Thus, there is precisely
one cusp of X5,; that has not been assigned a label € {by,--- ,b.};
we assign to this uniquely determined cusp the label b.,,. For each
i€ {l,---,r+1}, we assign to the cusp of X3/, that corresponds nat-
urally to the cusp of X5/, labeled b; the label ¢;. Thus, there is precisely
one cusp of X35 that has not been assigned a label € {c1,--- , ¢41}; we
assign to this uniquely determined cusp the label ¢, 5. Now it follows
from assertion (iii) in the case where n = 2, applied to the restriction of

a to 3/ o Ker(q1), together with [CbTpl], Theorem A, (ii), that « is
FwC-admissible. Write q15: I3 — Il for the surjection induced by the

projection X3 — X to the factors labeled 1, 2; 113/ o Ker(qi2) C 1.
Thus, to verify the fact that a is FC-admissible, it suffices to verify the
following assertion:

Claim 2.3.D: If I, ., C Il3/5 is a cuspidal inertia sub-
group associated to the cusp labeled ¢, 2, then a(/, ,,)

is a cuspidal inertia subgroup.

To verify Claim 2.3.D, let us fiz a cusp labeled b € {by,---,b.}
[where we recall that r # 0], a cuspidal inertia subgroup I, C Il,/; as-
sociated to the cusp labeled b of Xy/1, and a cuspidal inertia subgroup

I, ., C Il3/5 associated to the cusp labeled ¢, 5 of II3/5. Now observe
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that since the [necessarily FC-admissible] automorphism of Il in-
duced by « induces the identity automorphism on the set of conjugacy
classes of cuspidal inertia subgroups of Ily/;, to verify the assertion
that o(/.,,,) is a cuspidal inertia subgroup, we may assume without
loss of generality [by replacing « by a suitable II3-conjugate of a] that
the automorphism of IIy/; induced by « fixes I,. Let IIg, C Il3/5 be a
mainor verticial subgroup, relative to the two-dimensional configuration
space X3/1 associated to the hyperbolic curve Xy/q, at the cusp labeled
b [cf. [CmbCsp], Definition 1.4, (ii)] such that I, ,, C IIg,. Then it fol-
lows immediately from Lemma 2.2, (ii), that « fixes the II3/,-conjugacy

class of Ilg,, i.e., that Hgb o a(Ilg,) is a II3/5-conjugate of I, . Thus,

one verifies easily that, to verify that a(/,,,) is a cuspidal inertia sub-
group, it suffices to verify that the isomorphism I1g, — HTEb induced by
a is group-theoretically cuspidal — cf. [CmbGC], Definition 1.4, (iv).
[Note that it follows immediately from the various definitions involved
that IIg, and sz may be regarded as pro-¥ fundamental groups of
semi-graphs of anabelioids of pro-X PSC-type.] On the other hand, it
follows immediately from a similar argument to the argument applied
in the discussion concerning the isomorphism of the second display of
[CmbCsp], Definition 1.4, (ii), that the composites

g, , ngb — I3/ — Iy

— where the second arrow is the surjection determined by the surjec-
tion gi3: II3 — Il5 induced by the projection X3 — X, to the factors
labeled 1, 3 — are injective, and that the II,/;-conjugacy class of the
image in ITy,; of either of these composite injections coincides with the
II5/1-conjugacy class of a minor verticial subgroup at the cusp labeled
a; [where we write b = b; — cf. [CmbCsp]|, Definition 1.4, (ii)]. In
particular, since the automorphism of Il; induced by « relative to qi3
is FC-admissible [cf. [CbTpl], Theorem A, (ii)], it follows immediately
that the isomorphism Iz, — H}'ﬂb induced by « is group-theoretically
cuspidal. This completes the proof of Claim 2.3.D, hence also of asser-
tion (ii).

Now assertion (iii) in the case where n # 2 follows immediately
from assertion (i), together with the natural inclusions Out*“(II,,) C
Out™(11,,) € Out™(I1,,) [cf. Remark 2.1.1]. This completes the proof
of assertion (iii).

Next, we verify assertion (i). The bijectivity portion of assertion
(i) follows from assertion (ii), together with the bijectivity portion of
[NodNon], Theorem B. Thus, it suffices to verify the injectivity portion
of assertion (i). First, we observe that injectivity in the case where
(g,7) = (0,3) follows from assertion (ii), together with the injectiv-
ity portion of [NodNon|, Theorem B. Write I}, (respectively, II1) for
the kernel of the surjection 11,1 — II,,_; (respectively, II, — II,,_4)
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induced by the projection obtained by forgetting the factor(s) labeled
n—+1, n (respectively, n). Here, if n = 1, then we set I1,,_; = Il o {1}.
Then recall [cf. e.g., the proof of [CmbCsp|, Theorem 4.1, (i)] that we
have natural isomorphisms
I HT out ) 1 out
ne1 = 1Ly > I, 5 1L, > 11} x 1I,4

[cf. the discussion entitled “Topological groups’ in [CbTpl], §0]. Also,
we recall [cf. [MzTa], Proposition 2.4, (i)] that one may interpret the
surjection H; —» HJ{ induced by the surjection II,,,; — II, in question
as the surjection “Ily — II;” that arises from the projection Xy — X
in the case of an “X” of type (g,7+n—1). Moreover, one verifies easily
that this interpretation is compatible with the definition of the various
“Out(—)’s” involved. Thus, since ny,; = 2 if r = 0, the above natural
1somorphisms allow one to reduce the injectivity in question to the
case where n = 1 and r # 0. On the other hand, this injectivity follows
immediately from a similar argument to the argument used in the proof
of [CmbCsp]|, Corollary 2.3, (ii), by replacing [CmbCsp|, Proposition
1.2, (iii) (respectively, the non-resp’d portion of [CmbCsp|, Proposition
1.3, (iv); [CmbCsp|, Corollary 1.12, (i)), in the proof of [CmbCsp],
Corollary 2.3, (ii), by Lemma 2.2, (i) (respectively, Lemma 2.2, (ii);
the injectivity in question in the case where (g,r) = (0,3), which was
verified above). This completes the proof of the injectivity portion of
assertion (i), hence also of assertion (i).

Finally, assertion (iv) follows immediately from assertion (i), to-
gether with a similar argument to the argument applied in the proof
of [CmbCsp|, Theorem 4.1, (iv). This completes the proof of Theo-
rem 2.3. U

Corollary 2.4 (PFC-admissibility of outomorphisms). In the no-
tation of Theorem 2.3, write

Out™ (I1,,) € Out(IL,)

for the subgroup of PF-admissible outomorphisms [i.e., roughly speak-
ing, outomorphisms that preserve the fiber subgroups up to a possible
permutation of the factors — cf. [CbTpl|, Definition 1.4, (i)] and

Out™™(11,,) € Out™"(11,,)

for the subgroup of PFC-admissible outomorphisms [i.e., roughly speak-
ing, outomorphisms that preserve the fiber subgroups and the cuspidal
inertia subgroups up to a possible permutation of the factors — cf.
[CbTpl], Definition 1.4, (iii)]. Let us regard the symmetric group on n
letters S,, as a subgroup of Out(1l,) via the natural inclusion of The-
orem 2.3, (). Finally, suppose that (g,7) ¢ {(0,3);(1,1)}. Then the
following hold:
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(i) We have an equality
Out(I1,,) = Out™™(I1,,).
If, moreover, (r,n) # (0,2), then we have equalities
Out(IL,) = Out™™(I,) = Out™(I1,) x &,

[cf. the notational conventions introduced in Theorem 2.3].

(i) If either
r>0 n>3
or
n >4,
then we have equalities
Out(IL,) = Out™*°(11,,)) = Out™“(I1,,) x &,
[cf. the notational conventions introduced in Theorem 2.3].

Proof. First, we verify assertion (i). The equality in the first display
of assertion (i) follows from [MzTa], Corollary 6.3, together with the
assumption that (g,7) € {(0,3);(1,1)}. The second equality in the
second display of assertion (i) follows from Theorem 2.3, (iv). This
completes the proof of assertion (i). Next, we verify assertion (ii). The
first equality of assertion (ii) follows immediately from Theorem 2.3,
(i), together with the first equality of assertion (i). The second equality
of assertion (ii) follows from [NodNon]|, Theorem B. This completes the
proof of assertion (ii). O

Corollary 2.5 (Anabelian properties of hyperbolic curves and
associated configuration spaces I). Let X be a set of prime numbers
which is either equal to the set of all prime numbers or of cardinality
one; m < n positive integers; (g,r) a pair of nonnegative integers such
that 2g — 2 +r > 0; k a field of characteristic € ¥; k a separable

closure of k; X a hyperbolic curve of type (g,7) over k. Write

G, ¥ Gal(k/k). For each positive integer i, write X; for the i-th
configuration space of X; (X;)z © X xp ks Ax, for the mazimal

pro-X quotient of the étale fundamental group of (X;)z;
px,: G, — Out(Ay,)

for the pro-X outer Galois representation associated to X;; &; for the
symmetric group on i letters;

q)ii 61 — Out(AXl)

for the outer representation arising from the permutations of the factors
of X;. Suppose that the following conditions are satisfied:
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(g.7) ¢ {(0,3); (1,1)}.

If (r,n,m) € {(0,2,1);(0,2,2);(0,3,1)}, then there exists an
Il € ¥ such that k is l-cyclotomically full, i.e., the [-adic
cyclotomic character of Gy has open image.

Then the following hold:

(i)

Let o € Out(Ay, ). Then there exists a unique element o, €
&, such that o o ®,(0,) € Out’(Ax,) [ef. the notational
conventions introduced in Theorem 2.3]. Write

am € Out™(Ax,)

for the outomorphism of Ax, induced by oo ®,(0,), relative
to the quotient Ax, — Ax,, by a fiber subgroup of co-length m
of Ax,. [Note that it follows from [CbTpl|, Theorem A, (i),
that o, does not depend on the choice of fiber subgroup of
co-length m of Ax, ./

If (r,m,m) € {(0,2,1);(0,2,2);(0,3,1)}, then
Cou(ax,)(Im(p¥,)) € Out™ ™ (Ax,)
[¢f. the notational conventions introduced in Corollary 2.4).

The map
Out(AXn) — Out(AXm)

o' — Qp,

[¢f. (i)] determines an exact sequence of homomorphisms of
profinite groups

1— &, =% Out’™(Ay,) — Out(Ay,,)

— where the second arrow is a split injection whose image
commutes with Out™“(Ax,) and has trivial intersection
with Im(p% ). If (r,n) # (0,2), then the map o — oy, deter-
mines a sequence of homomorphisms of profinite groups

1 — &, 2% Out(Ay,) — Out(Ax,)

— where the second arrow s a split injection whose im-
age commutes with Out”(Ax,) and has trivial intersec-
tion with Im(p% ) — which is exact if, moreover, (r,n,m) #
(0,3,1).

Let a € Out(Ay,). If (r,n,m) € {(0,2,1);(0,3,1)}, then we
suppose further that o € Out"™  (Ax,), which is the case if,

for instance, a € Cowyay,)(Im(p%)) [cf. (ii)]. Then it holds
that

S ZOut(AXn)(Im(pin))
(respectively, Nout(Axn)(Im(p)Efn)) ) Cout(AXn)am(p)E(”)))
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if and only if
m € Zou(ay,,)(Im(pX )
(respectively, Nout(AXm)(Im(p)E(m)) : Cout(AXm)(Im(pim))).

(v) For each positive integer i, write Auty(X;) for the group of au-
tomorphisms of X; over k. Then if the natural homomorphism

Auty(Xon) — Zou(ay,,) (Im(p%,))
1s bijective, then the natural homomorphism

Alltk(Xn) — ZOut(AXn)(IIn(p)E(n))
15 bijective.

(vi) For each positive integer i, write Aut((X;)z/k) for the group
of automorphisms of (X;)z that are compatible with some au-
tomorphism of k; Aut’(Gy) for the group of automorphisms
of Gy that preserve Ker(py,) € Gy [where we note that, by

[NodNon|, Corollary 6.2, (i), for any positive integer i, it holds
that Ker(py,) = Ker(p%,)/. Then if the natural homomorphism

Aut((Xon)g/k) — Aut”(Gi) X auqam(pz, ) Nout(ax,,) (Im(px,,))

1s bijective, then the natural homomorphism

Aut((X,)z/k) — Aut’(Gy) X Aut(Im(p%, ) NOut(Ax,L)(Im(P§(7L))

is bijective.
Proof. First, we verify assertion (i). The existence of such a o, follows
from the fact that Out(Ax, ) = Out™ (Ax, ) [cf. Corollary 2.4, (i), to-
gether with assumption (1)]. The uniqueness of such a o, follows imme-
diately from the easily verified faithfulness of the action of &,,, via ®,,,
on the set of fiber subgroups of Ay, . This completes the proof of asser-
tion (i). Next, we verify assertion (ii). Since Out(Ay, ) = Out™ (Ax,)
[cf.  Corollary 2.4, (i), together with assumption (1)], assertion (ii)
follows immediately from [CmbGC], Corollary 2.7, (i), together with
condition (2). This completes the proof of assertion (ii).

Next, we verify assertion (iii). First, let us observe that it fol-
lows immediately from the various definitions involved that Im(®,,) C
Out™ (Ax,). Now since Out(Ay,) = Out™(Ax,) [cf. Corollary 2.4,
(i), together with assumption (1)], and Out®(Ax,) is normalized by
Out™ (Ay, ), one verifies easily [i.e., by considering the action of ele-
ments of Out™ (A, ) on the set of fiber subgroups of Ay, ] that the
second arrow in either of the two displayed sequences is a split injec-
tion. Moreover, since |as is easily verified] the outer action of Gy, via
pin, on Ay, fizes every fiber subgroup of Ay, , it follows immediately
from the faithfulness of the action of G,,, via ®,, on the set of fiber
subgroups of A, that the image of the second arrow in either of the
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two displayed sequences has trivial intersection with Im(p% ). Now it
follows from [NodNon], Theorem B, that the image of the second arrow
of the first displayed sequence commutes with OutFC(A X, ); in partic-
ular, one verifies easily from the various definitions involved [cf. also
Corollary 2.4, (i), together with assumption (1)] that the third arrow of
the first displayed sequence is a homomorphism. If (r,n) # (0,2), then
it follows from Corollary 2.4, (i), together with assumption (1), that the
image of the second arrow of the second displayed sequence commutes
with Out® (A, ); in particular, one verifies easily from the various def-
initions involved [cf. also Corollary 2.4, (i), together with assumption
(1)] that the third arrow of the second displayed sequence is a homo-
morphism. Now if (r,m) # (0,1), then it follows immediately from
the injectivity portion of Theorem 2.3, (i), together with the equality
Out(Ax,) = Out™(Ax,) [cf. Corollary 2.4, (i), together with assump-
tion (1)], that the kernel of the third arrow in either of the two displayed
sequences is Im(®,,). Moreover, if (r,n,m) € {(0,2,1);(0,3,1)}, then
it follows immediately from the injectivity portion of [NodNon], Theo-
rem B, that the kernel of the third arrow in the first displayed sequence
is Im(®,,). On the other hand, if (r,m) = (0,1) and n ¢ {2, 3}, then it
follows immediately from the injectivity portion of [NodNon|, Theorem
B, together with Corollary 2.4, (ii), together with assumption (1), that
the kernel of the third arrow in either of the two displayed sequences
is Im(®,,). This completes the proof of assertion (iii).

Next, we verify assertion (iv). Now since the permutations of the
factors of X,, give rise to automorphisms of X, over k, it follows im-
mediately that Im(®,) € Zouyay,)(Im(p%,)). In particular, to verify
assertion (iv), we may assume without loss of generality — by replacing
a by a, [cf. assertion (i)] — that a € Out"(Ay,), and that m < n.
Then necessity follows immediately. On the other hand, sufficiency
follows immediately from the exact sequences of assertion (iii). This
completes the proof of assertion (iv). Assertion (v) (respectively, (vi))
follows immediately from assertions (i), (ii), (iii), (iv), together with
Lemma 2.7, (iii), below (respectively, Lemma 2.7, (iv), below). This
completes the proof of Corollary 2.5. O

Corollary 2.6 (Anabelian properties of hyperbolic curves and
associated configuration spaces II). Let 3 be a set of prime num-
bers which s either equal to the set of all prime numbers or of cardi-
nality one; m < n positive integers; (9x,7x), (9y,ry) pairs of non-
negative integers such that 2gx — 2 +rx, 2gy — 2 +ry > 0; kx, ky
fields; kx, ky separable closures of kx, ky, respectively; X, Y hy-

perbolic curves of type (g9x,7rx), (gy,ry) over kx, ky, respectively.

Write Gy, o Gal(kx/kx); Gy o Gal(ky /ky). For each positive

integer i, write X;, Y; for the i-th configuration spaces of X, Y,
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respectively; (Xi)z, dof X Xpy kx; (Yo)z, dof Y; Xpy by WIE((Xi)EX),
7 ((Yi)g, ) for the mazimal pro-¥ quotients of the étale fundamental
groups m ((Xi)z, ), m((Ya)z,) of (Xi)zy, (Yo)z,, respectively; i (Xi),
W%E)(Yg) for the geometrically pro-Y étale fundamental groups of X;, Y;,
respectively, i.e., the quotients of the étale fundamental groups m(X;),
m(Y;) of X;, Y by the respective kernels of the natural surjections
(X)) = T (Xo)g ) m((Yog,) = m((Yo)z, ). Suppose that the

kx
following conditions are satisfied:

(1) {(g9x,7x); (9v,mv)} N {(0,3); (1,1)} = 0.

(2) If (rx,n,m) (respectively, (ry,n,m)) is contained in the set
{(0,2,1);(0,2,2);(0,3,1)}, then there exists an I € ¥ such
that kx (respectively, ky ) is l-cyclotomically full, i.e., the -
adic cyclotomic character of Gy (respectively, Gy, ) has open
1mage.

Then the following hold:

(i) Let 0: kx = ky be an isomorphism of fields that determines
an isomorphism kx — ky. For each positive integer i, write

Isomy(X;,Y;) for the set of isomorphisms of X; with Y; that
are compatible with the isomorphism kx — ky determined
by 6; ISOIII9<7T§E) (XZ'),W%E) (Y;)) for the set of isomorphisms of
WEE)(XZ) with 7T§2) (Y;) that are compatible with the isomorphism
Gry — Gy determined by 0. Then if the natural map

Tsommg (X, Vo) — Isomg (77 (X,0), 787 (Vi) /Tnn (75 (YVin)7,. )
1s bijective, then the natural map
Tsomg(X,,, V;,) — Isomg (i (X,,), 77 (V) /Inn(77 (Vo) )
1s bijective.

(ii) For each positive integer i, write Isom((X;)z, /kx, (Yi)z, /Fy)
for the set of isomorphisms of (Xi)z, with (Y;)z,. that are com-
patible with some field isomorphism of kx with ky;

Isom (™ (X,) /Gy 11 (¥:) /Gy )

for the set of isomorphisms of ﬂz) (X;) with W%E)(Yg) that are
compatible with some isomorphism of Gy, with Gy, . Then if
the natural map

Isom(( X))z, /kx; (Yo)z, /Fy)

) )
— Tsom(my” (X) /Gy 11 (Yin) /Gy ) /Tn(n (Voo )z, )
1s bijective, then the natural map

Isom((Xn)z, /kx, (Ya)z, /ky)



COMBINATORIAL ANABELIAN TOPICS 11 47
— Tsom(m0 (X,) /Gy, 71 (Va) /Gy ) /Inn(E (V)7 )

1s bijective.

Proof. Consider assertion (i) (respectively, (ii)). If the set
» >
Tsomg(7{™ (X,.), 717 (Vo)) /Inn (7 (Ya)z,))

(respectively,

Tsom(m{” (X)) Gy, 707 (V) /Gy ) /I (n (V)7 ) )

is empty, then assertion (i) (respectively, (ii)) is immediate. Thus, we
may suppose without loss of generality that this set is nonempty. Then
one verifies easily from [MzTa], Corollary 6.3, together with condition
(1), that the set

Tsomg (17 (X, ), 707 (Vo)) /Inn(7y (V)7 )
(respectively,

Tsom(my ) (Xon) /G s 75 (Vi) /Gy ) /Tn (7 (Yo )7, ) )

is nonempty. Thus, it follows immediately from the bijectivity assumed
in assertion (i) (respectively, (ii)) that there exists an isomorphism
X,, = Y, that is compatible with the isomorphism kx = ky deter-
mined by 6 (respectively, an isomorphism (Xp,); = (Yn)z, that is
compatible with some isomorphism ky — ky). In particular, it follows
immediately from Lemma 2.7, (iii), below (respectively, Lemma 2.7,
(iv), below) that there exists an isomorphism X = Y that is compatible
with the isomorphism kx — ky determined by 6 (respectively, an iso-
morphism X x, kx — Y x4, ky that is compatible with some isomor-
phism kx = ky). Thus, by pulling back the various objects involved
via this isomorphism, to verify assertion (i) (respectively, (ii)), we may
assume without loss of generality that (X, kx, kx,0) = (Y, ky, ky, idz,.)
(respectively, (X, kx,kx) = (Y, ky, ky)). Then assertion (i) (respec-
tively, (ii)) follows from Corollary 2.5, (v) (respectively, Corollary 2.5,
(vi)). This completes the proof of Corollary 2.6. O

Lemma 2.7 (Isomorphisms between configuration spaces of
hyperbolic curves). Let n be a positive integer; (gx,7rx), (9vy,ry)
pairs of nonnegative integers such that 2gx —2+rx, 29y —2+ry > 0;
kx, ky fields; kx, ky separable closures of kx, ky, respectively; X, Y
hyperbolic curves of type (g9x,7x), (gv,ry) over kx, ky, respectively.

Write X,,, Y,, for the n-th configuration spaces of X, Y, respectively;

def - def - def - def
XEX =X Xkx k‘X; YEY =Y Xy kﬁy,’ (XW)EX = Xn Xkx k’X; (YN)EY =
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Yo Xy ky; &, for the symmetric group on n letters; Auty, (X,,) for
the group of automorphisms of X,, over kx;

\I/ni Gn — Auth (Xn)

for the action of &,, on X,, over kx obtained by permuting the factors

of Xn. Suppose that (g9x,7x), (gv,ry) & {(0,3);(1,1)}. Then the
following hold:

(i) Let a: X, = Y, be an isomorphism. Then there erists a
unique isomorphism ag: ky — kx that is compatible with o
relative to the structure morphisms of X,,, Y,.

(i) Leta: X,, =Y, be an isomorphism. Then there exist a unique
permutation o € V,,(S,,) C Auty, (X,) and a unique isomor-
phism a1: X =Y that is compatible with o o o relative to the
projections X,, = X, Y, — Y to each of the n factors.

(iii) Write Isom(X,,,Y,) for the set of isomorphisms of X,, with Y,,;
Isom(X,Y) o Isom(X4,Y1). Then the natural map
Isom(X,Y) x ¥,(6,,) — Isom(X,, Yy,)
1s bijective.
(iv) Write Isom((Xy)z, /kx, (Ya)z, /ky) for the set of isomorphisms

~

(Xo)z, — (Ya)z, that are compatible with some isomorphism

ky 5 kx; Tsom(Xg, Jkx, Yz, /ky) & Tsom((X1)g, /kx, (Y0)z, /ky).

Then the natural map
ISOIH(XEX/kx, ka/k‘y) X q]n(Gn) — ISOH]((XTL)EX/]{?)(, (Yn)Ey/kY)
15 bijective.
Proof. First, we verify assertion (i). Write (C:X)°8 (CY)e for the
n-th log configuration spaces [cf. the discussion entitled “Curves” in
“Notations and Conventions”] of [the smooth log curves over kyx, ky
determined by|] X, Y, respectively. Then recall [cf. the discussion at
the beginning of [MzTal, §2] that (CX)8 (CY)°8 are log regular log
schemes whose interiors are naturally isomorphic to X, Y,, respec-
tively, and that the underlying schemes CX, CY of (CX)ls (CY)ls
are proper over kyx, ky, respectively. Thus, by applying [ExtFam],
Theorem A, (1), to the composite

[0 Y el
Xn =Y, = C, = Mg, ryin

— where we refer to the discussion entitled “Curves” in [CbTpl], §0,
concerning the notation “M,,, ., 1+,"; the third arrow is the natural
(1-)morphism arising from the definition of C¥ — we conclude that
the composite

a Y - —
Xo = Yo = Cp = Mgy ryin = (Mgy ry4n)°
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— where we write (M,, . +n)¢ for the coarse moduli space associated
to M, ry+n — factors through the natural open immersion X,, — CX.
On the other hand, one verifies immediately that the composite C¥
Mgy ryin — (Myy ryin)¢ is proper and quasi-finite, hence finite. In
particular, if we write CT C CX x;, CY for the scheme-theoretic clo-
sure of the graph of the composite X,, = Y,, <+ CY, then the composite
CF — CX %, CY B X is a finite morphism from an integral scheme to
a normal scheme which induces an isomorphism between the respective
function fields. Thus, we conclude that this composite is an isomor-
phism, hence that « extends uniquely to a morphism CX — CY. Now
recall that C5X is proper, geometrically normal, and geometrically con-
nected over ky. Thus, one verifies immediately, by considering global
sections of the respective structure sheaves, that there exists a unique
homomorphism «q: ky — kx that is compatible with a. Moreover, by
applying a similar argument to o', it follows that aq is an isomor-
phism. This completes the proof of assertion (i).

Next, we verify assertion (ii). First, let us observe that, by replacing
Y by the result of base-changing Y via ag: ky = kx [cf. assertion (i)],
we may assume without loss of generality that ky = kx, ky = kx,
and that « is an isomorphism over kx. Next, let us observe that it
is immediate that ¢ and a; as in the statement of assertion (ii) are
unique; thus, it remains to verify the existence of such o and a;. Next,
let us observe that it follows immediately from [MzTa|, Corollary 6.3,
that there exists a permutation o € W, (&,,) such that if we identify
the respective sets of fiber subgroups of Ay, , Ay, — where we write
Ax,, Ay, for the maximal pro-I quotients of the étale fundamental
groups of (X,)z , (Y,)z,, respectively, for some prime number [/ that
is invertible in ky — with the set 2{1} [cf. the discussion entitled
“Sets” in [CbTpl], §0] in the evident way, then the automorphism of

the set 2{1 ™ induced by the composite 3 © @ oo is the identity
automorphism. Write pry: X,, = X, pry: Y, = Y for the projections
to the factor labeled n, respectively. Then we claim that the following
assertion holds:

Claim 2.7.A: There exists an isomorphism a;: X =Y
that is compatible with /3 relative to pry, pry.

Indeed, write I' C X X, Y for the scheme-theoretic image via X, Xy

Y (er’IdY) X Xpy Y of the graph of the composite X, LA Y, X Y.
Next, let us observe that if Z is an irreducible scheme of finite type
over k;X, then any nonconstant [i.e., dominant] kx-morphism Z — Yi,
induces an open homomorphism between the respective fundamental
groups. Thus, since the automorphism of the set 2t} induced by
B is the identity automorphism, it follows immediately that, for any
kx-valued geometric point Z of X, if we write F for the geometric
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_ : Pr
fiber of pry: X, — X at 7, then the composite ' — (X,);,  —

(Pry )
(Yo)zx Iy Yz, is constant. In particular, one verifies immediately

that ' is an integral, separated scheme of dimension 1. Thus, since
pry is surjective, geometrically connected, smooth, and factors through

the composite I' — X X, Y X , it follows immediately that this
composite morphism I' — X is surjective and induces an isomorphism
between the respective function fields. Therefore, one concludes easily,
by applying Zariski’s main theorem, that the composite I' — X xj,

Y2 X is an 1somorphism, hence that there exists a unique morphism
ar: X — Y such that pry o 8 = ay o pry. Moreover, by applying a
similar argument to 37!, it follows that «; is an isomorphism. This
completes the proof of Claim 2.7.A.

Write ~ for the composite of 3 with the isomorphism Y, = X,, de-
termined by a;'. Then it is immediate that v is an automorphism
of X, over X relative to pry; in particular, the outomorphism of
Ay, induced by ~ is contained in the kernel of the homomorphism
Out™(Ayx,) — Out™(Ax) — where we write Ay for the maximal pro-I
quotient of the étale fundamental group of Xz — induced by pry.
Now, by applying a similar argument to the argument of the proof of
Claim 2.7.A; one verifies easily that, for each i € {1,--- n}, there ex-
ists an automorphism ~; ; of X that is compatible with 7 relative to the
projection X,, — X to the factor labeled i. [Thus, v;, = idx.] More-
over, since, by applying induction on n, we may assume that assertion
(ii) has already been verified for n — 1, it follows immediately that
the outomorphism of Ay, induced by v is contained in Out"“(Ay,),
hence in the kernel of the homomorphism Out™(Ay,) — Out"™(Ax)
induced by the projections X, — X to each of the n factors [cf.
[CmbCsp]|, Proposition 1.2, (iii)]. Therefore, it follows immediately
from the argument of the first paragraph of the proof of [LocAn], The-
orem 14.1, that, for each i € {1,---,n}, v, is the identity automor-
phism of X, hence also that v is the identity automorphism of X,,. This
completes the proof of assertion (ii).

Assertions (iii), (iv) follow immediately from assertion (ii), together
with the various definitions involved. This completes the proof of
Lemma 2.7. U
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3. SYNCHRONIZATION OF TRIPODS

In the present §3, we introduce and study the notion of a tripod of
the log fundamental group of the log configuration space of a stable
log curve [cf. Definition 3.3, (i), below]. In particular, we discuss the
phenomenon of synchronization among the various tripods of the log
fundamental group [cf. Theorems 3.17; 3.18, below]. One interesting
consequence of this phenomenon of tripod synchronization is a certain
non-surjectivity result [cf. Corollary 3.22 below|. Finally, we apply
the theory of synchronization of tripods to show that, under certain
conditions, commuting profinite Dehn multi-twists are “co-Dehn” [cf.
Corollary 3.25 below] and to compute the commensurator of certain
purely combinatorial /group-theoretic groups of profinite Dehn multi-
twists in terms of scheme theory [cf. Corollary 3.27 below].

In the present §3, let (g,r) be a pair of nonnegative integers such
that 2g — 2 +r > 0; n a positive integer; ¥ a set of prime numbers
which is either the set of all prime numbers or of cardinality one; k
an algebraically closed field of characteristic ¢ ¥; (Spec k)¢ the log
scheme obtained by equipping Spec k with the log structure determined
by the fs chart N — k& that maps 1 — 0; X8 = X1°% a stable log
curve of type (g,r) over (Spec k). For each [possibly empty] subset
EC{1,---,n}, write

log
XE

for the #FE-th log configuration space of the stable log curve X8
[cf. the discussion entitled “Curves” in “Notations and Conventions”],

where we think of the factors as being labeled by the elements of

g

for the maximal pro-X quotient of the kernel of the natural surjection
7T1<X}_§g) — 71 ((Spec k)°8). Thus, by applying a suitable specializa-
tion isomorphism — cf. the discussion preceding [CmbCsp]|, Definition
2.1, as well as [CbTpl|, Remark 5.6.1 — one verifies easily that Ilg is
equipped with a natural structure of pro-3 configuration space group
— cf. [MzTal, Definition 2.3, (i). For each 1 < m < n, write

lo def lo . dﬁf
Xlos e L, Ty
Thus, for subsets E' C E C {1,--- ,n}, we have a projection

log . log log
Prip X — Xp

obtained by forgetting the factors that belong to F\ E'. For E' C E C
{1,---,n} and 1 <m’ < m < n, we shall write

pg/E/: HE —» HE/
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for some fized surjection [that belongs to the collection of surjections
that constitutes the outer surjection] induced by plg§ o

ef
Ug g « Ker(pp) C g ;

log def log .yl log .
pm/m/ - p{lv"wm}/{l,m,m’} . Xﬂ?bg — Xm/ )
11 def 11 ] ‘
pm/m/ = p{L...’m}/{l’,_,’m/} : Hm —» Hm’ ;

def
Hm/m’ = H{1,~~-,m}/{l,-~,m’} CIL,,.

Finally, recall [cf. the statement of Theorem 2.3, (iv)] the natural
inclusion

S, — Out(Il,)

— where we write &,, for the symmetric group on n letters — obtained
by permuting the various factors of X,. We shall regard G,, as a
subgroup of Out(1l,,) by means of this natural inclusion.

Definition 3.1. Let i € E C {1,--- ,n}; x € X, (k) a k-valued geo-
metric point of the underlying scheme X,, of X°8.

(i) Let £ C {1,---,n} be a subset. Then we shall write zp €
Xg(k) for the k-valued geometric point of Xp obtained by
forming the image of x € X, (k) via pg ... ny/p: X = Xpr;
28 g Xx, X8

(ii) We shall write

g

for the semi-graph of anabelioids of pro-X PSC-type deter-
mined by the stable log curve X'°¢ over (Spec k)™ [cf. [CmbGC],
Example 2.5];

G

for the underlying semi-graph of G;
Ilg

for the [pro-X] fundamental group of G;

G—¢
for the universal covering of G corresponding to IIg. Thus, we
have a natural outer isomorphism

I, 5 1lg .

Throughout our discussion of the objects introduced at the
beginning of the present §3, let us fir an isomorphism I1; = Ilg

that belongs to the collection of isomorphisms that constitutes
the above natural outer isomorphism.



(iii)

(v)

(vi)
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We shall write

giEE,x
for the semi-graph of anabelioids of pro-¥ PSC-type deter-
mined by the geometric fiber of the projection plgf( B\ X8

lo lo lo, .
XE%{@'} over a:E%{i} - XE\g{i} [ef. (1)];
HgieE,z

for the [pro-X| fundamental group of G;cg . Thus, we have a
natural identification

g= gie{i},z

and a natural 11 g-orbit [i.e., relative to composition with au-
tomorphisms induced by conjugation by elements of I1g| of
1somorphisms

(g 2) Ugym\ay) — Hgiep, -

Throughout our discussion of the objects introduced at the
beginning of the present §3, let us fix an outer isomorphism

Mgy — Ugiep.,

whose constituent isomorphisms belong to the Ilg-orbit of iso-
morphisms just discussed.

Let v € Vert(Gicp.) (respectively, e € Cusp(Gicp.); € €
Node(Gicp.); € € Edge(Giep); 2 € VCN(Gicp)). Then we
shall refer to the image [in IIg] of a verticial (respectively, a
cuspidal; a nodal; an edge-like; a VCN-) subgroup [cf. [CbTpI],
Definition 2.1, (i)] of Ilg,_,, , associated to v (respectively, e; e;
e; z) via the inverse Ilg,_, . — Ilg/m(y) € Hp of any isomor-
phism that lifts the fized outer isomorphism discussed in (iii)
as a verticial (respectively, a cuspidal; a nodal, an edge-like;
a VCON-) subgroup of llg associated to v (respectively, e; e; ¢;
z). Thus, the notion of a verticial (respectively, a cuspidal; a
nodal; an edge-like; a VCN-) subgroup of Ilx associated to v
(respectively, e; e; e; z) depends on the choice of the fized outer
isomorphism of (iii) [but c¢f. Lemma 3.2, (i), below, in the case
of cusps!].

We shall say that a vertex v € Vert(Gicg.) of Giep. is a(n)
[E-Jtripod of X% if v is of type (0,3) [cf. [CbTpl], Definition
2.3, (iii)]. If, in this situation, C(v) # (), then we shall say that
the tripod v is cusp-supporting.

We shall say that a cusp ¢ € Cusp(Gieg ) of Gicp . is diagonal
if ¢ does not arise from a cusp of the copy of X'°8 given by the
factor of X2 labeled i € E.
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Lemma 3.2 (Cusps of various fibers). Let i € £ C {1,--- ,n};
x € X, (k). Then the following hold:

(i) Let ¢ € Cusp(Gicp,.) and 1. C Ilg,_,, . o Hg/(m\(i}) @ cuspidal
subgroup of g, . < Ilg/p\ (i} associated to ¢ € Cusp(Gicp,a)-
Then any I1g-conjugate of I1. is, in fact, a llg g\ {:3)-conju-
gate of 1.

(ii) Fach diagonal cusp of Gicp. [cf. Definition 3.1, (vi)] admits
a natural label € E\ {i}. More precisely, for each j € E\ {i},
there exists a unique diagonal cusp of Gicp . that arises
from the divisor of the fiber product over k of #FE copies of X
consisting of the points whose i-th and j-th factors coincide.

(iii) Let o € Aut™(II,,) [ef. [CmbCsp], Definition 1.1, (ii)]. Sup-
pose that either E # {1,--- ,n} orn > ngc [cf. Theorem 2.3,
()]. Then the outomorphism of lg,_, . < Ugpqy deter-
mined by « is group-theoretically cuspidal /c¢f. [CmbGC],
Definition 1.4, (iv)].

(iv) Let a € Aut®(I1,) and ¢ € Cusp(Gicp,.) o diagonal cusp of
Gicp.o- Suppose that the outomorphism of g, . . Yal g/ e\fip)
determined by « is group-theoretically cuspidal. Then
this outomorphism preserves the Ilg,_, -conjugacy class of

cuspidal subgroups of g, . < g p\py) associated to ¢ €
Cusp(Gicp,a).

Proof. Assertion (i) follows immediately from the [easily verified] fact
that the restriction of pg/(E\{i}): g — Ilg g to the normalizer of II.
in [1g is surjective. Assertion (ii) follows immediately from the various
definitions involved. Next, we verify assertion (iii). If £ # {1,--- ,n}
(respectively, n > npc), then assertion (iii) follows immediately from
[CbTpI|, Theorem A, (ii) (respectively, Theorem 2.3, (ii), of the present
monograph), together with assertion (i). This completes the proof of
assertion (iii). Finally, assertion (iv) follows immediately from the
definition of F-admissibility [cf. also assertion (ii)]. This completes the
proof of Lemma 3.2. O

Definition 3.3. Let £ C {1,--- ,n}.

(i) We shall say that a closed subgroup H C Ilg of Iy is a(n)
[E-tripod of 11,, if H is a verticial subgroup of Ilg [cf. Def-
inition 3.1, (iv)] associated to a(n) [E-Jtripod v of X8 [cf.
Definition 3.1, (v)]. If, in this situation, the tripod v is cusp-
supporting [cf. Definition 3.1, (v)], then we shall say that the
tripod H is cusp-supporting.
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(ii)) We shall say that an E-tripod of II,, [cf. (i)] is trigonal if, for
every j € E, the image of the tripod via pg/{j}: g — Il is
trivial.

(iii) Let T'C Il be an E-tripod of 1I,, [cf. (i)] and £’ C E. Then
we shall say that T"is E'-strict if the image pjy 5, (T) C Ilg: of
T via pg/E,: Iz — Il is an E'-tripod of II,,, and, moreover,
for every E” C E', the image of the E’-tripod pg/E,(T) via
pg,/E,,: Iz —» Igr is not a tripod of II,,.

(iv) Let h be a positive integer. Then we shall say that an E-
tripod T of 11, [cf. (i)] is h-descendable if there exists a subset
E' C E such that the image of T via pg/E, Mg — g isan E'-
tripod of I1,,, and, moreover, #E’ < n — h. [Thus, one verifies
immediately that an E-tripod T' C Ilg of II,, is 1-descendable
if and only if either £ # {1,--- ,n} or T fails to be E-strict
— cf. (iii).]

Remark 3.3.1. In the notation of Definition 3.1, let v € Vert(Gicp .)
be an E-tripod of X°8 [cf. Definition 3.1, (v)] and T' C Iz an E-tripod
of IT,, associated to v [cf. Definition 3.3, (i)]. Write F,, for the irreducible
component of the geometric fiber of pr/ iy : Xp — Xp\i) at e\
corresponding to v; FI°8 for the log scheme obtained by equipping F,
with the log structure induced by the log structure of Xg’g ; n, for the
rank of the group-characteristic of FI°¢ [cf. [MzTa], Definition 5.1, (i)]
at the generic point of F,. Then it is immediate that the n,-interior
U, C F, of F¢ [cf. [MzTa], Definition 5.1, (i)] is a nonempty open
subset of F, which is isomorphic to P; \ {0,1,00} over k. Moreover,
one verifies easily that if we write U for the log scheme obtained by
equipping U, with the log structure induced by the log structure of X };’g,
then the natural morphism U® — U, [obtained by forgetting the log
structure of U°¢] determines a natural outer isomorphism T = 73 (U,)
— where we write “r’(—)” for the maximal pro-Y quotient of the étale
fundamental group of “(—)”. In particular, we obtain a natural outer
isomorphism

T — 7' (Pp\ {0,1,00})

that is well-defined up to composition with an outomorphism of 75" (PL\
{0,1,00}) that arises from an automorphism of P} \ {0,1, 00} over k.

Definition 3.4. Let £ C {1,--- ,n}.

(i) Let T C IIg be an E-tripod of II,, [cf. Definition 3.3, (i)].
Then T" may be regarded as the “II;” that occurs in the case
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where we take “X'°8” to be the smooth log curve associated to
P; \ {0,1,00} [cf. Remark 3.3.1]. We shall write

Out®(T) C Out(T)

for the [closed] subgroup of Out(T") consisting of C-admissible
outomorphisms of T' [c¢f. [CmbCsp]|, Definition 1.1, (ii)];

Out®(T)** C Out®(T)

for the [closed] subgroup of Out(T) consisting of C-admissible
outomorphisms of T" that induce the identity automorphism of
the set of T-conjugacy classes of cuspidal inertia subgroups;

Out(T)* C Out(T)

for the centralizer of the subgroup [~ &3, where we write G
for the symmetric group on 3 letters| of Out(7") consisting of
the outer modular symmetries [cf. [CmbCsp|, Definition 1.1,
(vi)l;
Out(7T)" C Out(T)

for the [closed] subgroup of Out(T') given by the image of the
natural homomorphism Out® (Ty) = Out™(73) — Out(T) [cf.
Theorem 2.3, (ii); [CmbCsp], Proposition 1.2, (iii)] — where
we write 15 for the “IIy” that occurs in the case where we take
“X1°8” 0 be the smooth log curve associated to PL\ {0, 1, 00};

out®(T)2 & Out®(T) N Out (1) ;

Out®(T)2*+ & out®(T)2 N Out(T)*
[cf. [CmbCsp]|, Definition 1.11, (i)].
Let B C{1l,--- ,n};let T Cllg, T" C Il be E-, E'-tripods of
I1,, [cf. Definition 3.3, (i)], respectively. Then we shall say that
an outer isomorphism a: T' = T" is geometric if the composite

(P \ {0, 1,00}) «— T — T" — a7’ (P \ {0, 1, 00})
— where the first and third arrows are natural outer isomor-
phisms of the sort discussed in Remark 3.3.1 — arises from an
automorphism of P} \ {0, 1,00} over k.

Remark 3.4.1. In the notation of Definition 3.4, (ii), one verifies easily
that every geometric outer isomorphism a: T = T" preserves cuspidal
inertia subgroups and outer modular symmetries [cf. [CmbCsp], Defi-
nition 1.1, (vi)], and, moreover, lifts to an outer isomorphism Ty — T}
[i.e., of the corresponding “IIy’s”] that arises from an isomorphism of
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two-dimensional configuration spaces. In particular, the isomorphism
Out(T) = Out(T”) induced by « determines isomorphisms

Out®(T) = Out®(T") , Out®(T)™P = Qut®(1T")*™P |

Out(7)2 == Out(7")2 , Out(T)t == Out(T")*
[cf. Definition 3.4, (i)].

Lemma 3.5 (Triviality of the action on the set of cusps). In the
notation of Definition 3.4, it holds that Out®(T)» C Out®(T)cusP.

Proof. This follows immediately from the [easily verified] fact that &3
is center-free, together with the various definitions involved. U

Lemma 3.6 (Vertices, cusps, and nodes of various fibers). Let i,
J € E be two distinct elements of a subset E C {1,--- ,n}; v € X, (k).
Write 2 j. € VCN(Gjep\(i},2) for the element of VCN( JeB\{i}a) ON
which xp\(sy lies, that is to say: If g\ s a cusp or node of the geo-
metric fiber of the projection pl(oEg\{i})/(E\{m} XE\{} — Xg’\g{. o over
xlEof{ij} corresponding to an edge e € Edge(Gjep\(i}.2), then zija o e,
if Te\fiy z's neither a cusp nor a node of the geometric fiber of the pro-
jection p(E\{Z})/(E\{”}) X}g\{} — Xg?)\g{i,j} over xlgf{iyj}, but lies on the
irreducible component of the geometric fiber corresponding to a vertex

v € Vert(Gjep\(it,z), then zija & . Then the following hold:

(i) The automorphism ofXL?g determined by permuting the factors
labeled @, 7 induces natural bijections

Vert(gjeE\{i}@) L) Vert(gieE\{j},I) ;

Cusp(Giep fiya) — Cusp(Gicp\ i) ;
Node(Gjep\ {i},2) — Node(Gicp\(j3.) -
(i) Let us write
dlag

z]x € Cusp(glEE x)

for the diagonal cusp of Gicp. [cf. Definition 3.1, (vi)] la-
beled j € E\{i} [cf. Lemma 3.2, (ii)]. Thenplgf B XE

X{g\g{ y induces a bijection

Cusp(Gier.s) \ {ci;5} — Cusp(Gicr(j) ) -
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(iii) Suppose that z; j, € Vert(Gjcp (iy,e). Then plgf(E\{j}): X2 —
X;’f{j} induces a bijection
Vert(gz-eE@) :> Vert(gieE\{j}@) .

(iv) Suppose that z;j, € Edge(Gjep\(iy2). Then there exists a
unique vertex
v} € Vert(Gicp )
such that plEof(E\{j}): Xp2E - Xg\g{j} induces a bijection
Vert(Gier,o) \ {viga} = Vert(Giem (j),e) -

Moreover, v}<% is of type (0,3) [i.e., v} is an E-tripod

1,J,% 4,3,
of X8 — ¢f Definition 5.1, (v)], and cilﬁi € C(vsy) [cf.

new
27.]7x

surjects, via pg/(E\{j}), onto an edge-like subgroup of Il gy
associated to the edge € Edge(Gicp\(j},«) determined by z; ;. €
Edge(Gjcp\{i},«) via the bijections of (i).

(v) Suppose that #E = 3. Write h € E '\ {i,j} for the unique
element of E\ {i,7}. Suppose, moreover, that z; ;. = c?fi €
Cusp(Gjer\fit.e) [cf. (i)]. Then the lg-conjugacy class of
a verticial subgroup of g associated to the vertex v

Vert(Gicg..) [¢f. (iv)] depends only on i and not on the

choice of the pair (j,x). Moreover, these three Ilg-conjugacy

classes [cf. the dependence on the choice of i € E] may also
be characterized uniquely as the I1g-conjugacy classes of sub-
groups of Ilg associated to some trigonal E-tripod of II,, [cf.

Definition 3.3, (ii)].

(i1)]. Finally, any verticial subgroup of llg associated to v

Proof. First, we verify assertions (i), (ii), (iii), and (iv). To verify as-
sertions (i), (ii), (iii), and (iv) — by replacing X% by the base-change

of plEof{m}: X Xg\g{m} via a suitable morphism of log schemes

(Spec k)8 — X]l;\g{i’j} whose image lies on zp\ (57 € Xp\fi (k) [cf.
Definition 3.1, (i)] — we may assume without loss of generality that
#FE = 2. Then one verifies easily from the various definitions involved
that assertions (i), (ii), (iii), and (iv) hold. This completes the proof
of assertions (i), (ii), (iii), and (iv). Finally, we consider assertion (v).
First, we observe the easily verified fact [cf. assertions (iii), (iv)] that
the irreducible component corresponding to an E-tripod of X°& [cf.
Definition 3.1, (v)] that gives rise to a trigonal E-tripod of 1I,, neces-
sarily collapses to a point upon projection to Xp for any E' C E of
cardinality < 2. In light of this observation, it follows immediately [cf.
assertions (i), (ii), (iii), (iv)] that any E-tripod of X°8 that gives rise to

a trigonal E-tripod of II,, arises as a vertex “vI<"” as described in the

/L?]?x
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statement of assertion (v). Now the remainder of assertion (v) follows
immediately from the various definitions involved [cf. also the situa-
tion discussed in [CmbCsp]|, Definition 1.8, Proposition 1.9, Corollary
1.10, as well as the discussion, concerning specialization isomorphisms,
preceding [CmbCsp|, Definition 2.1; [CbTpl], Remark 5.6.1]. This com-
pletes the proof of Lemma 3.6. U

Definition 3.7. Let £ C {1,--- ,n}.

(i) Let v be an E-tripod of X!°¢ [cf. Definition 3.1, (v)]; thus, v
belongs to Vert(Gcp ) for some choice of i € F and z € X,,(k).
Let j € E'\ {i} and e € Edge(Gjep\{i},«)- Then we shall say
that v, or equivalently, an E-tripod of II,, associated to v [cf.
Definition 3.3, (i)], arises from e if e = z; j, [cf. the statement
of Lemma 3.6], and v = v} [cf. Lemma 3.6, (iv)].

(ii) Let ¢ € E. Then we shall say that an E-tripod of II,, is i-central
if #F = 3, and, moreover, the tripod is a verticial subgroup
of the sort discussed in Lemma 3.6, (v), i.e., the unique, up to
IIg-conjugacy, trigonal E-tripod of II,, contained in Ilg /(g i1
[cf. the final portion of Lemma 3.6, (iv)]. We shall say that an
E-tripod of 11, is central if it is j-central for some j € F.

Remark 3.7.1. Let £ C {1,--- ,n}; T C Ilg an E-tripod of 1I,, [cf.
Definition 3.3, (i)]; ¢ € &, C Out(Il,) [cf. the discussion at the
beginning of the present §3|; ¢ € Aut(Il,) a lifting of 0 € &,, C
Out(IT,). Write

T° C1l,m

for the image of T' C IlIg by the isomorphism 115 — 11, (g) determined
by o € Aut(IL,).

. . . - C o E _ -
(i) One verifies easily that 77 C Il,(g) is a o(E)-tripod of 11

(ii) If, moreover, the equality #F = 3 holds, and T is i-central
[cf. Definition 3.7, (ii)] for some i € F, then one verifies easily
from Lemma 3.6, (v), that 7% C IL,g) is o(i)-central.

(iii) In the situation of (ii), let 7" C Il be a central E-tripod of
I1,,. Then it follows from Lemma 3.6, (v), that there exist an
element 7 € &,, C Out(Il,,) and a lifting 7 € Aut(Il,) of 7 such
that 7 preserves the subset £ C {1,--- ,n}, and, moreover, the
image of T' C Ilg by the automorphism of IIg determined by
T € Aut(Il,,) coincides with T" C 1.
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Lemma 3.8 (Strict tripods). Let E C {1,--- ,n} and T C 1l an E-
tripod of I1,, [cf. Definition 3.3, (i)] that arises as a verticial subgroup
associated to a vertex v € Vert(Gicp,) for some i € {1,--- ,n} [which
thus implies that T' C Ilg g\ fiy) C IIg/. Then the following hold:

(i) There exists a [not necessarily unique!] subset E' C E such
that T is E’-strict [cf. Definition 3.3, (iii)]. In this situation,
1 € E, and, moreover, pg/E,: Il — g induces an isomor-
phism T 5 Tg onto an E'-tripod Tg of 11,,.

(ii) T is E-strict if and only if one of the following conditions is
satisfied:

(1) 4E = 1.

(2c) #E =2; T Cllg is a verticial subgroup of llg associated
to the vertex vy, € Vert(Giep.) of Lemma 3.6, (iv), for
some choice of (i,7,x) such that z; j, € Cusp(Gjcp\{i}.z)-
[In particular, T arises from z;;, € Cusp(Gjcp\(i},z) —

cf. Definition 3.7, (i).]

(2n) #E =2; T Cllg is a verticial subgroup of llg associated
to the vertex v} € Vert(Gicp ) of Lemma 3.6, (iv), for
some choice of (i,7,x) such that z; ;. € Node(Gjcp\{i}.)-
[In particular, T arises from z;;, € Node(Gjcp\fi}.e) —

cf. Definition 3.7, (i).]
(3) #E =3, and T is central [cf. Definition 3.7, (ii)].

(iii) Suppose that T is trigonal [cf. Definition 3.3, (ii)]. Then
there exists a [not necessarily unique!] subset E' C E such
that #E' = 3, and, moreover, the image of T C Ilp via
pg/E,: II; — Ilg is a central tripod.

Proof. Assertion (i) follows immediately from the various definitions
involved by induction on #FE , together with the well-known elemen-
tary fact that any surjective endomorphism of a topologically finitely
generated profinite group is necessarily bijective. Next, we verify as-
sertion (ii). First, let us observe that sufficiency is immediate. Thus,
it remains to verify necessity. Suppose that T is E-strict. Now one
verifies easily that if there exists an element j € E \ {i} such that
C;hjai ¢ C(v) [cf. Lemma 3.6, (ii)], then it follows immediately that the
image of T' C Ilg via pg/(E\{j}): g — gy is an (£\ {j})-tripod
[cf. also Lemma 3.6, (iii), (iv)]. Thus, since T' is E-strict, we conclude
that every cusp of Giep, that is & C(v) is non-diagonal. In particular,
since v is of type (0,3), it follows immediately from Lemma 3.2, (ii),
that 0 < #E — 1 < #C(v) < 3. If #C(v) = 0, then it follows from the
inequality #F —1 < #C(v) that #E = 1, i.e., condition (1) is satisfied.
If #C(v) = 3, then one verifies easily that #E = 1, i.e., condition (1)
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is satisfied. Thus, it remains to verify assertion (ii) in the case where
#C(v) € {1,2}.

Suppose that #C(v) = 1 and #FE # 1. Then it follows immediately
from the inequality #F—1 < #C(v) that #F = 2. Now let us recall [cf.
Lemma 3.2, (ii)] that the number of diagonal cusps of Gicp , is = #E —
1 = 1. Moreover, the unique cusp on v is the unique diagonal cusp of
Gicp. [cf. the argument of the preceding paragraph|. Thus, one verifies
easily that T satisfies condition (2y). Next, suppose that #C(v) = 2
and #E # 1. Then it follows immediately from the inequality #F—1 <
#C(v) that #E € {2,3}. Now let us recall [cf. Lemma 3.2, (ii)] that if
#E = 2 (respectively, #F = 3), then the number of diagonal cusps of
Giep s is= #E—1,1.e., 1 (respectively, 2). Moreover, the set of diagonal
cusp(s) of Gieg , is contained in (respectively, is equal to) C(v) [cf. the
argument of the preceding paragraph]. Thus, one verifies easily that T’
satisfies condition (2¢) (respectively, (3)). This completes the proof of
assertion (ii).

Finally, we verify assertion (iii). It follows from assertion (i) that
there exists a subset £ C F such that T is E’-strict. Moreover, it
follows immediately from the definition of a trigonal tripod that the
E'-tripod given by the image pg/E, (T') C g is trigonal. On the other
hand, if the E'-tripod pg/E, (T") satisfies any of conditions (1), (2¢), (2n)
of assertion (ii), then one verifies easily that pl /(1) is not trigonal [cf.
the final portion of Lemma 3.6, (iv)]. Thus, pil /(1) satisfies condition
(3) of assertion (ii); in particular, p% /(1) is central. This completes
the proof of assertion (iii). O

Lemma 3.9 (Generalities on normalizers and commensura-
tors). Let G be a profinite group, N C G a normal closed subgroup
of G, and H C G a closed subgroup of G. Then the following hold:

(i) It holds that Co(H) C Co(H N N).

(ii) It holds that Cq(H) C Ng(ZS°(H)) [cf. the discussion entitled
“Topological groups” in “Notations and Conventions”].

(iii) Suppose that H C N. Then it holds that Co(H) € Ng(Cn(H)).
In particular, if, moreover, H is commensurably terminal

in N, then it holds that Co(H) = Ng(H).

(iv) Write HY H/(HNN)C G G/N. If HN N is commen-

surably terminal in N, and the image of Co(H) C G in G
is contained in Ng(H), then Co(H) = Ng(H).
Proof. Assertion (i) follows immediately from the various definitions
involved. Next, we verify assertion (ii). Let ¢ € Cg(H) and a €
Z5°(H). Since Zg*(H) = Zg*(HN (97" - H - g)) = Zg*(9™" - H - ),
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there exists an open subgroup U C H of H such that a € Zg(g~'-U-g).
But this implies that gag™' € Zg(U) C Z$°(H). This completes the
proof of assertion (ii). Next, we verify assertion (iii). Let g € Cq(H)
and a € ON(H) Since CN(H) Q Cg(H> = Cg(H N (gil -H - g)) =
Ca(g™t - H - g), we conclude that ag™ - H - ga™! is commensurate
with ¢7' - H - g. In particular, gag™' - H - ga 'g™! is commensurate
with H, ie., gag~! € Cg(H) NN = Cy(H). This completes the
proof of assertion (iii). Finally, we verify assertion (iv). First, we
observe that since H N N is commensurably terminal in N, one verifies
easily that H = Ny.n(H N N). Let g € Cg(H). Then since the
image of Co(H) C G in G is contained in Ng(H), it is immediate that
g-H-g7' C H-N. On the other hand, again by applying the fact that
HNN is commensurably terminal in N, we conclude immediately from
assertions (i), (iii), that Cc;( ) € Co(HNN) = Ng(HNN). Thus,
we obtain that (¢- H - ¢g7') N N = H N N; in particular, g- H - g~ C
Nuyn((g-H-g")NN)=Nyn(HNN)=H,ie., g€ Ng(H). This
completes the proof of assertion (iv). O

Lemma 3.10 (Restrictions of outomorphisms). Let G be a profi-
nite group and H C G a closed subgroup of G. Write Out” (G) C
Out(G) for the group of outomorphisms of G that preserve the G-
conjugacy class of H. Suppose that the homomorphism Ng(H) —
Aut(H) determined by conjugation factors through Inn(H) C Aut(H).
Then the following hold:

(i) For a € Out™ (@), let us write a|y for the outomorphism of H
determined by the restriction to H C G of a lifting & € Aut(Q)
of a such that a(H) = H. Then |y does not depend on the
choice of the lifting “a”, and the map

Out”(G) — Out(H)
given by assigning o — |y is a group homomorphism.

(ii) The homomorphism

Out”(G) — Out(H)
of (i) depends only on the G-conjugacy class of the closed
subgroup H C G, i.e., if we write H” o v-H -yt forvy € G,
then the diagram

Oout”(G) —— Out(H)

| |

Out”’ (G) —— Out(H")

— where the upper (respectively, lower) horizontal arrow is
the homomorphism given by mapping o — «|g (respectively,
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a — algv), and the right-hand vertical arrow is the isomor-
phism obtained by conjugation via the isomorphism H = HY
determined by conjugation by v € G — commutes.

Proof. Assertion (i) follows immediately from our assumption that the
homomorphism Ng(H) — Aut(H) determined by conjugation factors
through Inn(H) C Aut(H), together with the various definitions in-
volved. Assertion (ii) follows immediately from the various definitions
involved. This completes the proof of Lemma 3.10. U

Lemma 3.11 (Commensurator of a tripod arising from an
edge). In the notation of Lemma 3.6, suppose that (j,i) = (1,2);
E={i,j}; zij. € Edge(Giep\ (i) [Thus, Giep\iyo = Gicr\{j}a = 9
Iy = Tp; I =gy = g, p iy, = Hor Moy = Mpymvy = o,/
Write 92/1 « gz‘eE,a:; g1\2 o gjeE,;c; plf\z o pg/{Q}i Il — H{z}; H1\2 «

o ~ et . diag def i
Ker(pl\Q) = gy — Hg1\27 Ze = Zij. € Edge(G); ¢ = Czlja:% €
def def

Cusp(Ga/1) [cf. Lemma 3.6, (ii)]; v = vy = Uiy € Vert(Ga/1)
[cf. Lemma 3.6, ()]; vi{y € Vert(Gi») for the vertex that corresponds

to v"™ € Vert(Gay1) via the natural bijection Vert(Goy1) — Vert(Gi2)

induced by the automorphism of Xgog determined by permuting the fac-
tors labeled i, j; Y — Xpg for the base-change — by the morphism
Xp = Xy ¥ Xy = X x4 X determined by plEoi{l} and plEof{z} — of
the geometric point of X1y X, Xqoy = X X, X determined by the geomet-
ric points x(1y of Xy = X and w1y of X(oy = X of Definition 3.1, (i)
fi.e., as opposed to the geometric point of X1y X Xq2y = X X X deter-
mined by the geometric points xg1y of Xqy = X and xqay of Xqoy = X/;
Y8 for the log scheme obtained by equipping Y with the log structure
induced by the log structure of Xzfg; U CY for the 2-interior of Y'°8
[ef. [MzTa], Definition 5.1, (i)]; U™ for the log scheme obtained by
equipping U with the log structure induced by the log structure of X};g;
[Ty for the maximal pro-Y quotient of the kernel of the natural sur-
jection m(U'8) — 71 ((Spec k)1°8). [Thus, one verifies easily that Y is
isomorphic to P}.; that the complement Y \U consists of three closed
points of Y; that the vertices y and UiNy correspond to the closed
wrreducible subscheme Y C Xg; and that the point corresponding to the
cusp ¢1?8 4s contained in Y — cf. Lemma 3.6, (iv).] Let I1,, C II; be
an edge-like subgroup associated to z, € Edge(G); e C Iy N Ily\o
a cuspidal subgroup associated to cU#8; T mew C Iy a verticial sub-

. . def
group associated to vV that contains Il C Ilo; va?{v = Ilynew;
new

HU?@ C Ilne a verticial subgroup associated to Uy that contains

. def def
Hcdiag g H2 WTZIfe Hz’zz é H2 XHl sz g HQ; Dcdiag é NH2<Hcdiag);
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def
Iynew 2z — ZH2

ing hold:

def
= NH2

(H/Unew) g D,Unew z

(ILynew). Then the follow-

‘ZI z |Zz

(1) [t hOldS that Dcdiag ﬂHQ/l - Dcdiag ﬂHl\Q = CH2 (Hcdiag>mH2/1 =
CH2 (Hcdiag> N H1\2 - Hcdiag.

(11) [t hOldS th;a/t CH2 (Hcdiag) - Dcdiag.

(iii) The surjections py),: Ty — Iy, pil,: Tlo — Tl determine
isomorphisms Dcdiag/Hcdiag :> Hl, Dcdiag/Hcdiag :) H{g}, re-
spectively, such that the resulting composite outer isomorphism
I, = Iy is the identity outer isomorphism.

(iv) The natural inclusions Imew, Dpew|,, <> Dynew|,, determine
an isomorphism anew X ],Unew 2 :> Dvnew 2o — CHQ‘Z;E (anew).
Moreover, the composite Lynew|,, <> Dynewl|, — Il, is an iso-
morphism.

(V) ]t hOldS that OHQ(DUnew Zx) g CH2 (anew).

(Vi) Dynew|,, is commensurably terminal in Iy, i.e., it holds
that Dvnew|zx - OH2<DUI]EW z$>

(vii) It holds that Zy,(Tlynew) = ZR¢(Iynew) = Iynew|.,. Moreover,

these profinite groups are isomorphic to 7> [cf. the discussion
entitled “Numbers” in [CbTpl|, §0].

(Vlll) It holds that CH2 (anew) = Dvnew|zz = anew X ZH2 (anew>. In
particular, the equality Cr,(ILynew) = N, (ILynew) holds.

(IX) It holds that Z(C(H2 (anew)) = ZH2 (anew>.
(x) It holds that

O, (ILypew ) N 1Ly = ypew, C, (Iynew ) NIy = Morey

ew ew
/1 \2

Crt, (Hogen) = Crr, (Hopey) -

Moreover, for suitable choices of basepoints of the log schemes

U and X8, the natural morphism U — X 28 induces an

isomorphism Il — Cfp, (H”S?XV> = CH2(H”’K§V>'
Proof. First, we verify assertion (i). Now it is immediate that we have
inclusions I aiae € Dediag € Chp,(Iaaiag). In particular, since I aiae is
commensurably terminal in Iy and Iy, [cf. [CmbGC], Proposition
1.2, (11)], we Obtain that Hcdiag g Dcdiag N H2/1 g CHQ(HCdiag> N H2/1 =
CH2/1 (Hcdiag) - Hcdiag; Hcdiag g Dcdiag N H1\2 g CHQ(HCdiag) N Hl\Q ==
Cri,y,(Ileaiag) = Tleaiag. This completes the proof of assertion (i). As-
sertions (ii), (iii) follow immediately from assertion (i), together with
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I1
the [easily verified] fact that the composites D g < Ilo =S I1; and
pH
D aiag — 1y Ny Il 9y are surjective.

Next, we verify assertion (iv). It follows immediately from the vari-
ous definitions involved — by considering a suitable stable log curve of
type (g,r) over (Speck)'® and applying a suitable specialization iso-
morphism [cf. the discussion preceding [CmbCsp|, Definition 2.1, as
well as [CbTpl], Remark 5.6.1] — that, to verify assertion (iv), we
may assume without loss of generality that Cusp(G)U{z,} = Edge(G).
Then, in light of the well-known local structure of X'°% in a neigh-
borhood of the node or cusp corresponding to z,, one verifies easily
that the outer action II,, — Out(Ily;;) = Out(Ilg,,, ) arising from the
natural exact sequence

1 — Iy — )., — 1L, — 1

is of SNN-type [cf. [NodNon], Definition 2.4, (iii)], hence, in partic-
ular, that the composite Lpmew|,, <> Dynew|,, — I, is an isomor-
phism. Thus, assertion (iv) follows immediately from [NodNon], Re-
mark 2.7.1, together with the commensurable terminality of Il new in
Iy, [cf. [CmbGC], Proposition 1.2, (ii)] and the fact that the compos-
ite Dynew|,, <> Ia|,, — II,, is surjective. This completes the proof of
assertion (iv).

Next, we verify assertion (v). It follows immediately from asser-
tion (iv), together with the commensurable terminality of ILynew in Iy /4
[cf. [CmbGC], Proposition 1.2, (ii)], that Dynew|,, NIl = Ilynew.
Thus, since Ily/; is normal in Iy, assertion (v) follows immediately
from Lemma 3.9, (i). This completes the proof of assertion (v).

Next, we verify assertion (vi). Since the image of the composite

pH
Dynew|,, < Ty 2 IT; coincides with I, C II; [cf. assertion (iv)], and
II,, C1IIy is commensurably terminal in I1; [cf. [CmbGC], Proposition
1.2, (ii)], it follows immediately that Cry,(Dynev],,) C I5],,. In partic-
ular, it follows immediately from assertions (iv), (v) that Dynew|, C
OHQ(D’UHEW|ZI) g CH2 (anew) N H2|zm = CHzlzz (anew) = Dvnew 2 This
completes the proof of assertion (vi).

Next, we verify assertion (vii). It follows from assertion (iv) and
[CmbGC], Remark 1.1.3, that Inev|,, is isomorphic to 7=, Moreover,
it follows from the various definitions involved that we have inclusions
Iynew|s, C Ziy(Ipnew) © Z19(Iynew ). Thus, to verify assertion (vii), it
suffices to verify that Z{(Ilynew) C Iynew|.,. To this end, let us ob-
serve that it follows immediately from the final portion of Lemma 3.6,
(iv), that the image pl,(Tlynew) C Tl = Tlg is an edge-like subgroup

of Iy — Il associated to z, € Edge(G). Thus, since every edge-
like subgroup is commensurably terminal [cf. [CmbGC], Proposition
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1.2, (ii)], it follows that the image pil,(Zifs (Imew)) C Mgy = Ilg
is contained in an edge-like subgroup of Il = Ilg associated to
z; € Edge(G). On the other hand, since Iz C ILnew, we have
Z8(Hynew) € Z5(Maiag) € Crpy (TMeaioe) = Deaine [cf.  assertion (ii)].
In particular, it follows immediately from assertion (iii), together with
the fact [cf. assertion (iv)] that Ipew|., C Z¢(Ilynew) surjects onto
II,, [cf. also [NodNon|, Lemma 1.5], that plz_[/l(ZIlf;(anew)) C 11 is
contained in 11, C Iy, i.e., Z}TOQC(HWW) C Ily|,,. Thus, it follows im-
mediately from assertion (iv), together with the slimness of ILnew [cf.
[CmbGC], Remark 1.1.3], that Zj¢(Iynew) C Iynew|.,. This completes
the proof of assertion (vii).

Next, we verify assertion (viii). It follows from assertion (vii), to-
gether with Lemma 3.9, (ii), that Cry, (Ilynew) C Niyp, (Iynew|,, ). In par-
ticular, since Dynew|,, is generated by ynew, Iynew|,, [cf. assertion (iv)],
it follows immediately that (Dynew|,, C) Crp, (ynew) € Chpy(Dynew|s, ).
Thus, the first equality of assertion (viii) follows from assertion (vi); the
second equality of assertion (viii) follows immediately from assertions
(iv), (vii). This completes the proof of assertion (viii).

Next, we verify assertion (ix). Let us recall from [CmbGC], Remark
1.1.3, that Il new is slim. Thus, assertion (ix) follows from assertion
(viii), together with the final portion of assertion (vii). This completes
the proof of assertion (ix).

Finally, we verify assertion (x). The first two equalities follow from
[CmbGC], Proposition 1.2, (ii). Next, let us observe that since [it is im-
mediate that] the automorphism of Xgog determined by permuting the

new new

factors labeled 4, j stabilizes U, but permutes vy i and U}y, , one verifies
immediately that, to verify assertion (x), it suffices to verify that, for
suitable choices of basepoints of the log schemes U'°¢ and X]l_é’g , the nat-

ural morphism U'"°¢ — XIEOg induces an isomorphism Iy — Cry, (ILynew )
(= CHz(HUS?Y))' To this end, let us observe that since the vertex v™*%
corresponds to the closed irreducible subscheme Y C Xg [cf. the dis-
cussion following the definition of II;; in the statement of Lemma 3.11],
it follows immediately from the various definitions involved that, for
suitable choices of basepoints of the log schemes U'® and X};’g, the
natural morphism U'°¢ — X]lgg gives rise to a commutative diagram

1 —— HU/ZL E— 1_[U —_— HZ:c — 1

| l |

]_ —) anew —> DUnew Zz —> ]'_‘[Zx —> ]_

— where we write Iy, for the kernel of the natural surjection Il —»
II, ; the horizontal sequences are ezact; the exactness of the lower
horizontal sequence follows from assertion (iv); the left-hand vertical
arrow is an isomorphism. Thus, it follows from assertion (viii) that,
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for suitable choices of basepoints of the log schemes U'°® and X};’g,
the natural morphism U — X]lgg induces an isomorphism Iy —
Dynew|,, = Cr,(Ilynew ), as desired. This completes the proof of assertion
(x), hence also of Lemma 3.11. O

The first item of the following result [i.e., Lemma 3.12, (i)] is, along
with its proof, a routine generalization of [CmbCsp], Corollary 1.10,

(ii).

Lemma 3.12 (Commensurator of a tripod). Let E C {1,--- ,n}
and T C Ilg an E-tripod of 11, [cf. Definition 3.3, (i)]. Then the
following hold:

(i) It holds that Cn,(T) = T x Zn,(T). Thus, if an outomorphism
a of Il preserves the Il g-conjugacy class of T', then one may
define a|r € Out(T) [cf. Lemma 3.10, (i)].

(ii) Suppose that n = #FE = 3, and that T is central [cf. Defi-
nition 3.7, (ii)]. Let T" C llp = 11, be a central E-tripod
of I,,. Then Ch, (T') (respectively, Ny, (T); Zn, (T)) is a I1,-
conjugate of C,, (T") (respectively, Ny, (T"); Zu, (T")).

Proof. Let i € E; x € X,(k); v € Vert(Gicg.) be such that v is of
type (0,3), and, moreover, T is a verticial subgroup of IIg associated
to v € Vert(Gicpe). [Thus, we have an inclusion T C Ilg/p\(y) € Ilg
— cf. Definition 3.1, (iv).]

First, we verify assertion (i). Since T' C Ig/p\ (i) € Ilg, and T is
commensurably terminal in I/ gy [cf. [CmbGC], Proposition 1.2,
(ii)], it follows from Lemma 3.9, (iii), that Cr,(T") = N, (7). Thus,
in light of the slimness of T [cf. [CmbGC], Remark 1.1.3], to ver-
ify assertion (i), it suffices to verify that the natural outer action of
N, (T) on T is trivial. To this end, let E” C E be such that 7' is
E'-strict [cf. Lemma 3.8, (i)]; write T C Ilp for the image of T via
pg/E,: [z — Hp. Then it is immediate that the image of Ny, (T)
via pg/E,: g — g is contained in Ny, (Te), and that the natural
surjection T — Ty is an isomorphism [cf. Lemma 3.8, (i)]. Thus, one
verifies easily — by replacing E, T by E’, Tk, respectively — that,
to verify that the natural outer action of Ny, (7T") on T is trivial, we
may assume without loss of generality that 1" is F-strict. If T satisfies
condition (1) of Lemma 3.8, (ii), then assertion (i) follows from the
commensurable terminality of T in g [cf. [CmbGC], Proposition 1.2,
(ii)]. If T satisfies either condition (2¢) or condition (2y) of Lemma 3.8,
(i), then assertion (i) follows immediately from Lemma 3.11, (viii). If
T satisfies condition (3) of Lemma 3.8, (ii), then one verifies easily from
the various definitions involved — by considering a suitable stable log
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curve of type (g,7) over (Spec k)¢ and applying a suitable specializa-
tion isomorphism [cf. the discussion preceding [CmbCsp]|, Definition
2.1, as well as [CbTpl], Remark 5.6.1] — that, to verify assertion (i),
we may assume without loss of generality that Node(G) = (). Thus,
assertion (i) follows immediately from [CmbCsp], Corollary 1.10, (ii).
This completes the proof of assertion (i).

Next, we verify assertion (ii). Let us recall from Remark 3.7.1, (iii),
that there exist an element 7 € &3 C Out(ll3) [cf. the discussion
at the beginning of the present §3] and a lifting 7 € Aut(Il3) of 7
such that the image of 7' C I3 by the automorphism 7 € Aut(Il3)
coincides with T" C II3. Next, let us observe that one verifies easily
that 7 € G35 may be written as a product of transpositionsin G3. Thus,
in the remainder of the proof of assertion (ii), we may assume without
loss of generality that 7 is a transposition in &3. Moreover, in the
remainder of the proof of assertion (ii), we may assume without loss
of generality, by conjugating by a suitable element of &3, that 7 is the
transposition “(1,2)” in &3. Thus, if, moreover, i = 3 [i.e., the E-tripod
T is 3-central], then it follows from Lemma 3.6, (v), that T is a II3-
conjugate of 7", hence that Cry, (T") (respectively, N, (T'); Zu,(T)) is a
I13-conjugate of Cry, (T") (respectively, N, (T"); Zu,(T")). In particular,
in the remainder of the proof of assertion (ii), we may assume without
loss of generality, by conjugating by 7 € &3 if necessary, that ¢ = 2,
i.e., that the E-tripods T, T" are 2-central, 1-central, respectively.

Next, let us observe that, in this situation, one verifies immedi-
ately from the various definitions involved that there exists a natural
identification between 1l 5 3y/¢3; and the “II,” that arises in the case

where we take “X!°8” to be the base-change of pl{cg%: X‘l[c;g:,)} — XE%

via a suitable morphism of log schemes (Spec k)& — ng}. More-
over, one also verifies immediately from the various definitions involved
[cf. also Lemma 3.6, (v)] that this natural identification maps suitable
II3-conjugates of T', T", respectively, bijectively onto the closed sub-
groups “va;z;v”, “Hv§§g77 of the “Ily” that appears in the statement of

Lemma 3.11. In particular, it follows from Lemma 3.11, (viii), (ix),
(x), that the following assertions hold:

(a) The following equalities hold:
Cttgy oy (T) = T X Zt1gy 5,05 (1),

Crig sy iy (1) = T X Zig s 0y (T7)-
(b) The following equalities hold:
C'H{LQ,S}/B}(T) N1l231/013 =T,
Oty a0y (1) N3y /028y = T
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(¢) The subgroup Cry,, , ,, 0y (T) (vespectively, Zm, , /0y (T)) is &
112,33 /(33-conjugate of the subgroup Chy, , ., 0 (T") (respec-
tively, Zi, ;0 (T')).
In particular, it follows from (c) that, to verify assertion (ii), it suffices
to verify the following assertion:
Claim 3.12.A: The following equalities hold:

CHS (T) = CH3(CH{1,2,3}/{3} (T))v CHS (T/) = CHs (CH{1,2,3}/{3} (T/))a
N, (T) = NHB(OH{Lz,g}/{g} (T))v N, (T/) = NH3<CH{1,2,3}/{3} (T,))v

Zn, (T) = ZH3(OH{1,2,3}/{3} (T))v Zn, (T,) = Z, (CH{1,2,3}/{3} (T/))

First, we verify the first four equalities of Claim 3.12.A. Observe that
since I1g; 231/¢3y is a normal closed subgroup of 1I3 and contains both
T and 7", it follows from Lemma 3.9, (iii), that the inclusions

NHs (T) C CH3 (T) - NHs (CH{1,2,3}/{3} (T>) - CH3 (CH{1,2,3}/{3} (T))>

NH3 (T/) C CHS (T/) C NHS (CH{1,2,3}/{3} (T/)) c CHS(CH{1,2,3}/{3} (T/))

hold. Moreover, by the normality of I1f 53y/11,3) and Il 23)/423) in
I13, one verifies easily, by applying (b), that the inclusions

N, (CH{1,2,3}/{3} (T)) C N, (T)7 Cﬂs (CH{I,Q,S}/{B} (T)) - Cﬂg (T)v

NH3 (Oﬂg,z,g}/{s} (T/>> - NH3 (T,)> CH3<CH{1,2,3}/{3} (T,)) - Oﬂs (T,)
hold. This completes the proof of the first four equalities of Claim
3.12.A.

Finally, we verify the final two equalities of Claim 3.12.A. Let us first
observe that the inclusions T C Cr /00 (T); T" € Cripy gy (T7)
imply that

ZHg(CH{l,z,g}/{g} (T)) - ZH3 (T)v ZH3(CH{1,2,3}/{3} (T/)) - Zﬂg(T/)'

Thus, it follows immediately from (a) that, to verify the final two equal-
ities of Claim 3.12.A; it suffices to verify the following assertion:

Claim 3.12.B: The following inclusions hold:
ZHs (T) - ZH3(ZH{1,2,3}/{3} (T))v ZH3<T/) c ZHs(ZH{1,2,3}/{3} (T/>>‘

First, let us observe that one verifies immediately from the various def-
initions involved that the natural identification that appears in the dis-
cussion preceding assertion (a) in the present proof of Lemma 3.12, (ii),
determines a natural identification between Il93y/13y and the “II; =
II;5,” that arises in the case where we take “X log” t5 be as in the
discussion preceding assertion (a) in the present proof of Lemma 3.12,
(ii). Thus, it follows immediately from the final portion of Lemma 3.6,
(iV), that the image JT g H{Zg}/{g} of T g H{172,3}/{3} in H{Zg}/{g}
corresponds, via the natural identification just discussed, to an edge-
like subgroup of “Il; = Il{y” associated to the edge z, € Edge(G)
that appears in the statement of Lemma 3.11. Moreover, it follows



70 YUICHIRO HOSHI AND SHINICHI MOCHIZUKI

immediately from (c¢) and Lemma 3.11, (iv), (vii), that the surjection
{123y /43) = lj2,3)/¢3) induces an isomorphism

M1233/48) 2 Dty 0y (T) = Jz S Tiasy sy
— where the closed subgroup Jz C Il 3y /3y corresponds, via the nat-
ural identification just discussed, to an edge-like subgroup of “II; =
IIf5,” associated to the edge 2z, € Edge(G) that appears in the state-
ment of Lemma 3.11. Thus, we conclude immediately from [CmbGC],
Proposition 1.2, (ii), together with the various definitions involved,
that Jr = Jz (& Zug .y, (7). In particular, since Zp,(T) C
NH3(ZH{1,2,3}/{3}(T))’ and the surjection Ilgi23y/(50 — Ila33/43) in-
duces a homomorphism Zn, (1) — Zm, ., (J7), one verifies easily
that the first inclusion of Claim 3.12.B holds. The second inclusion
of Claim 3.12.B follows from the first inclusion of Claim 3.12.B by
applying 7. This completes the proof of Claim 3.12.B, hence also of
Lemma 3.12. O

Lemma 3.13 (Preservation of verticial subgroups). In the nota-
tion of Lemma 3.11, let & be an F-admissible automorphism of llg =
Iy, v € Vert(G). Write v° € Vert(Go/1) for the vertex of Goy1 that cor-
responds to v € Vert(G) via the bijection of Lemma 3.6, (); &y, dap
for the automorphisms of Iy, ly/y determined by a; o, ay, agyy for the
outomorphisms of Iy, I1y, Ily /1 determined by &, an, qia)q, respectively.
Then the following hold:

(i) Recall the edge-like subgroup 11, C I} = Ilg associated to the
edge z, € Edge(G). Suppose that
ap(I,,) =11, .
Suppose, moreover, either that

(a) the outomorphism az; of g, | & Iy/1 maps some cusp-
1dal inertia subgroup of g, , & Iy to a cuspidal inertia
subgroup of Ilg, , & Iy, or that

(b) 2z, € Cusp(G).

[For example, condition (a) holds if the outomorphism as1 of
Ig, ,, < IIy/; is group-theoretically cuspidal — ¢f. [CmbGC],
Definition 1.4, (iv).] Then oy preserves the Iy -conjugacy
class of the verticial subgroup I ynew C Ily/y = Ig, , associated
to the vertex v™*V € Vert(Gypr). If, moreover, oy is group-
theoretically cuspidal, then the induced outomorphism of

ynew [cf. Lemma 3.12, (i)] is itself group-theoretically cus-
pidal.
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(i) In the situation of (i), suppose, moreover, that there ezists a
verticial subgroup 11, C Ilg < II; of Ilg < II; associated to
v € Vert(G) such that a; preserves the Il;-conjugacy class
of IL,. Then ay/ preserves the 1y -conjugacy class of a

verticial subgroup of llg, | « 11/, associated to the vertex v° €

Vert(QQ/l).

(iii) In the situation of (i), suppose, moreover, that X'°® is of type

(0,3) [which implies that 11, o IIg < I, is the unique verti-

cial subgroup of Ig associated to v], and that a; € Out®(IT,)°"P
[¢f. Definition 3.4, (i)]. Then there exists a geometric [cf.
Definition 3.4, (ii)] outer isomorphism pmew — 11, (= Ilg <
I1;) which satisfies the following condition:

If either oy € Out(Ily) = Out(Il,) is contained

in Out(IL,)? [cf. Definition 3.4, (i)] or a|mue. €

Out(Ilymew) [ef. (i); Lemma 3.12, (i)] is contained

m Out(l'[vnew)A, then the outomorphisms o e, 01

of Iymew, 11, are compatible relative to the outer

isomorphism in question Ilmew — I1,,.

Proof. First, we verify assertions (i), (ii). Write S o Node(Ga/1) \
N (v™¥). Then it follows immediately from the well-known local struc-
ture of X'°® in a neighborhood of the edge corresponding to z, that if
z; € Node(G) (respectively, z, € Cusp(G)), then the outer action of
IL,, on I, ) s [cf. [CHTpI], Definition 2.8] obtained by conjugating

the natural outer action IL,, < II; — Out(Ily;) = Out(Ilg,,,) —
where the second arrow is the outer action determined by the exact
sequence of profinite groups

pH
1—>H2/1—>H2i>1_[1—>1

— by the natural outer isomorphism ®(g, ) s g, ) s = Ig,,, [cf.
[CbTpl], Definition 2.10] is of SNN-type [cf. [NodNon]|, Definition 2.4,
(iii)] (respectively, IPSC-type [cf. [NodNon], Definition 2.4, (i)]). Thus,
it follows immediately [in light of the various assumptions made in the
statement of assertion (i)!] in the case of condition (a) (respectively,
condition (b)) from Theorem 1.9, (i) (respectively, Theorem 1.9, (ii)),
that the outomorphism o, ) s of lg,,) g obtained by conjugat-

&

~ S S

G2/1)~8

ing ag; by the composite IIp;; = Mg, , — Mg, ,,)..s 18 group-
theoretically verticial [cf. [CmbGC], Definition 1.4, (iv)] and group-
theoretically nodal [cf. [NodNon]|, Definition 1.12]. On the other hand,
it follows immediately from condition (3) of [CbTpl], Proposition 2.9,

i), that the image via ® I = Ilg, . of any verticial
( ( Ga/1

G2/1)ws - Ga/1)~s
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subgroup of Ilig, ) s associated to the vertex of (Gy/1)..s correspond-
ing to v™" is a verticial subgroup of Ilg, , associated to v™". Thus,
since g, ;)¢ 18 group-theoretically verticial, it follows immediately
that ay/; preserves the IIy/-conjugacy class of the verticial subgroup
Hynew C Iy 5 Ig, P associated to v"*V. [Here, we observe in passing
the following easily verified fact: a vertex of (Gs/1)..g corresponds to
v if and only if the verticial subgroup of II(g, )4 associated to this
pH
vertex maps, via the composite lg, ) = 5/ = {9y, to an abelian
subgroup of Ilgyy.] If, moreover, oy is group-theoretically cuspidal,
then the group-theoretic cuspidality of the resulting outomorphism of
I new follows immediately from the group-theoretic cuspidality of ay/y
and the group-theoretic nodality of oy <. This completes the proof
of assertion (i).

To verify assertion (ii), let us first observe that it follows immedi-
ately from [CbTpl], Theorem A, (i), that — after possibly replacing &
by the composite of & with an inner automorphism of Il determined
by conjugation by an element of Il;/; — we may assume without loss
of generality that if we write aygy for the automorphism of Il deter-
mined by «, then

G2/1)~

62{2} (Hv) = Hv

— where, by abuse of notation, we write II, for some fixed subgroup of
112y whose image in Ilg . II;9y is a verticial subgroup associated to v.

Next, let us fir a verticial subgroup Il,. C Il = ng of ng as-
sociated to the vertex v° € Vert(Gy/1) such that the composite II,o —

11
Iy pi;z 19 determines an isomorphism Il,e 5 1II,. Then let us ob-
serve that one verifies easily from condition (3) of [CbTpl], Proposition
2.9, (i), together with [NodNon], Lemma 1.9, (ii), that there exists a
unique vertex w® € Vert((Go/1)..s) such that the image Il,. C Ily;
@(92/1)-S
Go/1)ws = lg, , ¢ Iy of some verticial
associated to w® contains the verticial subgroup

via the composite II

subgroup of H(g2/1)~‘>5

I, C Iy = Ig, " Thus, it follows immediately from the vari-
pll_I\Q

ous definitions involved that the composite Il,c < Il — Il is
an 4njective homomorphism whose image II,, C Ilj; maps via the

Qg
composite ITgpy = Ilg < Tlg__ — where we write - Node(G) \
(Node(G) N {2,}) — to a verticial subgroup of Ilg__ associated to a
vertex w € Vert(G_g). Here, we note that the vertex w may also
be characterized as the unique vertex of G_ 3 such that the image via
the natural outer isomorphism ®g _: Ilg _ = g of some verticial
subgroup associated to w contains a verticial subgroup associated to

9]
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v € Vert(G). Thus, we obtain an isomorphism IT,. — II,,, hence also
an isomorphism a1 (Iye) = oy (ILy).

Next, let us observe that since og,,,).s is group-theoretically ver-
ticial [cf. the argument given in the proof of assertion (i)], it fol-
lows immediately that /(1) € oy 5 Ig,,).s is a verticial

subgroup of Ilg, 1)-s that maps isomorphically to a verticial sub-

group oy () € Mgy — TIg__ of Tlg__ that contains dy(IL,) =
IT,. On the other hand, in light of the unique characterization of w
given above, this implies that oo (Il,) C I 5 Ilg__ is a verti-
cial subgroup associated to w, and hence [as is easily verified]| that
g1 (Ilye) C Il 5 g, ).s 1s a verticial subgroup associated to
w°®. In particular, one may apply the natural outer isomorphisms
WGyl o)m,e = Q21 (Mue); Mgl oz, = @23(Il) [cf. [CHTpI],
Definitions 2.2, (ii); 2.5, (ii)] arising from condition (3) of [CbTpl],
Proposition 2.9, (i); moreover, one verifies easily that the resulting

outer isomorphism I, ) )z . = (gl )sr, [INduced by the above

“Tuw
isomorphism a1 (L) = a2y (IL,)] arises from scheme theory, hence
is graphic [cf. [CmbGC], Definition 1.4, (i)]. Therefore, we conclude
that the closed subgroup am/1 () € (qa/1(Ilye) C) oy s Ilg,, is a
verticial subgroup of Ilg, , associated to v°. This completes the proof
of assertion (ii).

Finally, we verify assertion (iii). First, we recall from [CmbCsp],
Corollary 1.14, (ii), that there exists an outer modular symmetry o €

1T
g Py/1

~

(65 C) Out(Ily) such that the composite ILjnew — Il — Il —
ITI; = II, determines a(n) [necessarily geometric|] outer isomorphism
[Inew — I1,. The remainder of the proof of assertion (iii) is devoted to
verifying that this outer isomorphism I new — II, satisfies the condi-
tion of assertion (iii). First, suppose that a; € Out(Il;)?. Then since
Out™(IIy) = Out"™(II,) = Out"™ ¥ (Ily) [cf. [CmbCsp], Definition 1.1,
(iv); Theorem 2.3, (ii), (iv), of the present monograph; our assumption
that X8 is of type (0, 3)], it follows from [CmbCsp], Corollary 1.14, (i),
together with the injectivity portion of [CmbCsp], Theorem A, (i), that
a commutes with every modular outer symmetry on Ily; in particular, «
commutes with o. Thus, it follows immediately from [CmbCsp], Corol-
lary 1.14, (iii), that the above outer isomorphism ITuew — II, satisfies
the condition of assertion (iii).

Next, suppose that | ... € Out(ILynew ). If we write o o
oot (€ Out"(IIy)™» — cf. [CmbCsp], Corollary 1.14, (i); Theo-
rem 2.3, (i), and Lemma 3.5 of the present monograph) and (a%); €
Out(Il,) for the outomorphism of II, determined by a“, then it fol-
lows immediately from [CmbCsp], Corollary 1.14, (iii), that the out-
omorphisms /i e, (7)1 Of Iynew, 11, are compatible relative to the
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outer isomorphism Ilmew — II, discussed above. Thus, since A e €
Out(Ilmew )2, we conclude that (a?); € Out(IL,)2. In particular, [since
Out™(ITy) = Out™(I1,) = Out™*(I1,) — cf. [CmbCsp], Definition 1.1,
(iv); Theorem 2.3, (ii), (iv), of the present monograph; our assumption
that X'°8 is of type (0,3)] it follows from [CmbCsp], Corollary 1.14,
(1), together with the injectivity portion of [CmbCsp], Theorem A, (i),
that o commutes with every modular outer symmetry on Il,. Thus,
we conclude that a® commutes with 0!, which implies that o = a°.
This completes the proof of assertion (iii). O

Lemma 3.14 (Commensurator of the closed subgroup arising
from a certain second log configuration space). Leti € E, j € E,
x, and z;;, be as in Lemma 3.6; let v € Vert(Gjcp\(iy,2). Then, by ap-
plying a similar arqgument to the argument used in [CmbCsp], Definition
2.1, (i), (vi), or [NodNon], Definition 5.1, (iz), (z) [i.e., by consider-
ing the portion of the underlying scheme Xg of X}é’g corresponding to
the underlying scheme (X,)a of the 2-nd log configuration space (X,)Y%
of the stable log curve X\ determined by Gjep\(iy.ole — cf. [CbTpI],
Definition 2.1, (iii)], one obtains a closed subgroup

()2 € Mgy gig)
[which is well-defined up to Ilg-conjugation]. Write
def
(Iy)21 = ()2 N g/ ey € ()2
[Thus, one verifies easily that there exists a natural commutative dia-
gram

I —— (L) —— (IL): — 11, e

| l |

I1
1 —— Ty — Do — M e —
— where we use the notation 1L, to denote a wverticial subgroup of
ngEE\{i}’z & H(E\{i})/(E\{i,j}) associated to v € Vert(gjeE\{i},x), the
horizontal sequences are exact, and the vertical arrows are injective./

Then the following hold:

(i) Suppose that z;j, € VCN(Gjep\{i},«) s contained in £(v).
Write v° € Vert(Giep,) for the vertex of Gicpa that corre-
sponds to v € Vert(Gjcp\(i},2) via the bijections of Lemma 3.6,
(i), (Z"U). Let 11,0, vaj‘”l C HgiGE,I val HE/(E\{i}) be wverti-
cial subgroups of Ug, ., — g () associated to the ver-
tices v°, V5% € Vert(Gicp..), respectively, such that HU?% C

(ILy)2/1, and, moreover, Il ﬂHv?i_wl # {1}. Let us say that two

1
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g/ e\(y)-conjugates I, H‘Snew fi.e., where v, 6 € Ug )/
of Hyo, Hypew are conjugate-adjacent if T N H‘Snewr # {1}.
Let us say that a finite sequence of I g g\ iy - conjugatés of I,
H”ﬁ% 1s a conjugate-chain if any two adjacent members of
the finite sequence are conjugate-adjacent. Let us say that a
subgroup of llg g\ is conjugate-tempered if it appears
as the first member of a conjugate-chain whose final mem-
ber is equal to II, pew . Then (I1,)2/1 is equal to the subgroup
of g e\ topologzcally generated by the conjugate-tempered
subgroups and the elements 0 € Ilg/p\ () such that H‘Snew 18

zgz

conjugate-tempered.
(11) If NHE\{i} (HU) = CHE\{i} (H ) then NHE(( )2) CHE(( ) )

(111) If CHE\{i} (Hv) =11, x ZHE\{i} (HU)7 then CHE((HU)2) = (Hv)2 X
Zn ((1y)2).

(iv) Suppose that v is of type (0,3), i.e., that II, is an (E \
{i})-tripod of I1,, [cf. Definition 3.3, (i)]. Then it holds that
Cr, ((ILy)2) = (I1y)2 x Zu, ((1L,)2). Thus, if an outomorphism
a of llg preserves the Ilg-conjugacy class of (I1,)s, then one
may define o), € Out((Il,)q2) [cf. Lemma 3.10, (i)].

Proof. First, we verify assertion (i). We begin by observing that it
follows immediately from [NodNon|, Lemma 1.9, (ii), together with
the commensurable terminality of Hv?‘;"; C g/ gy [cf. [CmbGC],
Proposition 1.2, (ii)], that the subgroﬁf) described in the final portion
of the statement of assertion (i) is contained in (IL,)s/1. If #(N (v°) N
N (vi$%)) = 1, then assertion (i) follows immediately from a similar
argument to the argument applied in the proof of [CmbCsp|, Propo-
sition 1.5, (iii), together with the various definitions involved [cf. also
[NodNon], Lemma 1.9, (ii)]. Thus, we may assume without loss of
generality that # (N (v°) NN (v}S%)) = 2.
Write
e c; € N() NN for the [uniquely determined — cf.

U; T
[NodNon|, Lemma 1.5] node such that o N Hypew (7 {1})
is a nodal subgroup associated to e; [cf. [NodNon|, Lemma
L9, (1)};
e ¢, for the unique element of N'(v°) NN (v}5%) such that ey # e;
[so N(v°) NN (0i5%) = {ex, e2}];

e H for the sub-semi-graph of PSC-type [cf. [CbTpl], Definition
2.2, (i)] of the underlying semi-graph of G;cp, whose set of

vertices = {v°, v} };

o S Node(Gicp.oli)\ {e1,e2} [cf. [CHTpI], Definition 2.2, (ii)];
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o HY (Gicpx|m)ss [which is well-defined since, as is easily ver-
ified, S is not of separating type as a subset of Node(Gicp »|m)
— cf. [CbTpl], Definition 2.5, (i), (ii)].

Then it follows immediately from the construction of H that H_.;c y
[cf. [CbTpl], Definition 2.8|, where we observe that one verifies eas-
ily that the node e; of Gicp, may be regarded as a node of H, is
cyclically primitive [cf. [CbTpl], Definition 4.1]. Moreover, it follows
immediately from [NodNon], Lemma 1.9, (ii), together with the vari-
ous definitions involved, that (II,)2/1 C Ilg/ e\ 5 Mg, ., may be
characterized uniquely as the closed subgroup of Ilg, that contains

€FE,x
ynew C Ilg, . . and, moreover, belongs to the Ilg,_, -conjugacy class

,7,%

of closed subgroups of Ilg,_, = obtained by forming the image of the
composite of outer homomorphisms

(I)Hw{el}

HHW{el} — HH — HgiEE,z

[cf. [CbTpl], Definition 2.10] — where the second arrow is the outer in-
jection discussed in [CbTpl], Proposition 2.11. In particular, it follows
from the commensurable terminality of (I1,)s/1 in Ilg,_, . [cf. [CmbGC],
Proposition 1.2, (ii)] that this characterization of (II,)/; determines an
outer isomorphism Tly_, | = (IL,)a1.

On the other hand, it follows immediately from a similar argument
to the argument applied in the proof of [CmbCsp], Proposition 1.5,
(iii), together with the various definitions involved [cf. also [NodNon],
Lemma 1.9, (ii)], that the image of the closed subgroup of (I, )s/1 topo-
logically generated by II,. and H”?,?Yi via the inverse (I, )q/1 — Iy )
of this outer isomorphism is a verticial subgroup of Il (1) associated
to the unique vertex of H..(e,y. Thus, since H..;epy is cyclically primi-
tive, assertion (i) follows immediately from [CmbGC], Proposition 1.2,
(ii); [NodNon], Lemma 1.9, (ii), together with the description of the
structure of a certain tempered covering of H..;e,y given in [CbTpl],
Lemma 4.3. This completes the proof of assertion (i).

Next, we verify assertion (ii). Since (IL,)o/1 = (IL,)2 N g/ iy is
commensurably terminal in Ilg/ g\ gy [cf. [CmbGC], Proposition 1.2,
(ii)], assertion (ii) follows immediately from Lemma 3.9, (iv). This
completes the proof of assertion (ii). Next, we verify assertion (iii).
First, let us observe that if £(v) = ), then one verifies immediately
that the vertical arrows of the commutative diagram in the statement
of Lemma 3.14 are isomorphisms, and hence that assertion (iii) holds.
Thus, we may assume that £(v) # 0. Next, let us observe that it follows
from assertion (ii) that Ny, ((I1,)2) = Cn,((I1,)2). Thus, in light of the
slimness of (I1,)q [cf. [MzTa], Proposition 2.2, (ii)], to verify assertion
(iii), it suffices to verify that the natural outer action of Ny, ((II,)2)
on (IL,)s is trivial. On the other hand, since [one verifies easily that]
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the natural outer action Ny, ((Il,)s) — Out((Il,)2) factors through
Out”((I,)) € Out((Il,),), it follows from the injectivity portion of
Theorem 2.3, (i) [cf. our assumption that £(v) # 0], that to verify the
triviality in question, it suffices to verify that the natural outer action
of Nu,((IL,)2) on IL, is trivial. But this follows from the equality
C'HE\{Z.}(HU) =TI, x ZHE\{i}<HU)‘ This completes the proof of assertion
(iii). Assertion (iv) follows immediately from assertion (iii), together
with Lemma 3.12; (i). This completes the proof of Lemma 3.14. O

Lemma 3.15 (Preservation of various subgroups of geomet-
ric origin). In the notation 0f Lemma 3.14, let a be an F-admissible
automorphism of llp. Write ap\y b ag/e\fy) for the automorphisms
of Up\(iy, g/ e\ determined by a; o, ap\ i, A p/(B\{i}) for the outo-
morphisms of Ilg, g\ (i, e/ e\ determmed by a, ap\fiy, CE/(E\{});

respectively. Suppose that there exist an edge e € Edge(gjeE\{ ya) of
QjeE\{i}x that belongs to E(v) C Edge(Gjcp\(iy2) and a pair II, C
I, C Ilg. eE\(i}e Yal I g\ v/ (e\figy) of VON-subgroups associated to
e € Edge(g]@\{ y2): U € Vert(Giep (iy,2), respectively, such that

aE\{z} (He) — He g 62E\{z} (Hv) — Hv .

Suppose, moreover, either that

(a) the outomorphism age\jiy) of g,y ., & g/ g\ (i) maps some
cuspidal inertia subgroup of Ilg,_, , & g/ e\ to a cuspidal
inertia subgroup of g, , . < g/m\gy), or that

(b) e € Cusp(Gjcr\{i},z)-

[For example, condition (a) holds if the outomorphism ap\(iy) of
g, .. < Ig/e\(iy) is group-theoretically cuspidal — c¢f. [CmbGC],
Definition 1.4, (iv).] Write T C g for the E-tripod of I1,, [¢f. Def-
inition 3.8, (i)] arising from e € Edge(Gjcp\(iy,2) [¢f. Definition 5.7,
(i)]. Then the following hold:

(i) The outomorphism « preserves the Ilg-conjugacy classes of
T, (Il,), € Hg. If, moreover, the outomorphism og/(e\fiy)
of Ug,.p,., < Hgyp\pi}) is group-theoretically cuspidal /cf.
[CmbGC], Definition 1.4, (iv)], then the outomorphism o|r
[ef. Lemma 3.12, (i)] of T is contained in Out®(T)" [cf
Definition 3.4, (i)].

(ii) Suppose, moreover, that v is of type (0,3) — i.e., that 11, is
an (E\{i})-tripod of 11, — and that ap\ |, € Out® (11, )P
[ef. Lemma 3.12, (i)]. Then there exists a geometric [cf. Def-
inition 3.4, (ii)] outer isomorphism T = I1, which satisfies the
following condition:
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If either alr € Out(T)> [cf. (i)] or apgyln, €
Out(IL,)~, then the outomorphisms o|r, ap\iy|n, of
T, II, are compatible relative to the outer isomor-
phism in question T = TI,,.
If, moreover, 11, is (E \ {i})-strict [cf. Definition 3.3, (iii)],
then the following hold:

(1) If #(E\{i}) =1 [i.e., 11, satisfies condition (1) of Lemma 3.8,
(11)], then T is E-strict [i.e., T satisfies one of the two
conditions (2¢), (2x) of Lemma 3.8, (i1)].

(2) If #(E\ {i}) = 2 [i.e., 11, satisfies one of the two con-
ditions (2c), (2x) of Lemma 3.8, (ii)], and the edge e €
Edge(Gjcp\{i},«) is the unique diagonal cusp of Gjcp\ (i}«
[cf. Lemma 3.2, (ii)], then T' is E-strict [i.e., T satisfies
condition (3) of Lemma 3.8, (ii)], hence also central [cf.
Definition 3.7, (ii)].

Proof. First, let us observe that one verifies easily — by replacing =
by a suitable k-valued geometric point of X, (k) that lifts v\ ) €
X3 (k) [note that this does not affect “Gjecp\fiy,.”!] — that, to
verify Lemma 3.15, we may assume without loss of generality that
Zije = € € BEdge(Gjer\ (i} 2)-

Now we verify assertion (i). First, let us observe that one verifies eas-
ily — by replacing X 98 by the base-change of plgf gy X2 X};\g{i,j}
by a suitable morphism of log schemes (Spec k)& — X}g\g{i,j} that lies
over Tp\ (i3 € X\ (i3 (k) [cf. Definition 3.1, (i)] — that, to verify asser-
tion (i), we may assume without loss of generality that #E = 2. Then it
follows immediately from Lemma 3.13, (i), that ag/ g\ fi}) preserves the
g/ e\ fiy)-conjugacy class of T' (= HU?’%) C Ilg/(p\{i})- Moreover, it fol-
lows immediately from Lemma 3.13, (i), (ii), together with Lemma 3.14,
(i), that ag/e\y) preserves the Ilgm (iy)-conjugacy classes of the
normally terminal closed subgroups Il,e C (Il,)o/1 € g/ gy [cf.
[CmbGC], Proposition 1.2, (ii)]. In particular, since apg\ gy (Il,) = IL,,

~

by considering the natural isomorphism (II,), — (II,)2/1 0>1:1t I, [cf.
the upper exact sequence of the commutative diagram in the state-
ment of Lemma 3.14; the discussion entitled “Topological groups’ in
[CbTpI], §0], we conclude that ap preserves the Ilg-conjugacy class of
(Hv>2 g HE
Next, suppose that the outomorphism a g/ g\ (i) of g, . , ~ g/ e\

is group-theoretically cuspidal. Then it follows from Lemma 3.13, (i),
that a|p € Out®(T). Moreover, since ag/(m\ gy is group-theoretically
cuspidal, it follows immediately from Lemma 3.2, (iv), that ag/ g\ iy
fizes the Il g g\ (i3)-conjugacy class of cuspidal inertia subgroups asso-

ciated to each element € C(vPY) (3 ¢*8). Thus, to verify that a|r €

1’7‘7"72 Z7J7x
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OutC(T)C“Sp, it suffices to verify that ag/ g () fives the Ilg g\ (iy)-

conjugacy class of nodal subgroups of Ilg,_,, . & Iy E\{i}) associated to
each element of V(v )NN (v°). To this end, let e® € N (0% )NN (v°)

1,J,% 1,J,%
and Il C Ilg,_,, < g/ e\ a nodal subgroup associated to the
node e° such that II.. C IlI,.. Now let us observe that one verifies
casily that the closed subgroups II.o C I, C Ilg, .. < Hg/e\
map bijectively onto VCN-subgroups of Ilg, .. .z & e\ /(B\figh
associated, respectively, to the edge and vertex of Gicp (5}, that corre-
spond, via the bijections of Lemma 3.6, (i), to e, v € VCN(Gjep\ {i},2)-

In particular, if 8 is the composite of a with some Iz g\ fi))-inner

automorphism such that S(Il,.) = Il [cf. the preceding paragraph],
then it follows immediately from our assumption that ap gy (Il) =
I, C apy(IL,) = II,, together with [CbTpl], Theorem A, (i), and
[CmbGC], Proposition 1.2, (ii), that the automorphism of II,. deter-
mined by 3 preserves the Ilo-conjugacy class of IL... Thus, ag/ g\
fizes the g/ g\ (iy)-conjugacy class of Ileo, as desired. This completes
the proof of assertion (i).

Next, we verify assertion (ii). Since v is of type (0,3), it follows
from assertion (i), together with Lemma 3.14, (iv), that one may de-
fine a|m,), € Out((Il,)2). Thus, by applying Lemma 3.13, (iii), to
o|(1,), € Out((Il,)s), one verifies easily that the first portion of asser-
tion (ii) holds. The final portion of assertion (ii) follows immediately
from the descriptions given in the four conditions of Lemma 3.8, (ii),
together with the various definitions involved. This completes the proof
of assertion (ii). O

Theorem 3.16 (Outomorphisms preserving tripods). In the no-
tation of the beginning of the present §3, let E C {1,---,n} and
T C Ilg an E-tripod of 11, [cf. Definition 3.3, (i)]. Let us write

Out" (I1,,)[T] € Out"(IL,,)
for the [closed] subgroup of Out®(Il,) [cf. [CmbCsp], Definition 1.1,

(ii)] consisting of F-admissible outomorphisms « of 11, such that the
outomorphism of llg determined by o preserves the Ilg-conjugacy class
of T C Ilg. Then the following hold:

(i) It holds that
Cn,(T)=T X Zn,(T).

Thus, by applying Lemma 3.10, (i), to outomorphisms of g
determined by elements of Out® (IL,)[T], one obtains a natural
homomorphism

T Out (IL,)[T] — Out(T).
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Let us write
Out™ (I1,)[T : {C}], Out*(IL)[T : {|C|}], Out™(IL)[T : {A}],
Out"(IL) [T : {+}] € Out"(I1,)[T]

for the [closed] subgroups of Out® (I1,,)[T] obtained by forming
the respective inverse images via T of the closed subgroups
Out®(T), Out®(T)"P, Out(T)>, Out(T)* C Out(T) [cf. Def-
inition 3.4, (i)]. For each subset S C {C,|C|, A, +}, let us
write

Out™(IL)[7: 8] = (1) Out"(I,)[7: {T0}] € Out"(I1,)[7];

Des

Out™C(I1,) [T : §] ¥ Out™(IL,)[T : S] N Out™(I1,) € Out™(IL,)

[¢f. [CmbCsp|, Definition 1.1, (ii)]. Suppose, moreover, that
we are given an element o € &,, C Out(1l,) [cf. the discussion
at the beginning of the present §3] and a lifting ¢ € Aut(1l,)
of 0 € S, C Out(Il,). Write

T° C Uy(p)

for the image of T C Ilg by the isomorphism Iy = o
determined by & € Aut(Il,) [which thus implies that T° C
Hom ts a o(E)-tripod of I, — cf. Remark 3.7.1] and

Out® (I1)[T, 5] & Out¥(I1,,)[T] N Out¥ (I1,,)[T°] € Out¥(IL,),
Out*(I1,)[T, 5] & Out¥ (I1,,) [T, 5]NOut*(I1,) € OutF(IL,,).

Then the resulting isomorphism T = T° is geometric [cf.
Definition 3.4, (ii)]. Moreover, we have a commutative dia-
gram

Out" (I1,,)[T, 5]

TTJ/ TTE
Out(T') ——  Out(7T7)
— where the upper horizontal equality is an equality of sub-
groups of the group Out® (IL,,), and the lower horizontal arrow
is the isomorphism obtained by conjugating by the above geo-
metric isomorphism T = T? [i.e., induced by & € Aut(IL,)].
Finally, the equalities
Out™(11,,) [T, 7] = Out™(I1,,)[T] = Out"“(I1,,)[T°]
hold; if, moreover, one of the following conditions is satisfied,
then the equalities
Out" (I1,)[T, 5] = Out" (I1,,)[T] = Out™ (IT,,)[T°]
hold:
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(i-1) (r,n) # (0,2).
(i-2) T is E-strict [cf. Definition 3.3, (iii)].
(ii) It holds that
Out"(IL,)[T : {C, A}] = Out" (IL,)[T : {|C|, A}] .
(iii) Suppose that T is 1-descendable [cf. Definition 3.3, (iv)].
Then it holds that
Out™ (I, [T : {|C|}] = Out*™(I1,)[T : {|C|, +}] .

If, moreover, one of the following conditions is satisfied, then
it holds that

Out™ (IL) [T : {|C|}] = Out™ (IL,)[T : {|C|, +}] :

(iii-1) T is 2-descendable [cf. Definition 3.3, (iv)].
(iii-2) There exists a subset E' C E such that:
(iii-2-a) E' #{1,--- ,n};
(iii-2-b) the image pg/E,(T) C Ilg is a cusp-supporting
E’-tripod of II,, [cf. Definition 3.3, (i)].

(iv) Leti, j € E be two distinct elements of E; e € Edge(Gjcp\(i},)
[cf. Definition 3.1, (iii)]; o € Out"(IL,). Suppose that T
arises from e € Edge(Gjecp\(i},2) [c¢f. Definition 3.7, (i)], and
that the outomorphism of g\ determined by o preserves
the Il g\ (i -conjugacy class of an edge-like subgroup of g\ 5y
associated to e € Edge(Gjem(iy,2) [¢f. Definition 3.1, (iv)].
Suppose, moreover, that one of the following conditions is sat-

isfied:
(iv-1) o € Out¥™(I1,,).
(iv-2) #E <n-—1.
(iv-3) e € Cusp(Giem (i))-

Then a € Out™ (I1,,)[T]. Suppose, further, that either condition
(iv-1) or condition (iv-2) is satisfied. Then o € Out®(IL,)[T :
{C}]; if, in addition, condition (iv-3) is satisfied, then o €
Out”(IL,) [T : {|C|}].

(v) Suppose that T is central [cf. Definition 3.7, (ii)]. If n > 4
[i.e., T is 1-descendable/, then it holds that

Out"(I1,,) = Out*™(I1,)[T : {|C], A, +}].
Ifn =3 [i.e., T is not 1-descendable/, then it holds that
Out™(I1,,) = Out™(IL,) [T : {|C|, A}]
C Out™(II,,) = Out™ (IL,) [T : {A}];
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if, moreover, r # 0, then
Out"(I1,,) = Out*™(I1,)[T : {|C], A, +}].

Proof. We begin the proof of Theorem 3.16 with the following claim:

Claim 3.16.A: Let £/ C E be a subset such that the
image Ty of T via p'L st Mg — Il is an E'-tripod.
Thus, one verifies easily that one obtains a(n) [neces-
sarily geometric] outer isomorphism 7' = Tg [induced
by pg/E/]. Then we have an inclusion Out® (I1,,)[T] C

Out® (I1,,) [T/, and, moreover, the diagram

Out™(IL,)[T] <€  Out"(I1,)[Tx]
Trl I T,

Out(T) - Out(Tw)

— where the lower horizontal arrow is the isomorphism
determined by the isomorphism 7' = Ty induced by
pg B commautes.

Indeed, this follows immediately from the various definitions involved.
This completes the proof of Claim 3.16.A.

Next, we verify assertion (i). The equality C,(T) =T x Zp,(T') of
the first display in assertion (i) follows from Lemma 3.12, (i). Moreover,
the geometricity of the isomorphism 7" = T follows immediately from
the various definitions involved. Next, let us observe that if (r,n) #
(0,2), then the commutativity of the displayed diagram in assertion (i)
and the equalities

Out® (I1,,)[T, 5] = Out" (IL,)[T] = Out" (IL,,)[7]

in assertion (i) may be easily derived from the fact that the closed
subgroup Out® (I1,,) € Out(Il,) centralizes the closed subgroup &, C
Out"(II,,) [cf. Theorem 2.3, (iv)]. Moreover, the equalities

Out™(I1,,) [T, 5] = Out*™ (I1,,)[T] = Out™(I1,,)[T7]

in assertion (i) may be easily derived from the fact that the closed
subgroup Out"“(I1,,) € Out(Il,) centralizes the closed subgroup &, C
Out"(II,,) [cf. [NodNon], Theorem B.

Next, let us observe that if T" is E’-strict for some subset £/ C F
of cardinality one, then the commutativity of the displayed diagram in
assertion (i) follows immediately from Claim 3.16.A and [CbTpI], The-
orem A, (i). Thus, it follows from Lemma 3.8, (ii), that, to complete the
verification of assertion (i), it suffices to verify, under the assumption

that o # id,
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(a) the commutativity of the displayed diagram in assertion (i) in
the case where (r,n) = (0,2), and T is {1, 2}-strict, and

(b) the equalities
Out™(I1,,) [T, 5] = Out™(IL,,)[T] = Out*(I1,)[T7]

in assertion (i) in the case where (r,n) = (0,2), and T"is {1, 2}-

strict.
In particular, to verify assertion (i), we may assume without loss of
generality [cf. conditions (2¢) and (2y) of Lemma 3.8, (ii)] that we
are in the situation of Lemma 3.11 in the case where we take the “n”,
“E” of Lemma 3.11 to be 2, {1, 2}, respectively. Moreover, it follows
immediately from Lemma 3.8, (ii), that the II,-conjugacy classes of
T, T° coincide with the II,,-conjugacy classes of the closed subgroups
HU%‘?Y’ HU?@ of II,, that appear in the statement of Lemma 3.11, re-
spectively. Then the above equalities in (b) follows immediately from
Lemma 3.11, (x). Moreover, it follows from Lemma 3.11, (viii), (ix),
that the composites

T < Cn,(T) - Cn,(T)/Z(Cn,(T)),
1% 5 Ci, (T7) — Cin, (T7)/2(Ci, (7))

are isomorphisms. Thus, the commutativity in (a) follows immediately
from Lemma 3.11, (x). This completes the proof of assertion (i). As-
sertion (ii) follows from Lemma 3.5.

Next, we verify assertion (iii). First, to verify the first displayed
equality of assertion (iii), let us observe that since T' is 1-descendable,
there exists a subset E/ C F such that the image of T" C Il via
pg/E,: Iz — Ilg is an E’-tripod, and, moreover, #E’ < n — 1. Thus,
it follows immediately from Claim 3.16.A, together with Remark 3.4.1
— by replacing T', E, by p%/E, (T), E’, respectively — that, to verify the
first displayed equality of assertion (iii), we may assume without loss
of generality that F # {1,--- ,n}. Then the first displayed equality of
assertion (iii) follows immediately from Lemma 3.14, (iv); the portion
of Lemma 3.15, (i) [where we observe that the “I” of Lemma 3.15
differs from the T of the present discussion!], concerning “(I1,)s” [cf.
condition (a) of Lemma 3.15]. This completes the proof of the first
displayed equality of assertion (iii).

Next, suppose that condition (iii-1) is satisfied; thus, there exists a
subset E' C F such that the image p}; B (T') C Il is an E'-tripod, and,
moreover, #E' < n — 2. Then — by replacing T, E by pg/E, (T), E,
respectively [and applying Claim 3.16.A] — we may assume without
loss of generality that #F < n — 2. Thus, by applying [CbTpl], Theo-
rem A, (ii), we conclude that the second displayed equality of assertion
(iii) follows immediately from the first displayed equality of assertion

(ii).
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Next, suppose that condition (iii-2) is satisfied. Then — by re-
placing T, E by the p4 /E,(T), E’ in condition (iii-2) [and applying
Claim 3.16.A] — we may assume without loss of generality that £ #
{1,---,n}, and, moreover, that T is a cusp-supporting E-tripod. Then
it follows immediately from Lemma 3.14, (iv); the portion of Lemma 3.15,
(i), concerning (I1,)s [cf. condition (b) of Lemma 3.15], that the second
displayed equality of assertion (iii) holds. This completes the proof of
assertion (iii).

Next, we verify assertion (iv). If either condition (iv-1) or condi-
tion (iv-3) is satisfied, then one reduces immediately to the case where
n = 2, in which case it follows immediately from Lemma 3.13, (i), that
o € Out" (I1,)[T)]. If condition (iv-1) is satisfied, then one reduces im-
mediately to the case where n = 2, in which case it follows immediately
from Lemma 3.13, (i), that a € Out" (IL,)[T : {C}]. If both condition
(iv-1) and condition (iv-3) are satisfied, then — by applying a suit-
able specialization isomorphism [cf. the discussion preceding [CmbCsp],
Definition 2.1, as well as [CbTpl|, Remark 5.6.1] — one reduces imme-
diately to the case where n = 2 and Node(G) = (), in which case it fol-
lows immediately from Lemma 3.15, (i), that a € Out"(IL,)[T : {|C|}].
Finally, if condition (iv-2) is satisfied, then, by applying [CbTpl], The-
orem A, (ii), one reduces immediately to the case where “n” is taken
to be n — 1, and condition (iv-1) is satisfied. This completes the proof
of assertion (iv).

Finally, we verify assertion (v). First, we claim that the following
assertion holds:

Claim 3.16.B: Out" (II,,) = Out" (IL,)[T].

Indeed, to verify Claim 3.16.B, by reordering the factors of X,,, we
may assume without loss of generality that £ = {1,2,3}. Let a €
Aut"(I1,). Then since n > 3, it follows immediately from [CbTplI],
Theorem A, (ii), together with Lemma 3.2, (iv), that the outomorphism
of I/, determined by o preserves the 1ly/1-conjugacy class of cuspidal
subgroups of Il associated to the [unique — cf. Lemma 3.2, (ii)]
diagonal cusp. Thus, it follows immediately from assertion (iv) in the
case where condition (iv-3) is satisfied that the outomorphism of I3
determined by a preserves the Il3-conjugacy class of T" C II3. This
completes the proof of Claim 3.16.B.
Next, we claim that the following assertion holds:

Claim 3.16.C: Out" (IL,,)[T] = Out" (I1,,)[T : {A}].

Indeed, since n > 3, this follows immediately from Theorem 2.3, (iv),
together with a similar argument to the argument used in the proof of
[CmbCsp], Corollary 3.4, (i). This completes the proof of Claim 3.16.C.

Now it follows immediately from Claims 3.16.B, 3.16.C that we have
an equality Out"(IT,) = Out"(IL,)[T : {A}]. Thus, it follows from
assertion (ii) and the first displayed equality of assertion (iii), together
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with Theorem 2.3, (ii), that, to complete the proof of the content of
the first two displays of assertion (v), it suffices to verify the equality
Out™(11,,) = Out™ (I1,,)[T : {C'}]. On the other hand, this follows im-
mediately from the portion of Lemma 3.15, (i), concerning a|r. [Note
that one verifies easily that every central tripod arises from a cusp.]
Thus, it remains to verify the equality of the final display of assertion
(v). In light of what has already been verified [cf. also Theorem 2.3,
(ii)], to verify the final equality of assertion (v), it suffices to verify
the condition “+” on the right-hand side of this equality. On the
other hand, it follows immediately — by replacing an element of the
left-hand side of the equality under consideration by a composite of
the element with a suitable outomorphism arising from an element of
Out™(I1y) [cf. the equality of the first display of assertion (v)] —
from [CmbCsp], Lemma 2.4, that it suffices to verify the condition “+4”
on an element of the left-hand side of the equality under consideration
that induces the identity automorphism on Cusp(G). Then the equality
under consideration follows immediately, in light of the assumption that
r # 0, by first applying Lemma 3.15, (i) [in the case where we take the
“E” of loc. cit. to be a subset of E of cardinality two, and we apply the
argument involving specialization isomorphisms applied in the proof of
assertion (iv)], and then applying Lemma 3.15, (i), (ii) [in the case
where we take the “E” of loc. cit. to be E]. This completes the proof
of assertion (v). O

Remark 3.16.1. Theorem 3.16, (i), may be regarded as a general-
ization of [CmbCsp|, Corollary 1.10, (ii). On the other hand, Theo-
rem 3.16, (v), may be regarded as a more precise version of [CmbCsp],
Corollary 3.4.

Theorem 3.17 (Synchronization of tripods in two dimensions).
In the notation of Theorem 3.16, suppose thatn = 2, and that #FE = 1;
thus, one may regard the E-tripod T of 11, as a verticial subgroup
of Il = Ilg associated to a vertex vy € Vert(G) of type (0,3) [cf.
Definition 3.1, (ii)]. Let E' C{l,--- ,n} and T" C Ilp an E’-tripod
of I1,,. Then the following hold:

(i) Suppose that there exists an edge e € E(vr) from which T’
arises [cf. Definition 3.7, (i)]. [Thus, it holds that E' =
{1,2}.] Then it holds that

Out™ (IL,) [T : {|C|,A}] € Out™“(IL)[T": {|C|, A, +}]

[¢f. the notational conventions of Theorem 3.16, (i)]. More-
over, there exists a geometric [cf. Definition 3.4, (ii)] outer
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isomorphism T = T such that the diagram
Out™(IL,)[T : {|C|, A} S Out™(IL,)[T": {|C], A, +}]

ri L T

~

Out(T) — Out(7")

[cf.  the notation of Theorem 3.16, (i)] — where the lower
horizontal arrow is the isomorphism induced by the outer iso-
morphism in question T = T' — commutes.

(ii) Suppose that #E' = 1. Thus, one may regard the E'-tripod
T' of I1,, as a verticial subgroup of g = Ilg associated to a
vertex v € Vert(G) of type (0,3). Suppose, moreover, that
N(vp) AN (vrr) # 0. Then there exists a geometric [cf. Def-
inition 3.4, (ii)] outer isomorphism T = T’ such that if we
write

Out™ (I, [T, T" : {|C], A}]

L Out™(IL,)[T : {|C], A}] N Out™(IL,)[T" : {|C|, A}],
then the diagram

Out™ (I, [T, T" : {|C|, A} =—— Out*“(I1,)[T, T" : {|C], A}]
| J=
Out(T) — Out(7")

— where the lower horizontal arrow is the isomorphism induced
by the outer isomorphism in question T —» T' — commutes.

Proof. First, we verify assertion (i). Let us observe that the inclu-
sion Out*“(I1,)[T : {|C[}] € Out™(I1,,)[T”], hence also the inclusion
Out™(I1,)[T : {|C], A}] € Out¥(I1,)[T"], follows immediately from
Theorem 3.16, (iv), in the case where condition (iv-1) is satisfied. Thus,
one verifies easily from Lemma 3.15, (i), (ii) [cf. also Lemma 3.14, (iv)],
that the remainder of assertion (i) holds. This completes the proof of
assertion (i). Next, we verify assertion (ii). It follows immediately
from [CmbCsp], Proposition 1.2, (iii), that we may assume without
loss of generality that £’ = E. Write 7" C 1I,, for the {1, 2}-tripod of
I1,, arising from e € N (vr) N N (vgr). Then it follows from assertion
(i) that there exist geometric outer isomorphisms T — T, T" = T"
that satisfy the condition of assertion (i) [i.e., for the pairs (T',7”) and
(T",T")]. Thus, one verifies easily that the [necessarily geometric| outer
isomorphism 7" = T" < T” obtained by forming the composite of these
two outer isomorphisms satisfies the condition of assertion (ii). This
completes the proof of assertion (ii). 0
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Theorem 3.18 (Synchronization of tripods in three or more
dimensions). In the notation of Theorem 3.16, suppose that n > 3.
Then the following hold:

(i) It holds that
Out™(IL,) [T = {|C[}] = Out™ (I1,))[T": {|C], A}]

[cf. the notational conventions of Theorem 3.16, (i)]. If, more-
over, n >4 orr # 0, then it holds that

Out™(IL,)[T + {|C[}] = Out™(IL)[T : {|C], A, +}]
[cf. the notational conventions of Theorem 3.16, (i)].

(ii) Let E' C{1,--- ,n} and T' C g an E’-tripod of I,,. Then
there exists a geometric [cf. Definition 3.4, (ii)] outer iso-
morphism T = T such that if we write

Out™(IL,)[T, T" : {|C}]

def !
= Out"(IL,)[T": {|C}] N Out™(IL,)[T" : {|C]}],
then the diagram

Out™“(IL)[T, T" : {|C]}] =—— Out™(L,)[T, T" : {|C|}]
Out(7) SN Out(T")

[¢f.  the notation of Theorem 3.16, (i)] — where the lower
horizontal arrow s the isomorphism induced by the outer iso-
morphism in question T = T' — commutes.

Proof. First, we verify the first displayed equality of assertion (i). Ob-
serve that it follows immediately from Lemma 3.8, (i), together with a
similar argument to the argument applied in the proof of the first dis-
played equality of Theorem 3.16, (iii), that we may assume without loss
of generality that T is E-strict, which thus implies that #F € {1,2, 3}
[cf. Lemma 3.8, (ii)]. Now we apply induction on 3 — #E € {0, 1,2}.
If 3—#FE =0, i.e., T is central [cf. Lemma 3.8, (ii)], then the first dis-
played equality of assertion (i) follows immediately from Theorem 3.16,
(v). Now suppose that 3 — #FE > 0, and that the induction hypoth-
esis is in force. Let a € Out"“(IL,)[T : {|C|}]. Then it follows im-
mediately from Lemma 3.15, (i), (ii) [cf. also conditions (1), (2) of
Lemma 3.15, (ii), where we note that the E, E', T, T" of the present
discussion correspond, respectively, to the “E \ {:}”, “E”, “IL,”, “T”
of Lemma 3.15], that there exist a subset £ C E' C {1,--- ,n} and an
E'-tripod T" C 11 such that 3—#E' < 3—#E, T Cllp is E'-strict,
and a € Out™(I1,)[T" : {|C|}] [ef. Lemma 3.15, (i)]. Thus, it follows
immediately from the induction hypothesis that o € Out"®(IL,)[T” :
{IC|, A}]. In particular, it follows immediately from Lemma 3.15, (ii),
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that — for a suitable choice of the pair (E’,T") [cf. the statement
of Lemma 3.15, (ii)] — the actions of o on T" and 7" may be related
by means of a geometric outer isomorphism, which thus implies that
a € Out™(I1,)[T : {|C|, A}] [c¢f. Remark 3.4.1]. This completes the
proof of the first displayed equality of assertion (i).

Next, we verify assertion (ii). First, we claim that the following
assertion holds:

Claim 3.18.A: If both T and T are central, then the
pair (7,7T") satisfies the property stated in assertion
(ii).
Indeed, this assertion follows immediately from the commutativity of
the displayed diagram of Theorem 3.16, (i).
Next, we claim that the following assertion holds:

Claim 3.18.B: Suppose that T is E-strict, and that
#E #£ 3 [ie, #E € {1,2} — cf. Lemma 3.8, (ii)].
Then there exist a subset £ C E” C {1,--- ,n} and
an E"-tripod T” C Ilgr such that T is E"-strict,
Out*C(IL)[T : {|CT}] € Out"*(IL,)[T" : {|C]}]. and.
moreover, the pair (7', 7") satisfies the property stated
in assertion (ii) [i.e., where one takes “T"” to be T"].

Indeed, this follows immediately from Lemma 3.15, (i), (ii) [cf. also
conditions (1), (2) of Lemma 3.15, (ii), where we note that the E,
E", T, T" of the present discussion correspond, respectively, to the
“E N\ {i}7, “E7, “I11,”, “T” of Lemma 3.15], together with the first
displayed equality of assertion (i). This completes the proof of Claim
3.18.B.

To verify assertion (ii), let us observe that it follows immediately
from Lemma 3.8, (i), together with a similar argument to the argument
applied in the proof of the first displayed equality of Theorem 3.16, (iii),
that we may assume without loss of generality that 7" is E-strict; in par-
ticular, #E € {1,2,3} [cf. Lemma 3.8, (ii)]. Next, let us observe that,
by comparing two arbitrary tripods of 11, to a fized central tripod of I1,,
land applying Theorem 3.16, (v)], one may reduce immediately to the
case where T" is central. Moreover, by successive application of Claim
3.18.B, one reduces immediately to the case where both T" and T" are
central, which was verified in Claim 3.18.A. This completes the proof
of assertion (ii). Finally, the second displayed equality of assertion (i)
follows immediately from assertion (ii), together with Theorem 3.16,
(v). This completes the proof of Theorem 3.18. O

Definition 3.19. Suppose that n > 3. Let us write
Htpd
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for the i-central E-tripod of I, [cf. Definitions 3.3, (i); 3.7, (ii)], where
E C{1,...,n} is a subset of cardinality 3, and ¢ € E. Then it follows
from Theorem 3.16, (i), (v), that one has a natural homomorphism

Trrpa : OutFC(I1,,) = Out™ (11, [IT%4 : {|C|, A}] — Out®(II*P4H)A

[cf. Definition 3.4, (i)], which is in fact independent of E and i [cf.
Theorem 3.16, (i)]. We shall refer to this homomorphism as the tripod
homomorphism associated to II,, and write

Out™(I1,,)8* C Out™ (I1,,)

for the kernel of this homomorphism [cf. Remark 3.19.1 below]. Note
that it follows from Theorem 3.16, (v), that if n > 4 or r # 0, then the
image of the tripod homomorphism is contained in OutC(Htpd)AJr C
Out?(II**4)A [cf. Definition 3.4, (i)]. If n > 4 or r # 0, then Typepa
may also be regarded as a homomorphism defined on Out®(IL,) (=
Out™(II,) — cf. Theorem 2.3, (ii)); in this case, we shall write

Out" (11, )& dof Out"(IT,, 8.

Remark 3.19.1. Let us recall that if we write 7 ((Mg,))q) for the
étale fundamental group of the moduli stack (Mg }1)g of hyperbolic
curves of type (g,r) over Q [cf. the discussion entitled “Curves’ in
“Notations and Conventions”], then we have a natural outer homo-
morphism

771((M97[r])(@) — OutFC(Hn).

Suppose that n > 4. Then Out™(II,) = Out"(II,) does not de-
pend on n [cf. Theorem 2.3, (ii); [NodNon], Theorem B]. Morever,
one verifies easily that the image of the geometric fundamental group
T (Mgp)g) € m((Mgp)g) — where we use the notation Q to denote
an algebraic closure of Q — via the above displayed outer homomor-
phism is contained in the kernel Out®(II,)& C Out*“(II,) of the
tripod homomorphism associated to II, [cf. Definition 3.19]. Thus,
the outer homomorphism of the above display fits into a commutative
diagram of profinite groups

1 —— m(Myp)g) — m((Myp)o) —  Cal@/Q) — 1

l l l

T tp
1 —— Out(I,)5° —— Ouwt’(IL,) —% Out®(II'Pd)A+

— where the horizontal sequences are ezact. In §4 below, we shall ver-
ify that the lower right-hand horizontal arrow Fywea is surjective [cf.
Corollary 4.15 below]. On the other hand, if 3 is the set of all prime
numbers, then it follows from Belyi’s Theorem that the right-hand
vertical arrow is injective; moreover, the surjectivity of the right-hand
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vertical arrow has been conjectured in the theory of the Grothendieck-
Teichmailler group. From this point of view, one may regard the quo-

Fytpd
tient Out™(IT,) = OutC(IIP))A+ as a sort of arithmetic quotient

of Out™(II,,) and the subgroup Out"(II,)&® C Out"(Il,) as a sort of
geometric portion of Out (I1,).

Definition 3.20. Let m be a positive integer and Y'°8 a stable log
curve over (Spec k)'°8. For each nonnegative integer i, write YII; for the
“II,” that occurs in the case where we take “X'°8” to be Y'°¢. Then
we shall say that an isomorphism (respectively, outer isomorphism)
I, = YII; is m-cuspidalizable if it arises from a [necessarily unique,
up to a permutation of the m factors, by [NodNon|, Theorem B] PFC-
admissible [cf. [CbTpl], Definition 1.4, (iii)] isomorphism II,, = YTL,,.

Proposition 3.21 (Tripod homomorphisms and finite étale cov-
erings). Let Y'°¢ be a stable log curve over (Speck)°¢ and Y'°& —
X'og g finite log étale covering over (Spec k)8, For each positive inte-
ger i, write Y;°® (respectively, YI1;) for the “X)°%” (respectively, “11;”)
that occurs in the case where we take “X'°8” to be Y'°8. Suppose that
yloe 5 Xl& js geometrically pro-X and geometrically Galois,
i.e., Y8 — X8 determines an injection YII; — II; [that is well-
defined up to Ili-conjugation] whose image is normal. Let o be an
automorphism of I1; that preserves Y11, C II,. Suppose, moreover, that
the outomorphism « of 11y determined by a is n-cuspidalizable /cf.
Definition 3.20]. Then the following hold:

(i) The outomorphism *a of Y1, determined by & is n-cuspidali-
zable [cf. Definition 3.20).

(ii) Suppose thatn > 3. Let II'*4 C I3, YII'P4 C YTI3 be 1-central
[1,2,3}-]tripods [cf. Definitions 3.3, (i); 3.7, (ii)] of IL,,, Y11,,,
respectively. Write o, Yo, for the respective FC-admissible
outomorphisms of I1,,, YIL,, determined by the n-cuspidalizable
outomorphisms «, Yo [cf. (i)]. Then there exists a geometric
[ef. Definition 3.4, (ii)] outer isomorphism ¢®P4: T4 = Y[Ttpd
such that the outomorphism Tpwa(ay,) [cf. Definition 3.19] of
14 s compatible with the outomorphism Tyviwa(Yay,) [cf.
Definition 3.19] of YII'*? relative to ¢'P9.

Proof. First, let us observe that, to verify Proposition 3.21 — by apply-
ing a suitable specialization isomorphism [cf. the discussion preceding
[CmbCsp], Definition 2.1, as well as [CbTpl], Remark 5.6.1] — we may
assume without loss of generality that X'°¢ and Y'°& are smooth log
curves over (Speck)e. Write (Ux),, (Uy), for the [open subschemes



COMBINATORIAL ANABELIAN TOPICS II 91

of X,,, Y, determined by the| 1-interiors [cf. [MzTa], Definition 5.1,
(i)] of Xke Yo respectively. [Here, we note that in the present situ-
ation, the 0-interior of (Spec k)¢, hence also of X8 Y08 is empty!]

Thus, one verifies easily that Uy et (Ux)1, Uy def (Uy), are hyper-
bolic curves over k, and that (Ux),, (Uy), are naturally isomorphic to
the n-th configuration spaces of Ux, Uy, respectively. Write Ug", Uy"
for the respective fiber products of n copies of Uy, Uy over k; I1;",
YTI™ for the respective direct products of n copies of IIy, YTI;; V,, for
the fiber product of the natural open immersion (Ux), — Ug" and
the natural finite étale covering Uy — Ug". Then one verifies easily
that the resulting open immersion V,, < Uy™ factors through the nat-
ural open immersion (Uy ), < Uy", i.e., we obtain an open immersion
Vp <= (Uy),. That is to say, whereas (Uy ), is the open subscheme of
Uy™ obtained by removing the various diagonals of Uy™, the scheme V/,
may be thought of as the open subscheme of Uy obtained by removing
the various Galois conjugates of these diagonals, relative to the action
of the Galois group Gal(Uy"/Ux") = Gal(Uy /Ux)*". In particular,
we obtain a natural outer isomorphism and outer surjection

Yrrxn [ Y7
L, X T & Ty, — I,

— where we write Ily, for the maximal pro-3 quotient of the étale
fundamental group of V,.

Now we verify assertion (i). Let a, be an FC-admissible automor-
phism of II,, that lies over the automorphism « of Il; with respect
to each of the n natural projections II, — II;. Then since a, is
FC-admissible and commutes with the image of the natural inclusion
S, — Out(Il,) [cf. [NodNon|, Theorem B], one verifies easily, in
light of the description given above of V,,, that the outomorphism of
I1, Xppm YTI;™ induced by @, and *a preserves the inertia subgroups

associated to each irreducible component of the complement Uy™ \ V.
Thus, since [by the Zariski-Nagata purity theorem| the inertia sub-
groups of the irreducible components of the complement (Uy), \ Vi
normally topologically generate the kernel of the above outer surjec-
tion Iy, —» YII,, we conclude, by applying the morphisms of the above
display, that the outomorphism of 1L, Xqpen YTI;™ induced by @, and

Yoo determines an FC-admissible outomorphism of YII,,. Moreover, one
verifies easily that the resulting outomorphism of YII, lies over the
outomorphism Y« of YTI;. This completes the proof of assertion (i).
Next, we verify assertion (ii). First, let us observe that the natural
inclusion II**4 < I3, together with the trivial homomorphism T4 —
({1} =) YII;? [cf. Definition 3.3, (ii); Lemma 3.6, (v); Definition 3.7,
(ii)], determines an injection ITP4 — Tl Xpxs YII® & Tly,. Moreover,
it follows immediately from the fact that the blow-up operation that
gives rise to a central tripod is compatible with étale localization [cf. the
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discussion of [CmbCsp], Definition 1.8] that — after possibly replacing
YTI*d C Y13 by a suitable YTI3-conjugate of YII**? — the composite of
this injection I — [Ty, with the natural outer surjection ITy, —» YTI3
of the above display determines a geometric outer [cf. Lemma 3.12,
(i)] isomorphism ¢®d: T1**d = YT[*d C YTI;. On the other hand, one
verifies easily [cf. the construction of Yo, given in the proof of assertion
(i)] that this outer isomorphism ¢ satisfies the property stated in

assertion (ii). This completes the proof of assertion (ii). O

Corollary 3.22 (Non-surjectivity result). In the notation of The-
orem 3.16, suppose that (g,7) & {(0,3);(1,1)}. Then the natural in-
jection

OutFC(H2> — OutFC<H1)

of [NodNon], Theorem B, is not surjective.

Proof. First, let us observe — by considering a suitable stable log
curve of type (g,r) over (Speck)® and applying a suitable special-
ization isomorphism [cf. the discussion preceding [CmbCsp|, Defini-
tion 2.1, as well as [CbTpl|, Remark 5.6.1] — that, to verify Corol-
lary 3.22, we may assume without loss of generality that G is totally
degenerate [cf. [CbTpl], Definition 2.3, (iv)], i.e., that every vertex
of G is a tripod of X!°¢ [cf. Definition 3.1, (v)]. Note that [since
(g,7) & {(0,3);(1,1)}] this implies that #Vert(G) > 2. Let us fix
a vertex vy € Vert(G) and write oy, o idg|,, € AutlEPr(Gl, ) [cf.
[CbTpl], Definitions 2.1, (iii), and 2.6, (i); Remark 4.1.2 of the present
monograph]. For each v € Vert(G) \ {v}, let a,, € Autl#®(G|,) be
a nontrivial automorphism of G|, such that o, € Out®(Ilg,)?, and,
moreover, Xg|, (o) = 1 [cf. [CbTpl], Definition 3.8, (ii)]. Here, we note
that since the image of the natural outer Galois representation of the
absolute Galois group of Q associated to Pg \ {0, 1,00} is contained in
“Out®(—)2”, by considering a nontrivial element of this image whose
image via the cyclotomic character is trivial, one verifies immediately
le.g., by applying [LocAn], Theorem A] that such an automorphism
o, € Autl®P(G|,) always ezists. Then it follows immediately from
[CbTpl|, Theorem B, (iii), that there exists an automorphism « €
Aut®P"(G) such that p¥t(a) = (v, )vevers(). Now assume that there
exists an outomorphism oy € Out™(Tly) such that o € Aut®*"(G)
(C Out(IIg) <~ Out(Ily)) is equal to the image of ay via the injection in
question Out"®(II,) < Out"(II;). Then, for each v € Vert(G), since
a, € Out®(Tg,)?, and a € Autl#(G), it follows immediately from
the various definitions involved that ay € Out™(II,)[IL, : {|C|, A}]
— where we use the notation II, to denote a verticial subgroup of
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IIg < II; associated to v € Vert(G). Thus, since ay, o idg,,, it fol-
lows from Theorem 3.17, (i), that «, = idg, for every v € Vert(G), in
contradiction to the fact that for v € Vert(G) \ {vo} (# (), the auto-

morphism «, € Aut®?(G|,) is nontrivial. This completes the proof
of Corollary 3.22. O

Remark 3.22.1.

(i)

(iii)

Let us recall from [NodNon], Corollary 6.6, that, in the dis-
crete case, the homomorphism that corresponds to the homo-
morphism discussed in Corollary 3.22 is, in fact, surjective;
moreover, this surjectivity may be regarded as an immediate
consequence of the Dehn-Nielsen-Baer theorem — cf. the proof
of [CmbCsp|, Theorem 5.1, (ii). This phenomenon illustrates
that, in general, analogous constructions in the discrete and
profinite cases may in fact exhibit quite different behavior.

In the context of (i), we recall another famous example of sub-
stantially different behavior in the discrete and profinite cases:
As is well-known, in classical algebraic topology, singular co-
homology with coefficients in Z yields a “good” cohomology
theory with coefficients in Z. On the other hand, in the 1960’s,
Serre gave an argument involving supersingular elliptic curves
in characteristic p > 0 which shows that such a “good” coho-
mology theory with coefficients in Z [or even in Z,!] cannot
exist for smooth varieties of positive characteristic.

In [Lch], various conjectures concerning [in the notation of the
present monograph| the profinite group “Out(Il;)” were intro-
duced. However, at the time of writing, the authors of the
present monograph were unable to find any justification for
the validity of these conjectures that goes beyond the observa-
tion that the discrete analogues of these conjectures are indeed
valid. That is to say, there does not appear to exist any justi-
fication for excluding the possibility that — just as in the case
of the examples discussed in (i), (ii), i.e., the Dehn-Nielsen-
Baer theorem and singular cohomology with coefficients in Z
— the discrete and profinite cases exhibit substantially differ-
ent behavior. In particular, it appears to the authors that it is
desirable that this issue be addressed in a satisfactory fashion
in the context of these conjectures.

Remark 3.22.2. As discussed in Remark 3.22.1, (i), in the discrete
case, the homomorphism that corresponds to the homomorphism dis-
cussed in Corollary 3.22 is, in fact, bijective. The proof of Corollary 3.22
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fails in the discrete case for the following reason: The pro-¥ “II;” of
a tripod admits nontrivial C-admissible outomorphisms that commute
with the outer modular symmetries and, moreover, lie in the kernel of
the cyclotomic character [cf. the proof of Corollary 3.22]. By contrast,
the discrete “II;” of a tripod does not admit such outomorphisms. In-
deed, it follows from a classical result of Nielsen [cf. [CmbCsp|, Remark
5.3.1] that the discrete “Out®(I1;)°"P” in the case of a tripod is a finite
group of order 2 whose unique nontrivial element arises from complex
conjugation.

Remark 3.22.3. It follows from [NodNon|, Theorem B, together with
Corollary 3.22, that if (g,7) ¢ {(0,3);(1,1)}, then the homomorphism
Out™(I1,.11) — Out¥ (II,) of [NodNon], Theorem B, fits into the
following sequences of homomorphisms of profinite groups: If r # 0,
then for any n > 3,

OutFe(I1,) = OuwtFC(IL;) &5 OutFe(Ily) & OutFC(IL,) .
If r =0, then for any n > 4,

OutFe(I1,) 5 OutFe(IL,) <5 OutFC(ILy) 5 Ot (I,) & OwtPe(IL,).

Definition 3.23. Let X; be a nonempty set of prime numbers and
Go a semi-graph of anabelioids of pro-¥X, PSC-type. Write Ilg, for the
[pro-%] fundamental group of Gy.

(i) Let ‘H be a semi-graph of anabelioids of pro-¥X, PSC-type,
S C Node(H), and ¢: H..s — Go [cf. [CbTpl], Definition
2.8, for more on this notation] an isomorphism [of semi-graphs
of anabelioids of PSC-type]. Then we shall refer to the triple
(H, S, ) as a degeneration structure on Gy.

(ii) Let (Hi,S1,¢1), (Ha, Sa, ¢2) be two degeneration structures on
Go [cf. (1)]. Then we shall write

(Ha, Sz, ¢2) = (Hi, 51, ¢1)
if there exist a subset Sy C Sy of Sy and a(n) [uniquely de-
termined, by ¢; and ¢! — cf. [CmbGC]|, Proposition 1.5,
(ii)] isomorphism ¢o1: (Hs)ns,, — Hi [i.c., a degeneration
structure (Ha, S2.1,¢2.1) on Hy| such that ¢o; maps Sy \ Sa;
bijectively onto S7, and the diagram

~

((HQ)“"’S2,1 )WSQ\SQ,l — (Hl)“"’sl

| Lo

(Ha)ws, LI Go

~
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— where the upper horizontal arrow is the isomorphism in-
duced by ¢21, and the left-hand vertical arrow is the natural
isomorphism — commutes. [Here, we note that the subset S
is also uniquely determined by ¢ and ¢y — cf. [CmbGC],
Proposition 1.2, (i).]

(iii) Let (Hi, S1,¢1), (Ha, S2, ¢2) be two degeneration structures on
Go [cf. (i)]. Then we shall say that (Hy, S1,¢1) is co-Dehn to
(Ha, So, ¢2) if there exists a degeneration structure (Hs, S3, ¢3)
on Gy such that

(H3, 53, 03) = (H1,51,¢1); (Hs, S3,¢3) = (Ha, Sa, ¢2)
ef. (i),

(iv) Let (#H,S,¢) be a degeneration structure on Gy [cf. (i)] and

a € Out(Ilg,). Then we shall say that « is an (H, S, ¢)-Dehn
multi-twist of Gy if « is contained in the image of the composite

Dehn(’H) — Out(Hq.[) & Out(HHwS) = Out(Hgo)

— where the first arrow is the natural inclusion [cf. [CbTpI],
Definition 4.4], the second arrow is the isomorphism deter-
mined by ®3_ . [cf. [CbTpl], Definition 2.10], and the third
arrow is the isomorphism determined by ¢. We shall say that
a is a nondegenerate (respectively, positive definite) (H, S, ¢)-
Dehn multi-twist of Gy if a is the image of a nondegenerate [cf.
[CbTpl], Definition 5.8, (ii)] (respectively, positive definite [cf.
[CbTpl], Definition 5.8, (iii)]) profinite Dehn multi-twist of H
via the above composite.

(v) Let m be a positive integer and Y'°8 a stable log curve over
(Speck)e. If m > 2, then suppose that ¥ is either equal
to Primes or of cardinality one. For each nonnegative integer
i, write YII; (respectively, H) for the “II;” (respectively, “G”)
that occurs in the case where we take “X'°¢” to be Y'°¢. Then
we shall say that a degeneration structure (H, S, ¢) on G [cf.
(1)] is m-cuspidalizable if the composite

Pr_.g ¢
I, =5 My <& My — g < 11,

— where the first and fourth arrows are the natural outer iso-
morphisms [cf. Definition 3.1, (ii)], and the second arrow ®3,_
is the natural outer isomorphism of [CbTpl], Definition 2.10 —
is m-cuspidalizable [cf. Definition 3.20].

Remark 3.23.1. One interesting open problem in the theory of profi-
nite Dehn multi-twists developed in [CbTpl], §4, is the following: In
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the notation of Definition 3.23, for ¢ = 1, 2, let (H;, S, ;) be a de-
generation structure on Gy [cf. Definition 3.23, (i)]; oy € Out(Ilg,) a
nondegenerate (H;, S;, ¢;)-Dehn multi-twist [cf. Definition 3.23, (iv)].
Then:

Suppose that a; commautes with ap. Then is (Hy, S, ¢1)
co-Dehn to (Ha, Sa, ¢2) [cf. Definition 3.23, (iii)]?

It is not clear to the authors at the time of writing whether or not this
question may be answered in the affirmative. Nevertheless, we are able
to obtain a partial result in this direction [cf. Corollary 3.25 below].

Proposition 3.24 (Compatibility of tripod homomorphisms).
Suppose that n > 3. Then the following hold:

(i) Let Y'°® be a stable log curve over (Speck)'°®. For each non-
negative integer i, write Y1I; (respectively, H) for the “I;” (re-
spectively, “G”) that occurs in the case where we take “X'°8” to
be Y8, Let (H,S,¢) be an n-cuspidalizable degeneration
structure on G [cf. Definition 3.23, (i), (v)]; ¢n: Y11, — 11,
a PFC-admissible outer isomorphism [cf. [CbTpl], Definition
1.4, (i11)] that lies over the displayed composite isomorphism
of Definition 3.23, (v); 1I'**d C II5, YII**? C YII3 1-central
A1,2,3}-Jtripods [cf. Definitions 3.3, (i); 3.7, (i1)] of Il,,
11,,, respectively Then there exists an outer isomorphism
P4 YIItPd 5 T1%d gych that the diagram

Out™®(*11,,) —— Out"“(I1,,)

(IYHtpd l lzntpd

Out(YII*d) —— Out(II'r9)

[cf. Definition 3.19] — where the upper and lower horizontal
arrows are the isomorphisms induced by ¢,, ¢, respectively
— commutes, up to inner automorphisms of Out(II**). In
particular, ¢, determines an isomorphism

~

OutFC (YHn)geo AN OutFC(Hn)geo

[¢f. Definition 3.19].

(ii) If we regard Out™(I1,) as a closed subgroup of OutFC( 1) by
means of the natural injection Out™®(II,) < Out"™(II,) of
[NodNon|, Theorem B, then the closed subgroup Dehn(G) C
(Aut(G) C) Out(Ilg) < Out(Ily) [cf. [CbTpI], Definition 4.4]

is contained in Out™(II,,)&° C Out™(I1,,), i.e.,

Dehn(G) € Out™(I1,, )8 .



COMBINATORIAL ANABELIAN TOPICS II 97

Proof. First, we verify assertion (i). Let us observe that if the outer
isomorphism ¢,, arises scheme-theoretically as a specialization isomor-
phism — cf. the discussion preceding [CmbCsp]|, Definition 2.1, as well
as [CbTpl], Remark 5.6.1 — then the commutativity in question follows
immediately from the various definitions involved [cf. also the discus-
sion preceding [CmbCsp], Definition 2.1]. Now the general case follows
from the observation that the scheme-theoretic case treated above al-
lows one to reduce to the case where Y'°¢ = X!¢ and ¢, is an FC-
admissible outomorphism, in which case the commutativity in question
is a tautological consequence of the fact that Tppipa is a group homomor-
phism. This completes the proof of assertion (i).

Next, we verify assertion (ii). The inclusion Dehn(G) € Out"(IT,,)
follows immediately from the fact that every profinite Dehn multi-
twist arises scheme-theoretically. Next, we observe that the inclusion
Dehn(G) € Out™(I1,)#° may be regarded either as a consequence
of the fact that every profinite Dehn multi-twist arises “Q-scheme-
theoretically”, i.e., from scheme theory over Q [cf. the commutative
diagram of Remark 3.19.1], or as a consequence of the following argu-
ment: Observe that it follows immediately from assertion (i), together
with [CbTpl], Theorem 4.8, (ii), (iv), that, by applying a suitable spe-
cialization isomorphism — cf. the discussion preceding [CmbCsp], Def-
inition 2.1, as well as [CbTpl], Remark 5.6.1 — we may assume with-
out loss of generality that G is totally degenerate. Then the inclusion
Dehn(G) € Out™ (I1,,)&* follows immediately from Theorem 3.18, (ii)
[cf. also Theorem 3.16, (v); [CbTpl], Definition 4.4!]. This completes
the proof of assertion (ii). O

Corollary 3.25 (Co-Dehn-ness of degeneration structures in
the totally degenerate case). In the notation of Theorem 3.16, for
i=1,2, let Y°® be a stable log curve over (Speck)°8; H; the “G” that
occurs in the case where we take “X'°%” to be Yilog; (Hi, Si, ;) a 3-
cuspidalizable degeneration structure on G [cf. Definition 3.25,
(i), (v)]; a; € Out(Ilg) a nondegenerate (H;, S;, ¢;)-Dehn multi-twist
of G [¢f. Definition 3.23, (iv)]. Suppose that oy commutes with as,
and that Hy is totally degenerate [cf. [CbTpl|, Definition 2.3, (iv)].
Suppose, moreover, that one of the following conditions is satisfied:

(a) r # 0.
(b) ay and oy are positive definite [cf. Definition 3.23, (iv)].
Then (Hi,S1,¢1) is co-Dehn to (Ha, Sa,¢a) [cf. Definition 3.23,

(ii)], or, equivalently [since Hs is totally degenerate/, (Ha, Sa, ¢p2) <
(M1, S1,¢1) [cf. Definition 3.23, (ii)].
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Proof. For i = 1, 2, write ¢; : IIg — Ily, for the composite outer
isomorphism

®i ),

wi . Hg <— H(Hi)wsi — HH;
and ¥ & ;o Pyt Write ai[Hy] € Out(Ily,) for the outomorphism
obtained by conjugating a; by 1. First, we claim that the following
assertion holds:

Claim 3.25.A: There exists a positive integer a such

that 8 % a1[Ha]® € Dehn(7Ly).

Indeed, since oy is an (Hy, S1, ¢1)-Dehn multi-twist of G, the outomor-
phism oy [Hs] of Tly, is group-theoretically cuspidal. Thus, since ay
commutes with aw, it follows, in the case of condition (a) (respectively,
(b)), from Theorem 1.9, (i) (respectively Theorem 1.9, (ii)), which may
be applied in light of [CbTpI|, Corollary 5.9, (ii) (respectively, [CbTpl],
Corollary 5.9, (iii)), that a;[Hz] € Aut(#H2). In particular, since the
underlying semi-graph of H, is finite, there exists a positive integer
a such that a;[H,]® € Autl#®(Hy) [cf. [CbTpl], Definition 2.6, (i);
Remark 4.1.2 of the present monograph|. On the other hand, since o
is an (Hi, S1, ¢1)-Dehn multi-twist of G, it follows immediately from
Proposition 3.24, (i), (ii), that the image of ay via the tripod homo-
morphism associated to II3 [cf. Definition 3.19] is trivial. Thus, since
H, is totally degenerate, and o [H]* € Aut/#PM(74,), by applying The-
orem 3.18, (ii), together with Proposition 3.24, (i), we conclude that
B = ay[Hs]* € Dehn(H;). This completes the proof of Claim 3.25.A.

Next, let us fix an element [ € ¥. For ¢ € {1,2}, write Hz{l} for the
semi-graph of anabelioids of pro-I PSC-type obtained by forming the
pro-l completion of H; [cf. [SemiAn], Definition 2.9, (ii)]. Then it fol-
lows immediately from Claim 3.25.A, together with [CbTpl], Theorem
4.8, (ii), (iv), that there exists a subset S C Node(Hz) [which may de-
pend on I!] such that the automorphism g € Aut(Hél}) induced by
is contained in Dehn((Hi").g) € Dehn(Hi) € Aut(HM) [ie., B0 is
a profinite Dehn multi-twist of (’Hél})wg], and, moreover, S is nonde-
generate as a profinite Dehn multi-twist of (Hél})wg. Write ay} for the
outomorphism of the pro-l group H,Hil} [which is naturally isomorphic
to the maximal pro-I quotient of 114, ] obtained by conjugating «; by
Yy and i Hng} = H’Hil} for the outer isomorphism induced by v
[cf. the discussion preceding Claim 3.25.A].

Next, we claim that the following assertion holds:

Claim 3.25.B: The composite outer isomorphism

q)(Hz)ws

~

P
wS: H(HQ)WS — HHQ — H7'l1
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~

is graphic, i.e., arises from an isomorphism (Hs)..s —
H.

Indeed, let ¥g: I(3,) =TIy, be an isomorphism that lifts 1g. Then
it follows immediately from [CmbGC], Proposition 1.5, (ii) — by con-
sidering the functorial bijections between the sets “VCN” [cf. [NodNon],
Definition 1.1, (iii)] of various connected finite étale coverings of H;,
(Ha)..s — that, to verify Claim 3.25.B, it suffices to verify the follow-
ing:

Let Zy, — (Hs2)..s be a connected finite étale cov-

ering of (Hs3)..s that corresponds to a characteristic

open subgroup Ilz, C Ily,)_ . Write Z; — H, for

the connected finite étale covering of H; that corre-

sponds to the [necessarily characteristic] open sub-

group Ilz, def JS(HIQ) C Iy, and Il{l}, 12{1} for the

semi-graphs of anabelioids of pro-l PSC-type obtained

by forming the pro-l completions of Z;, Z,, respec-

tively. Then the outer isomorphism I m = I w de-

. 2 1

termined by g is graphic.
To verify this graphicity, let us first recall that the automorphisms
Bl e Aut((?-lél}) s) and a; € Aut(H,) are nondegenerate profinite
Dehn multi-twists.  Thus, it follows immediately from Lemma 3.26,
(i), (ii), below [cf. also Claim 3.25.A], that there exist liftings 5 €

Aut(Ilzy,y ), on € Aut(Ily,) of B, oy, respectively, and a positive
integer b such that the outomorphisms 9, v, of HI{Z}, HZ{Z} deter-
2 1

mined by Eb, a} are nondegenerate profinite Dehn multi-twists of 12{1}7
Ii{l}, respectively, and, moreover, vo and { are compatible relative to
the outer isomorphism in question Hl.é{l} = HII{Z}. Moreover, if condi-
tion (b) is satisfied, then v, is a positive definite profinite Dehn multi-
twist of Ii{l} [cf. Lemma 3.26, (ii), below]. Thus, it follows, in the
case of condition (a) (respectively, (b)), from Theorem 1.9, (i) (respec-
tively Theorem 1.9, (ii)), which may be applied in light of [CbTpl],
Corollary 5.9, (ii) (respectively, [CbTpl], Corollary 5.9, (iii)), that the
outer isomorphism in question HI2{Z} = HIl{l} is graphic. This com-
pletes the proof of Claim 3.25.B. On the other hand, one verifies eas-
ily from the various definitions involved that Claim 3.25.B implies
that (Hz, So, ¢2) = (H1,S1,¢1). This completes the proof of Corol-
lary 3.25. U

Lemma 3.26 (Profinite Dehn multi-twists and pro-% comple-
tions of finite étale coverings). Let ¥y C ¥ be nonempty sets of
prime numbers, Gy a semi-graph of anabelioids of pro-3, PSC-type,
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Ho — Go a connected finite étale Galois covering that arises from a
normal open subgroup Iy, C g, of lg,, and o € Aut(Ilg,). Write
Gy, H1 for the semi-graphs of anabelioids of pro-3; PSC-type obtained
by forming the pro-X1 completions of Gy, Ho, respectively [cf. [SemiAn],
Definition 2.9, (ii)]. Suppose that & € Aut(Ilg,) preserves the normal
open subgroup 1y, C Ilg, corresponding to Ho — Go. Write ag,, oy,
ag,, ay, for the respective outomorphisms of g, Iy, , Ilg,, Iy, n-
duced by a. Suppose, moreover, that ag, € Dehn(Gy) [cf. [CbTpl],
Definition 4.4]. Then the following hold:

(i) It holds that ag, € Dehn(Gy). Moreover, there ezists a positive
integer a such that

o, € Dehn(Hy) , af;, € Dehn(H,).

(i) If, moreover, ag, € Dehn(Gy) [cf. (i)] is nondegenerate (re-
spectively, positive definite) [cf. [CbTpl], Definition 5.8,
(i), (iii)], then of, € Dehn(H,) [cf. (i)] is nondegenerate
(respectively, positive definite ).

Proof. First, we verify assertion (i). One verifies easily from [NodNon],
Lemma 2.6, (i), together with [CbTpI|, Corollary 5.9, (i), that there
exists a positive integer a such that af, € Dehn(H,). Now since
ag, € Dehn(Gy), af, € Dehn(H,), it follows immediately from the
various definitions involved that ag, € Dehn(G;), af, € Dehn(H,).
This completes the proof of assertion (i). Assertion (ii) follows imme-
diately, in the nondegenerate (respectively, positive definite) case, from
[NodNon|, Lemma 2.6, (i), together with [CbTpl], Corollary 5.9, (ii)
(respectively, from Corollary 5.9, (iii), (v)). This completes the proof
of Lemma 3.26. O

Corollary 3.27 (Commensurator of profinite Dehn multi-twists
in the totally degenerate case). In the notation of Theorem 3.16,

Definition 3.19 [so n > 3], suppose further that G is totally degener-
i def

ate [cf. [CbTpl], Definition 2.3, (iv)]. Write s: Speck — (Mg )k =
(ﬂg,m)speck [cf. the discussion entitled “Curves” in “Notations and
Conventions”] for the underlying (1-)morphism of algebraic stacks of

the classifying (1-)morphism (Speck)e — (ﬂﬁﬂ])k o (ﬂl;[gﬂ)speck

[cf. the discussion entitled “Curves” in “Notations and Conventions”]

of the stable log curve X'°% over (Speck)'°8; ./\N/S10g for the log scheme
obtained by equipping M dof Spec k with the log structure induced, via
s, by the log structure of (mii])k; No¢ for the log stack obtained by

forming the [stack-theoretic] quotient of the log scheme J@Og by the nat-
ural action of the finite k-group “s X (M, o) s”, i.e., the fiber product
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over (Mg 1))k of two copies of s; Ny for the underlying stack of the log
stack N1°8; I C my(N°®) for the closed subgroup of the log fundamen-
tal group m (N°8) of N8 given by the kernel of the natural surjection
T (N8) — 71 (N;) [induced by the (1-)morphism N8 — N, obtained
by forgetting the log structure/; 7752) (N°8) for the quotient of 71 (N1°8)
by the kernel of the natural surjection from Iy, to its mazimal pro-X
quotient I/%/S. Then the following hold:

(i) The natural homomorphism w1 (N1°8) — Out(Il;) [cf. the natu-
ral outer homomorphism of the first display of Remark 3.19.1]
factors through the quotient m (N°8) — ﬂz)(J\Qog) and the
natural inclusion Ngro g, e (Dehn(G)) < Out(Ily) [cf. Propo-
sition 8.24, (ii)]. In particular, we obtain a homomorphism

7r§2) (Nlg) — Nouth(Hn)geo(Dehn(g)) ,
hence also a homomorphism

3 (Nlog) — Courre (o (Dehn(G)) .

(ii) The second displayed homomorphism of (i) fits into a natural
commutative diagram of profinite groups

Y £ 73 (NVlog) — s mWN) ——

l | l

1 —— Dehn(G) —— Coyereqr, e (Dehn(G)) —— Aut(G) ——

[¢f. Definition 3.1, (ii), concerning the notation “G”] — where
the horizontal sequences are exact, and the vertical arrows are
isomorphisms.

(iii) Dehn(G) is open in Cp yro gy, jzeo (Dehn(G)).
(iv) We have an equality
Nowere o (Dehn(G)) = Coyyre(r, s (Dehn(G)) .

Proof. First, we verify assertion (i). The fact that the image of the
homomorphism in question is contained in Out*“(I1,,)g* follows imme-
diately from the [tautologicall] fact that this image arises “Q-scheme-
theoretically”, i.e., from scheme theory over Q [cf. the discussion of
Remark 3.19.1]. Thus, assertion (i) follows immediately from the fact
that the natural homomorphism m;(N°8) — Out(Il;) determines an
isomorphism I3 = Dehn(G) [cf. [CbTpI], Proposition 5.6, (ii)]. This
completes the proof of assertion (i).

Next, we verify assertion (ii). First, let us observe that it follows from
[CbTpl], Theorem 5.14, (iii), that Cpro, ) (Dehn(G)) C Aut(g).
Thus, we obtain a natural homomorphism Cp,roq, e (Dehn(G)) —
Aut(G), whose kernel contains Dehn(G) [cf. the definition of a profinite
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Dehn multi-twist given in [CbTpl], Definition 4.4]. On the other hand,
if an element o € Cgre gy, yeeo (Dehn(G)) acts trivially on G, then, since
G is totally degenerate, it follows immediately from Theorem 3.18, (ii),
that o € Dehn(G). This completes the proof of the existence of the
lower exact sequence in the diagram of assertion (ii), except for the
surjectivity of the third arrow of this sequence. Thus, it follows im-
mediately from the proof of assertion (i) that, to complete the proof
of assertion (ii), it suffices to verify that the right-hand vertical arrow

m1(Ns) = Aut(G) of the diagram is an isomorphism. Write X/l\i}g for the

stable log curve over ./C/'s10g whose classifying (1-)morphism is given by
the natural (1-)morphism A& — (ﬂ;[gr})k and Aut g (X/l\f’]g) for the

. 1 Y .
group of automorphisms of X 2% over N1°6. Then since X'°8, hence also

S

le\i)[g, is totally degenerate, one verifies easily that the natural homo-

morphism Aut g (X/l\i;g) — Aut(G) is an isomorphism. Thus, it follows

immediately from the various definitions involved that the right-hand
vertical arrow m(N;) — Aut(G) of the diagram is an isomorphism.
This completes the proof of assertion (ii).

Assertion (iii) follows immediately from the ezactness of the lower
sequence of the diagram of assertion (ii), together with the finiteness
of G. Assertion (iv) follows immediately from the fact that the middle
vertical arrow of the diagram of assertion (ii) is an isomorphism which
factors through N ro gy, e (Dehn(G)) C Coyyroqy, jseo (Dehn(G)) [cf.
assertion (i)]. This completes the proof of Corollary 3.27. O

Remark 3.27.1. One interesting consequence of Corollary 3.27 is the
following: The profinite group Out"“(II,,)#® [which, as discussed in
Remark 3.19.1, may be regarded as the geometric portion of the group
of FC-admissible outomorphisms of the configuration space group IT,],
hence also the commensurator Cg,gro(qy,, e (Dehn(G)), is defined in a
purely combinatorial/group-theoretic fashion. In particular, it follows
from the commutative diagram of Corollary 3.27, (ii), that this com-
mensurator Co,ro gy, jzeo (Dehn(G)) yields a purely combinatorial/group-
theoretic algorithm for reconstructing the profinite groups of scheme-
theoretic origin that appear in the upper sequence of this diagram.



COMBINATORIAL ANABELIAN TOPICS II 103

4. GLUEABILITY OF COMBINATORIAL CUSPIDALIZATIONS

In the present §4, we discuss the glueability of combinatorial cuspidal-
1zations. The resulting theory may be regarded as a higher-dimensional
analogue of the displayed exact sequence of [CbTpl], Theorem B, (iii)
[cf. Theorem 4.14, (iii), below, of the present monograph|. This theory
implies a certain key surjectivity property of the tripod homomorphism
[cf. Corollary 4.15 below|. Finally, we apply this result to construct
cuspidalizations of the log fundamental group of a stable log curve over
a finite field [cf. Corollary 4.16 below]| and to compute certain com-
mensurators of the corresponding Galois image in the totally degenerate
case [cf. Corollary 4.17 below].

In the present §4, we maintain the notation of the preceding §3 [cf.
also Definition 3.1]. In addition, let 3y be a nonempty set of prime
numbers and Gy a semi-graph of anabelioids of pro-¥y PSC-type. Write
Gy for the underlying semi-graph of Gy and Ilg, for the [pro-¥,] funda-
mental group of Gy.

Definition 4.1.
(i) We shall write
Aut/Br@)l Gy € (AutVert9ol(Gy) 0 AutNedel@)l(G)) C) Aut(G)

[cf. [CbTpl], Definition 2.6, (i)] for the [closed] subgroup of
Aut(Gy) consisting of automorphisms « of Gy that induce the
identity automorphism of Vert(Gy), Node(Gy) and, moreover,
fix each of the branches of every node of Gy. Thus, we have a
natural exact sequence of profinite groups

1 — AutlePl(Gy) — Aut/Brh@l(G) — Aut(Cusp(Gy))
[cf. [CbTpl], Definition 2.6, (i); Remark 4.1.2 of the present

monograph].

(ii) Let v € Vert(Gp). Then we shall write

E(Golv : Go) C Edge(Golv) (= Cusp(Golv))

[cf. [CbTpl], Definition 2.1, (iii)] for the subset of Edge(Gol,)
(= Cusp(Go|,)) consisting of cusps of Gy|, that arise from nodes
of go.

(iii) We shall write
Gl (Go) €[]  Autl¥@9N(Gyl,)

vEVert(Go)

[cf. (ii); [CbTpl], Definition 2.6, (i)] for the [closed] subgroup of
[Toevert(go) Aut@=9(G 1) consisting of “glueable” collections
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of automorphisms of the various Gyl,, i.e., the subgroup con-
sisting of (o )vevert(gy) such that, for every v, w € Vert(Gy), it
holds that x,(a,) = xw(aw) [cf. [CbTpl], Definition 3.8, (ii)].

Remark 4.1.1. In the notation of Definition 4.1, one verifies easily
from the various definitions involved that

Glu(Go) = Gl (Go) 0 ([T  Aut®™(Gy|,))
veVert(Go)
[cf. [CbTpl], Definitions 2.6, (i), and 4.9; Remark 4.1.2 of the present
monograph].

Remark 4.1.2. Here, we take the opportunity to correct a minor
error in the exposition of [CbTpl|. In [CbTpl], Definition 2.6, (i),
“Aut/#®(G)” should be defined as the subgroup of Aut(G) of automor-
phisms of G which induce the identity automorphism on the underlying
semi-graph of G [cf. the definition given in [CbTpl], Theorem B]. In a
similar vein, in [CbTpl], Definition 2.6, (iii), “Aut™(G)” should be de-
fined as the subgroup of Aut(G) of automorphisms of G which preserve
the sub-semi-graph H of the underlying semi-graph of G and, moreover,
induce the identity automorphism of H. Since the correct definitions
are applied throughout the exposition of [CbTpl], these errors in the
statement of the definitions have no substantive effect on the exposition
of [CbTpl], except for the following two instances [which themselves do
not have any substantive effect on the exposition of [CbTpl]|:

(i) In [CbTpI], Proposition 2.7, (i), “Aut®*"(G)” should be re-
placed by “AutVN@I(G)y”.

(ii) In [CbTpl], Proposition 2.7, (iii), the phrase “In particular”
should be replaced by the word “Finally”.

Theorem 4.2 (Glueability of combinatorial cuspidalizations in
the one-dimensional case). Let ¥ be a nonempty set of prime num-
bers and Gy a semi-graph of anabelioids of pro-3, PSC-type. Write Ilg,
for the [pro-3,] fundamental group of Go. Then the following hold:

(i) The closed subgroup Dehn(Gy) C Aut(Gy) [cf. [CbTpl], Def-
inition 4.4] is contained in Aut®M9(G)) C Aut(G,) [ef.
Definition 4.1, (i)], i.e., Dehn(Gy) C Aut/Breh@)l(Gyy.

(ii) The natural homomorphism

Aut\Brch(goﬂ(gO) — Hvevert(go)Aut(go|v)
o — (agO|U)UEVert(go)
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[ef. [CbTpl], Definition 2.14, (ii); [CbTpl], Remark 2.5.1,
(i1)] factors through

Gl (Go) € ] Aut(Golo)

veVert(Go)
[cf. Definition 4.1, (iii)].
(iii) The natural inclusion Dehn(Gy) — AutB*@N(Go) of (i) and
the natural homomorphism pieh: Aut/P@)(Gy) — Glu”(Gy)
[ef. (ii)] fit into an exact sequence of profinite groups

brch

1 — Dehn(Gy) — Aut/Preh(@l(Gy) 05 qrubrer(gy) — 1.

Proof. Assertion (i) follows immediately from the various definitions
involved. Assertion (ii) follows immediately from [CbTpl], Corollary
3.9, (iv). Assertion (iii) follows, in light of Remark 4.1.1, from the exact
sequence of [CbTpl|, Theorem B, (iii), together with the existence of
automorphisms of Gy that induce arbitrary permutations of the cusps
on each vertex of Gy and, moreover, restrict to automorphisms of each
Gol, that lie in the kernel of x, [cf. the automorphisms constructed in
the proof of [CmbCsp|, Lemma 2.4]. O

Definition 4.3. Let H be a sub-semi-graph of PSC-type [cf. [CbTpI],
Definition 2.2, (i)] of G [cf. Definition 3.1, (ii)] and S € Node(G|m)
[cf. [CbTpl], Definition 2.2, (ii)] a subset of Node(G|g) that is not of
separating type [cf. [CbTpl], Definition 2.5, (i)]. Then, by applying
a similar argument to the argument applied in [CmbCsp|, Definition
2.1, (iii), (vi), or [NodNon], Definition 5.1, (ix), (x) [i.e., by considering
the portion of the underlying scheme X,, of X'°¢ corresponding to the
underlying scheme (Xg s),, of the n-th log configuration space (Xpg g)\°®8
of the stable log curve Xﬁ% determined by (G|m).s — cf. [CbTpl],
Definition 2.5, (ii)], one obtains a closed subgroup

(HH,S)n g Hn

[which is well-defined up to IL,-conjugation|. We shall refer to (Ily s),, C
I1,, as a configuration space subgroup [associated to (H,S)]. For each
0 <1< j <n, we shall write

def
(Hps)nsi = (Hps)n NI, € 11,

[which is well-defined up to II,,-conjugation];

def
(Mes)j/e = Ms)nse/ (Ua,s)nss € Wy

[which is well-defined up to II;-conjugation|. In particular,

(Ma,s); = (Hm,s),/0 € 11
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[where we recall that, in fact, the subgroups on either side of the
“=" are only well-defined up to II;-conjugation|. Thus, by applying
[CbTpl], Proposition 2.11, inductively, we conclude that each (Ilg,s);/i
is a pro-X configuration space group [cf. [MzTa], Definition 2.3, (i)],
and that we have a natural exact sequence of profinite groups

11— (HH,S)j/i — (HH,S>j — (HH,S)i — 1.

Finally, let v € Vert(G). Then the semi-graph of anabelioids of PSC-
type G|, [cf. [CbTpl], Definition 2.1, (iii)] may be naturally identified
with (G|m,)~s, for suitable choices of H,, S, [cf. [CbTpl], Remark
2.5.1, (ii)]. We shall refer to

def
(H’U)n = (HHU,Sv>n - Hn
as a configuration space subgroup associated to v. Thus, (Il,); C II; is
a verticial subgroup associated to v € Vert(G), i.e., a subgroup that is
typically denoted “IL,”. We shall write

def
(Iy)j7 = (s, )57 €y

Remark 4.3.1. In the notation of Definition 4.3, one verifies easily
— by applying a suitable specialization isomorphism [cf. the discus-
sion preceding [CmbCsp]|, Definition 2.1, as well as [CbTpl], Remark
5.6.1] — that there exist a stable log curve Y'°® over (Spec k)% and
an n-cuspidalizable degeneration structure (G, S,¢) on ¥G [cf. Defini-
tion 3.23, (i), (v)] — where we write YG for the “G” that occurs in the
case where we take “X'°8” to be Y8 — which satisfy the following:
Write Y1I,, for the “IL,” that occurs in the case where we take “X°8”
to be Y8 Then:

The image of a configuration space subgroup of II,
associated to (H,S) [cf. Definition 4.3] via a PFC-
admissible outer isomorphism II,, = YII,, that lies over
the displayed composite isomorphism of Definition 3.23,
(v) [where we note that, in loc. cit., the roles of “YTI,,”
and “IL,” are reversed!], is a configuration space sub-
group of YII,, associated to a vertex of ¥G.

Lemma 4.4 (Commensurable terminality and slimness). Every
configuration space subgroup [cf. Definition 4.3] of 11,, is topo-
logically finitely generated, slim, and commensurably terminal
mn 11,.

Proof. Since any configuration space subgroup is, in particular, a con-
figuration space group, the fact that such a subgroup is topologically
finitely generated and slim follows from [MzTa|, Proposition 2.2, (ii).
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Thus, it remains to verify commensurable terminality. By applying
the observation of Remark 4.3.1, we reduce immediately to the case
of a configuration space subgroup associated to a vertex. But then
the desired commensurable terminality follows, in light of Lemma 4.5
below, by induction on n, together with the corresponding fact for
n =1 [cf. [CmbGC], Proposition 1.2, (ii)]. This completes the proof of
Lemma 4.4. U

Lemma 4.5 (Extensions and commensurable terminality). Let

1 y Ny y H y Qy —— 1
[ A
1 y N , G y Q —— 1

be a commutative diagram of profinite groups, where the horizontal se-
quences are exact, and the wvertical arrows are injective. Suppose
that Ng € N, Qg C @ are commensurably terminal in N, Q,
respectively. Then H C G is commensurably terminal in G.

Proof. This follows immediately from Lemma 3.9, (i). O

Definition 4.6.

(i) We shall write
Out™(I1,,)>" € Out™ (11,,)
for the closed subgroup of Out"(II,,) given by the inverse im-
age of
AutBrh@l(G) € (Aut(G) C) Out(Ilg) <& Out(Il,)

[cf. Definition 4.1, (i)] via the natural injection Out*(II,,) —
Out™(I1;) € Out(I1;) of [NodNon], Theorem B.

(i) Let v € Vert(G): write I, © (II,); [cf. Definition 4.3]. Then
we shall write
Out™™ ((I1, ),, ) 9% C Out™™((11,),)
for the [closed] subgroup of Out®((Il,),) given by the inverse
image of
Aut®C9l(Gl,) € (Aut(Gl,) C) Out(IL,)
[cf. Definition 4.1, (ii); [CbTpl], Definition 2.6, (i)] via the

natural injection Out™((I1,),) — Out™(II,) € Out(Il,) of
[NodNon], Theorem B.
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Theorem 4.7 (Graphicity of outomorphisms of certain subquo-
tients). In the notation of the preceding §3 [cf. also Definition 3.1],
let x € X,,(k). Write
C, C Cusp(G)

for the [possibly empty] set consisting of cusps ¢ of G such that, for
some i € {1,--- ,n}, vy € Xn(k) = X(k) [cf. Definition 3.1, (i)]
lies on the cusp of X'°& corresponding to ¢ € Cusp(G). For each i €
{1,--- ,n}, write

def
gi/ifl,:p = gie{l,---,i},x

[cf. Definition 3.1, (iii)] and
Zifi—la € VCN(gi/Fl,x)
for the element of VON(G;)i_1,) on which x ... ;4 lies, that is to say:
Ifrg.... iy € Xi(k) [cf. the notation given in the discus-
sion preceding Definition 3.1] is a cusp or node of the
geometric fiber of the projection piﬁ_l: X8 5 X8
over :vﬂlolg i1y corresponding to an edge e € Edge(Giji—14).

then ziji—1 4 def e; if xp..p € Xi(k) is neither a

cusp nor node of the geometric fiber of the projection
pic/’f_lz X% — X% over xl{olg’m,i_l} but lies on the irre-
ducible component of the geometric fiber corresponding
to a vertex v € Edge(Giji—12), then zji—14 ey,
Let
= OutFC(Hn)brCh

[cf. Definition 4.6, (i)]. Suppose that the element of
AutBrh@l(G) € (Aut(G) C) Out(Ilg) & Out(Ily)

[cf. Definition 4.1, (i)] determined by o € Out" (IL,,)>*® [cf. Defini-
tion 4.0, (i)] is contained in

Aut/®l(G) C Aut(g)
[cf. [CbTpl|, Definition 2.6, (i)]. Then there exist
e a lifting a € Aut(1l,,) of a, and,

e for each i € {1,--- ., n}, a VCON-subgroup IL, ., € ILjia =
g, .« [cf. Definition 3.1, (iii)] associated to the element
Ziji—12 € VON(Gi/i—1,2)

such that the following properties hold:

(a) Foreachi e {1,--- ,n}, the automorphism of I;;;_y — Ilg
determined by o fixes the VCON-subgroup 11
Ig

i1,z
C ILji1 —

Rifi—1,x

ifi—l,a°
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(b) Foreachi € {1,--- ,n}, the outomorphism of I1;;_1 = Ilg
induced by a is contained in

Aut'BrCh(gi/i_l’z)l(gi/i—l,x) - OU_t(Hg

i/i—1,x

) (i Out(HZ/l_l) .

i/i—1,x
Proof. We verify Theorem 4.7 by induction on n. If n = 1, then Theo-
rem 4.7 follows immediately from the various definitions involved. Now
suppose that n > 2, and that the induction hypothesis is in force. In
particular, [since the homomorphism pg/n_l: I1,, — II,,_ is surjective]
we have a lifting a € Aut(1l,,) of a and, for each i € {1,--- ,n — 1},
a VCN-subgroup ., ., © Wi = HUg, . ,» associated to the ele-
ment 2,1, € VCON(G;/i—1,) such that, for each i € {1,---,n — 1},
the automorphism of II; determined by o fizes I, ire & 1Lijion © 1L,
and, moreover, the automorphism of II,, ; determined by a satisfies
the property (b) in the statement of Theorem 4.7. Now we claim that
the following assertion holds:

Claim 4.7.A: The outomorphism of IL,, /,,_1 — Ilg

induced by the lifting « is contained in

AutlBI‘Ch(gn/n—l,z)|(gn/n_Lx) g OUt<Hgn/n—1,1) <: Out(]:[n/n—l) .

To this end, let us first observe that it follows immediately — by re-

placing X°8 by the base-change of pffn_Q: Xlg — X% via a suit-

n/n—1,x

able morphism of log schemes (Spec k)¢ — X,lf_gQ whose image lies on
L1, n2y € Xp_o(k) — from Lemma 3.2, (iv), that, to verify Claim
4.7.A, we may assume without loss of generality that n = 2. Also, one
verifies easily, by applying Lemma 3.14, (i) [cf. also [CbTpl], Proposi-
tion 2.9, (i)], and possibly replacing, when 2o, € Vert(Gi o),
e « by the composite of & with an inner automorphism of II,, =
II; determined by conjugation by a suitable element of II,, =
II, whose image in II; & Ilg, o is contained in the closed
subgroup IL;, , CIlg & II; and
e 1 by a suitable “z” whose associated “z;,0," is a node of Gy /g,
that abuts to the original 2,9, € Vert(Gi o),
that we may assume without loss of generality that z; 9, € Edge(G1/0,2)-
Next, let us recall that the automorphism of IT; = Ilg, 1., determined
by & fizes the edge-like subgroup II 0. &1 = g, 10,0 associated to
the edge 21,0, of Gijon [cf. the discussion preceding Claim 4.7.A].
Thus, since [we have assumed that] a € Out"®(IT)"™" [which implies
that the outomorphism of IT; = lUg, ., determined by o preserves the
IT;-conjugacy class of each verticial subgroup of II; = Ilg, /Oyz}, it fol-
lows immediately from Lemma 3.13, (i), (ii), that the outomorphism
of llg, , , & 1, n induced by a is group-theoretically verticial, hence
[cf. [NodNon], Proposition 1.13; [CmbGC], Proposition 1.5, (ii); the
fact that o is C-admissible] graphic, i.e., € Aut(Ga1,). Moreover, since
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the outomorphism of Ilg,_ (2} < 1II; induced by « is, by assumption,

contained in AutP*9N(G) [cf. [CmbCsp], Proposition 1.2, (iii)], one
verifies easily, by considering the map on vertices/nodes/branches in-
duced by the projection

P?1,2}/{2}|H2/13 /1 = gy

[cf. Lemma 3.6, (i), (iv)], that the outomorphism of Ilg, , & Iy
induced by « is contained in the subgroup Aut/Breb(©z 1w”(QZ /1,z)- This
completes the proof of Claim 4.7.A.

On the other hand, one verifies easily from Claim 4.7.A, together with
the various definitions involved, that there exist a II,,_1-conjugate
of @ and a VCN-subgroup Il .
Znm-1,2 € VCN(Gp/n—1,5) such that 5ﬁxes IL,, .«
lifting 3 of « and the VCN-subgroups IL,, . [where ¢ € {1,---  n}]
satisfy the properties (a), (b) in the statement of Theorem 4.7. This
completes the proof of Theorem 4.7. O

CIyyp — g, ., associated to

. In particular, the

Lemma 4.8 (Preservation of configuration space subgroups).
The following hold:

(i) Let a € Out"™ (I1,)>™" [c¢f. Definition 4.6, (i)]. Then o pre-
serves the I1,,-conjugacy class of each configuration space sub-
group [cf. Definition 4.3] of I1,,. Thus, by applying the portion
of Lemma 4.4 concerning commensurable terminality, to-
gether with Lemma 3.10, (i), we obtain a natural homomor-
phism

Out™(I1,)” — ] Out((I,),).
veVert(G)

(ii) The displayed homomorphism of (i) factors through

H OutFC«Hv)n)g-nodeg H Out((H,,)n)

vEVert(G) veVert(G)
[¢f. Definition 4.6, (ii)].

Proof. First, we verify assertion (i). We begin by observing that, in
light of the observation of Remark 4.3.1 [cf. also [CbTpl], Proposition
2.9, (ii)], to complete the verification of assertion (i), it suffices to verify
the following assertion:

Claim 4.8.A: For each v € Vert(G), a preserves the
IL,,-conjugacy class of configuration space subgroups
(IL,),, C II,, of II,, associated to v.
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To verify Claim 4.8.A; let us observe that, by applying Theorem 4.7 in
the case where we take the “z” in the statement of Theorem 4.7 to be
such that, for each i € {1,--- ,n}, the element z;);_1, € Vert(G;/i—1,,)
is the vertex of G;/;_;, that corresponds [via the various bijections of
Lemma 3.6, (iii)] to the vertex v of Claim 4.8.A, we obtain, for each
i€ {l,---,n}, a VCN-subgroup IL,, ., €Ly 5 Ilg,,, . . associ-
ated to 2;/;—1, € VON(G;/i—1,) as in the statement of Theorem 4.7,
(a). Next, let us observe that one verifies immediately from the com-
mensurable terminality [cf. [CmbGC], Proposition 1.2, (ii)] of each of
the VCN-subgroups 1L, . =~ C Il;;—1, where i € {1,--- ,n}, that the
I1,,-conjugacy class of the configuration space subgroup (II,), C II,
coincides with the II,-conjugacy class of the closed subgroup of II,
consisting of v € II, such that, for each i« € {1,---,n}, conjuga-
tion by « preserves the closed subgroup Hzi/i—l,w C (I ©) 1L [so
IL,, .. = (I1,);7i—1]. Thus, it follows from Theorem 4.7, (a), that
a preserves the II,-conjugacy class of (II,), C II,, as desired. This
completes the proof of Claim 4.8.A.

Next, we verify assertion (ii). Let a € Out™®(IL,)" " v € Vert(G).
Write a, for the outomorphism of (I1,), induced by « [cf. (i)]. Then the
F-admissibility of o, follows immediately from the F-admissibility of «
[cf. the discussion of Definition 4.3]. The C-admissibility of «, follows
immediately from Theorem 4.7 [applied as in the proof of Claim 4.8.A];
[NodNon], Lemma 1.7, together with the definition of C-admissibility.
Finally, the fact that a,, € Out™((I1,), )9°% follows immediately from
the fact that o € Out"(II,,)>*". This completes the proof of assertion
(ii). OJ

Definition 4.9. We shall write
Glu(IL,) € [ Out™((1I,),)o "

veVert(G)

for the [closed| subgroup of [],cver g Out™((I1,),, ) 9°% consisting of
“glueable” collections of outomorphisms of the various (Il,),, i.e., the
subgroup defined as follows:

(i) Suppose that n = 1. Then Glu(Il,,) consists of those collections
(Cty)vevert(g) such that, for every v, w € Vert(G), it holds that
Xo(w) = Xw(w) [cf. [CbTpl], Definition 3.8, (ii)] — where
we note that one verifies easily that a,, may be regarded as an
element of Aut(G|,).

(ii) Suppose that n = 2. Then Glu(II,) consists of those collections
(Cty)vevert(g) that satisfy the following condition: Let v, w €
Vert(G); e € N(v) NN (w); T C Il C II, =11, a {1,2}-
tripod of II,, arising from e € N(v) N N (w) [cf. Definitions
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3.3, (i); 3.7, (i)]. Then one verifies easily from the various
definitions involved that there exist II,,-conjugates T,,, T, of T’
such that T, T,, are contained in (II,),, (IL,),, respectively,
and, moreover,

T, € (ILy)21 € (I1)2 = (ILy)n ,

Ty C (Hw)2/1 C (Hw)2 - (Hw)n

are tripods of (II,),, (IL,), arising from [the cusps of G|,, G|
corresponding to| the node e, respectively. Moreover, since
o, € Out™((I1,),) 9%, a,, € Out™((I1,,),)9"°%, it follows
from Theorem 3.16, (iv), that o, € Out™((I1,),)[Ty], aw €
Out™((II,, ), )[T,]; thus, we obtain that Tr, (ay,) € Out(T,) =
Out(7T); Tz, () € Out(T,,) = Out(T) [cf. Theorem 3.16,
(i)]. Then we require that Tr, (a,,) = T, ().

Suppose that n > 3. Then Glu(Il,) consists of those col-
lections (v )vevert(g) that satisfy the following condition: Let
I1%4 C I3 be a 3-central {1,2,3}-tripod of II,, [cf. Definitions
3.3, (i); 3.7, (ii)]. Then one verifies easily from the various
definitions involved that, for every v € Vert(G), there exists a
I13-conjugate ITP4 of I1**4 such that I1%*4 is contained in (I1,)s,
and, moreover, [I"*4 C (II,)3 is a 3-central tripod of (II,)s.
Thus, since o, € Out"™((11,),)9"°%, we obtain Tppwa (o) €

Out(I1%P9) = Out(II**9) [cf. Theorem 3.16, (i), (v)]. Then, for
every v, w € Vert(G), we require that Tpwa(aw) = Tppepa(Q)-

Remark 4.9.1. In the notation of Definition 4.9, one verifies eas-
ily from the various definitions involved that the natural outer iso-

moprhism II; = Tlg determines a natural isomorphism Glu(Il;) =

~

CluP™™(G) [cf. Definition 4.1, (ii)].

Lemma 4.10 (Basic properties concerning groups of glueable
collections). Forn > 1, the following hold:

(i)

The natural injections
Out™ ((I1,)) 1) < Out™((11,),)

of [NodNon|, Theorem B — where v ranges over the vertices
of G — determine an injection

Glu(Il,41) — Glu(IL,) .
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(ii) The displayed homomorphism of Lemma 4.8, (i),
Out"(IL,)” —  J] Out((IL,).)

veVert(G)

factors through
Glu(II,) C H Out((

Proof. First, we verify assertion (i). The fact that the image of the
composite

Glu(,n) = [] Out™((L)nn) = [] Out™((L)n)

veVert(G) veVert(G)

i1s contained in

H OutFC((Hv)n)g'“"deg H OutFC<<HU)n)

veVert(G) veVert(G)

follows immediately from the various definitions involved. The fact
that the image of the composite

Glu(Mpsr) =[] Out™(()u) = [ Out™((IL).)

veVert(G) veVert(G)

is contained in

Glu(I1,) C H Out™((I1,),, ) 904

veVert(G)

follows immediately from the various definitions involved when n > 3
and from Theorems 3.16, (iv), (v); 3.18, (ii) [applied to each (II,),41!],
when n = 2. Thus, it remains to verify assertion (i) in the case
where n = 1. Suppose that n = 1. Let (ay)everig) € Glu(Ily).
Write ((@)1)vevert(@) € [loevert(o) Out"((I1,),)9™% for the image of
(Qy)vevert(g)- Since G is connected, to verify assertion (i) in the case
where n = 1, it suffices to verify that, for any two vertices v, w of G
such that N (v) NN (w) # 0, it holds that x,((c)1) = Xw((aw)1). Let
r € Xy(k) be a k-valued geometric point of X, such that xpy € X (k)
[cf. Definition 3.1, (i)] is a node of X'°® corresponding to an element
of N(v) N N(w) # 0. Then by applying Theorem 4.7 to a suitable
lifting &, (€ Aut™((I,)2)) of the outomorphism a, of (II,)s [where
we take the “IL,” in the statement of Theorem 4.7 to be (II,)s], we
conclude that the outomorphism (ay)s/1 of I(Gu)se 1oy val (ILy)2/1 [cf.
Definition 3.1, (iii)] determined by &, is graphic and fizes each of the
vertices of (G|y)a2eq1,2,2- Thus, if we write (v, )2y for the outomorphism
of the “II{,” that occurs in the case where we take “Ily” to be (IL,),,
then it follows from [CmbCsp], Proposition 1.2, (iii), together with the
C-admissibility of (o)1, that (ay)qoy is C-admissible, i.e., € Aut(Gl,).
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Now, for a [{1,2}-]tripod T, C (II,), arising from the cusp {1y of G|,
[cf. Definitions 3.3, (i); 3.7, (i)], we compute:

xgl, ((w)) = xal, ((w)2y) [cf. [CmbCsp], Proposition 1.2, (iii)]
= X(g|v)2€{172}’x((061,)2/1) [cf. [CbTpl], Corollary 3.9, (iv)]
= xt, ((ow)2/1l1,) [cf. [CbTpl], Corollary 3.9, (iv)]

[where we refer to Lemma 3.12, (i), concerning “(ovw)21|7,”, and we
write xr, for the “x” associated to the vertex of (G|,)aef1,2},2 cOrTE-
sponding to T;,]. Moreover, by applying a similar argument to the above
argument, we conclude that there exists a lifting a,, of a,, such that
the outomorphism (v, )s/1 of (G lu)ac 1) ~ (ILy)2/1 determined by oy,
is graphic [and fizes each of the vertices of (G|u)2eq1,2},2], and, more-
over, for a [{1, 2}-]tripod T, C (IL,), arising from the cusp x(1y of G|,
it holds that xg, ((ow)1) = x7,((0w)2/1|7,). On the other hand, since
(at)vevert(g) € Glu(Ilz), it holds that xr, ((aw)2/1lT,) = X7, ((Qw)2/1|T2,)-
In particular, we obtain that xg|, (o)1) = Xg|., ((0w)1). This completes
the proof of assertion (i).

Next, we verify assertion (ii). If n = 1, then assertion (ii) amounts
to Theorem 4.2, (ii) [cf. also Remark 4.9.1]. If n > 2, then assertion
(ii) follows immediately from Lemma 4.8, (ii), together with the fact
that the homomorphism “T7” of Theorem 3.16, (i), does not depend
on the choice of “T” among its conjugates. This completes the proof
of assertion (ii). d

Definition 4.11. We shall write p>*" for the homomorphism

Out"° (11, — Glu(IL,,)

determined by the factorization of Lemma 4.10, (ii).

Lemma 4.12 (Glueable collections in the case of precisely one
node). Suppose that n = 2, and that #Node(G) = 1. Let v, w €

Vert(G) be distinct elements such that N(v) "N (w) # 0. Write € €

Node(G) for the unique element of N'(T)NN (@) [cf. [NodNon], Lemma
1.8]; 1z, 1lg, s C g < I for the VCN-subgroups of Ilg < I1; as-

sociated to v, w, € € VCN(GV), respectively; v def 0(G); w def w(G);

et e(G). [Thus, one verifies easily that Iz = Iz NIl [cf. [NodNon],
Lemma 1.9, (1)], that Vert(G) = {v,w}, and that if G is noncycli-
cally primitive (respectively, cyclically primitive) [cf. [CbTpI],
Definition 4.1], then v # w (respectively, v = w).] Let x € Xy(k) be
a k-valued geometric point of Xy such that xgy € X(k) [cf. Defini-
tion 3.1, (i)] lies on the unique node of X'°% [i.e., which corresponds

to 6/. Write g2/1 déf gge{l’g},m /Cf Deﬁmtzon 31, (ZZZ)/, 52/1 — Q2/1
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new

vy " of Lemma 3.6, (iv). For each z € Vert(G), write

2° € Vert(Gyp) for the vertex of Gy that corresponds to z via the
bijections of Lemma 3.6, (i), (). [Thus, it follows from Lemma 3.6,
(iv), that Vert(Gay1) = {v"V,v°,w°}.] Then the following hold [cf. also
Figures 2, 3, below]:

(i)

(i)

Let (Ilz)e C Tly be a configuration space subgroup of 1y as-
sociated to v [cf. Definition 4.3] such that the image of the
11

composite (Ilz)y — 1l pi{; II; coincides with I1; C Ilg < II;.
Also, let us fir a verticial subgroup Igmew C Ilg, | & Iy of
I, , val 51 associated to a V"V € Vert(gNQ/l) that lies over
V™" € Vert(Go/1) and is contained in (Ilg),. Then there

exists a unique configuration space subgroup (Ilz)s C Ily of

Iy associated to w [cf. Definition 4.3] such that gew =

(I5)2/1 N (Ilg)an — where we write (IL5)21 def Iy N (I15)2;

()2 et Iy N (Ilz)e — and, moreover, the image of the
11

Pa/1
composite (Ilz)e — Ty 2 IT; coincides with 115 C I1;.
In the situation of (i), the natural homomorphism
hﬂ(ﬂg — Hg — H@) — Hl

— where the inductive limit is taken in the category of pro-
Y. groups — is injective, and its image is commensurably
terminal in II;. Write II; 5 C II; for the image of the above

I1
homomorphism; Iy, , (C Ila) for the fiber product of Il pi/:
II; and II; 3 — II;. Thus, we have an exact sequence of
profinite groups

1 —>H2/1 —)HQ

;5 — Hg@ — 1.

Finally, if G is noncyclically primitive, then Il = 1I;,
H2|H5,a = 1l,.

In the situation of (i1), for each Z € {v,w}, let Iz C g, ,,
Iy be a wverticial subgroup of ng/1 ~ Iy associated to a

z° € Vert(QNQ/l) that lies over z° € Vert(Ga/) such that 11z C
(Hz)op1 [ef. ()], and, moreover, Ilzo N Ignew # {1}, Thus,
Iz, def Ize N Hgnew s the nodal subgroup of Ilg, P al o/
associated to the unique element ez of N(Z°) N N (V) [cf.
[NodNon|, Lemma 1.9, (i)]. Write e,o o €z(Ga1). Then the
natural homomorphism

%ﬂ(ngo < ngo — H?[)'new) — (Hg)g/l
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— where the inductive limit is taken in the category of pro-
Y. groups — is an isomorphism. Write Gio for the sub-
semi-graph of PSC-type [cf. [CbTpl|, Definition 2.2, (i)]
of the underlying semi-graph of Go/1 whose set of vertices =

{Z(G)°, v} Tee = (Node(Gan) \ {ez}) N Node(Ganlgr,) €

Node(Ga/1) [cf. [CbTpl], Definition 2.2, (ii)]. Then the natu-
ral homomorphism of the above display allows one to identify
(Iz)2/1 with the [pro-X] fundamental group Iy, of

def
Hoo = (92/1|GT0)>TZO

[ef. [CbTpl], Definition 2.5, (ii)].

(iv) In the situation of (i), let (a).cverr(g) € Glu(Ily). Write
((az)l)zeVert(g) € Glu(Hl) fO’f’ the image Of (az)zEVert(g) € Glu(HQ)
via the injection of Lemma 4.10, (i). Let ay € AutPr@l(g)
be such that pP™™(a1) = ((@)1)zevert(g) € Glu(Ily) [ef. Theo-
rem 4.2, (iii); Definition 4.11]. Then the outomorphism oy of
II, preserves the II;-conjugacy class of Il C II;. Thus, by
applying the portion of (ii) concerning commensurable termi-
nality, we obtain [cf. Lemma 3.10, (i)] a restricted outomor-
phism o |, , € Out(Ilz z).

(v) In the situation of (iv), there exists an outomorphism Bz z[a]
of Us|n, ,, that satisfies the following conditions:

(1) By.alas] preserves Iy, C 1o, and the Iy|m, , -conjugacy
classes of (Ilg)2, (Ilg)2 C |, -

(2) There exists an automorphism Na,w[al] of Uz, , that lifts
the outomorphism By g[aq] such that the outomorphism of

Ug, , & Iy determined by Bygloa] [¢f. (1)] is con-
tained in Aut/®*%/V(Gy1) € Out(Ilg, ,) < Out(Ily,).

(3) For each z € {v,w}, the outomorphism [5g|ai]|n), of
(Iz)y determined by Byw(ai] [i-e., obtained by applying
(1) and Lemma 3.10, (i) — where we note that (Ilz)q is
commensurably terminal in Iy [cf. Lemma 4.4/, hence
also in Ily|m, ./ coincides with azg) [cf. the notation of
(1v)].

(4) The outomorphism of gz induced by Byalaq] [cf. (1)]
coincides with ailm, , [cf. (iv)].

Here, we observe, in the context of (2), that the outer isomor-

phism 1y = g, ,, [i.e., which gives rise to “the” closed sub-

group AutP©)l(G, 1) € Out(llg, ,) & Out(Tly)] may be

characterized, up to composition with elements of the subgroup
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Aut/Pre@l(g, ) C Out(Tlg,,,) < Out(Ily/1), as the group-
theoretically cuspidal [cf. [CmbGC], Definition 1.4, (iv)] outer
isomorphism such that the semi-graph of anabelioids structure
on Ga1 is the semi-graph of anabelioids structure determined
[¢f. [NodNon|, Theorem A] by the resulting composite

Hg — Hg <: H1 — Out(Hz/l) :> OUt(HQQ/l)

— where the third arrow is the outer action determined by the

pH
exact sequence 1 — 1y — 1y 24 I, - 1 — in a fashion
compatible with the projection P?l,g}/{g}\nz/li I/ — 19y and
the giwen outer isomorphisms Il =00 = 1.

Proof. First, we verify assertion (i). The existence of such a (Ilz)y C Il
follows immediately from the various definitions involved. Thus, it
remains to verify the uniqueness of such a (Ilz)s. Let (I1z)2 C Il be as
in assertion (i) and v € Iy an element such that the conjugate (Ilg)5
of (Ilz)2 by v satisfies the condition on “(Ilg)s” stated in assertion
(i). Then since Iz is commensurably terminal in II; [cf. [CmbGC],
Proposition 1.2, (ii)], it holds that the image of v via pzn/l is contained in
IIz. Thus — by multiplying v by a suitable element of (I5), — we may

assume without loss of generality that v € Ily/. In particular, since

gnew C ()21 N (Ilg),,, — where we write (Ilg);,, o Iy N ()5 —

is not abelian [cf. [CmbGC], Remark 1.1.3], it follows immediately from
[NodNon], Lemma 1.9, (i), that (Ilz)2/1 = (Ilg);,,. Thus, since (Iz)21
is commensurably terminal in Iy, [cf. [CmbGC], Proposition 1.2, (ii)],
it holds that v € (ILz)2/1. This completes the proof of assertion (i).

Assertions (ii), (iii), (iv) follow immediately from the various def-
initions involved [cf. also [CmbGC], Propositions 1.2, (ii), and 1.5,
(i), as well as the proofs of [CmbCsp], Proposition 1.5, (iii); [CbTpl],
Proposition 2.11].

Finally, we verify assertion (v). It follows immediately from the def-
inition of “Out™((II(_))2)9m°%” [cf. Definitions 4.6, (ii); 4.9] that, for
each z € {v, w}, there exists a lifting az € Aut((Ilz)2) of az(gy such that
if we write (az); for the automorphism of Il; determined by az, then
(az)1(Ilz) = Iz, Next, let us observe that it follows immediately from
assertion (ii) that the automorphisms (o)1, (ag)1 [i-e., determined
by the liftings a3, ag| determine an automorphism i, , of Il g.
Moreover, let us also observe that it follows immediately from Theo-
rem 4.2, (iii) [cf. also the definition of profinite Dehn multi-twists given
in [CbTpl], Definition 4.4, that the assignment “oy; + |11, ;7 implicit
in assertion (iv) is injective. Thus, one verifies immediately from the
definition of profinite Dehn multi-twists that one may choose the re-
spective liftings o, ag of au, ay, so that (az)1(Ilz) = (ag)1(1lz) = 1z,
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and, moreover, the outomorphism of Il determined by the result-
ing automorphism 6?1|HM coincides with the outomorphism O‘1|Hm of
assertion (iv).
Now we claim that the following assertion holds:
Claim 4.12.A: Write (az)s/1 for the automorphism of
(I1z)2/1 determined by az and (az)ey1 for the outo-
morphism of (IIz);/; determined by (@z)s/1. Then —
relative to the natural identification ITy., = (IIz)21
of assertion (iii) — it holds that
(O[g)g/l & Aut'BrCh(Hzo)l(HZo)

~

(g Out(H’HEO) — Out((Hfg)Q/l))

Indeed, careful inspection of the various definitions involved reveals
that Claim 4.12.A follows immediately from Theorem 4.7 [together
with the commensurable terminality of the subgroup Il C Iz — cf.
[CmbGC], Proposition 1.2, (ii)]. Thus — by replacing a;z by the com-
posite of az with an inner automorphism determined by conjugation
by a suitable element of (Hg)g/l — we may assume without loss of
generality that az(Ilz.,) = Ilz.,. Moreover, since [cf. Claim 4.12.A]
az preserves the (11z)y/1-conjugacy classes of IIze and Ilnew, and the
verticial subgroups Ilz, Ilgew C Ilg, P ~ 11, 51 are the unique verti-
cial subgroups of Tlg, | <= Ty, associated to Z(G)°, v™" € Vert(Gy1),
respectively, such that Iz, C Iz, Iz, C Ilgnew [cf. [CmbGC], Propo-
sition 1.5, (1)], we thus conclude that az(I1z) = sz, az(Ilgnew) = Ilgnew.

Next, write (az)z0, (az)mmew for the respective outomorphisms of Ilz.,
[Inew determined by asz. Now we claim that the following assertion
holds:

Claim 4.12.B: It holds that
(Oég)ﬂncw = (Oé,l’fl)ancw.

Moreover, if v = w, i.e., G is cyclically primitive, then
— relative to the natural outer isomorphism Iz —
1o [where we note that if v = w, then Iz is a Il -
conjugate of Tlg.] — it holds that

(Oég)go = (a@)@o .

Indeed, the equality (og)gmew = (ag)gmew follows from the definition of
Glu(I,). Next, suppose that G is cyclically primitive. To verify the
equality (az)ze = (a@)ae, let us observe that, for each z € {v, w}, the

11
. P12} /{2} ~ . . .
composite Iz — II, = Iy — Ilg is injective [and its image is a

verticial subgroup of Ilg associated to z(G) € Vert(G)]. Thus, to verify
the equality (az)z = (ag)ae, it suffices to verify that the outomor-
phism of the image of Iz in IIsy induced by (ag)ze coincides with the
outomorphism of the image of IIgo in Iy induced by (ag)gze. On the



COMBINATORIAL ANABELIAN TOPICS II 121

other hand, this follows immediately from the fact that both o and ag
are liftings of the same outomorphism «, = «,, of “(IL,)s” =“(I1,,)2” [cf.
[CmbCsp], Proposition 1.2, (iii)]. This completes the proof of Claim
4.12.B.

Next, let us observe that it follows immediately from the various
definitions involved that if G is noncyclically primitive (respectively,
cyclically primitive), then #Vert((Ga/1)-{e,0}) = 2 (respectively, = 1),
and that, relative to the correspondence discussed in [CbTpl], Propo-
sition 2.9, (1), (3), Hye and Gaoj1]uwe(g) (respectively, Hoo) correspond(s)
to the two vertices (respectively, the unique vertex) of (Go/1)wfe o}

Next, let us observe the following equalities [cf. the notation of
[CbTpl], Definition 3.8, (ii)]:

XHvO ((015)2/1) = XHZO | ynew ((O{g)gnew)
XH,po | pnew (4 )mese)
X0 ((@)2/1) cf. [CbTpl], Corollary 3.9, (iv)]
ng/1|wo(g>((a{5)[50) cf. [CbTpI], Corollary 3.9, (iv)].

Now it follows immediately from these equalities, together with Claim
4.12.A, that the data

((az)2/1, (a@)ae) € Aut(Hye) X Aut(Gasilwe(g))
(respectively, (ag)o1 € Aut(Hee))

may be regarded as an element of Glu”"((Gy/1)wieoy) [cf. Defini-
tion 4.1, (iii)]. Thus, by applying the exact sequence of Theorem 4.2,
(iii) [cf. also Remark 4.9.1], we conclude that there exists an element

o1 [0] € AutP G2 =eo)l((Gy1) e )

of a collection of outomorphisms of

cf. [CbTpl], Corollary 3.9, (iv)]
cf. Claim 4.12.B|

————

¢(g2/1)w{evc}

H(g2/l)w{evo} H92/1 I/

[i.e., contained in the image of Aut((Go/1)-fe,03) — Out(Ily;;) — cf.
[CbTpl], Definition 2.10] that admits a natural structure of torsor over
Dehn((Ga/1)fe,ey) (€ AutPE=te)l(Gy 1) pe,o)):

A similar argument yields the existence of an element
ao[@] € Aut PO tewDl(Gy 1) e, 0y)
of a collection of outomorphisms of

(b(gz/ﬂw{cwo}

H( — H92/1 L) Hg/l

g2/1)->{ewo}

[i.e., contained in the image of Aut((Go/1)wfe,o}) < Out(Ily/1)] that
admits a natural structure of torsor over

Dehn((Goj1)feney) (C Aut/Breh((G2/1) e, 01)] ((Gaj1)wfeno)))-
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Now we claim that the following assertion holds:

Claim 4.12.C: For each z € {v,w}, the automorphism
(az)y of Iz is compatible with the outomorphism oy /2]
of IIy;; relative to the homomorphism Iz — II; —
Out(Ily/;) — where the second arrow is the natural
outer action determined by the exact sequence

pH
1—>H2/1—>H2ﬂ>1'[1—>1.

Indeed, to verify the compatibility of (a): and as1[v], it follows im-
mediately from the various definitions involved that it suffices to verify
that, for each o € Iy, if we write 7 & (a)1(0) € I, then there exist
liftings o, 7 € Ily of o, 7 € Il;, respectively, such that the equality
[which is in fact independent of the choice of liftings]

a1[0] o [Inn(3)] 0 a1 [0] 7! = [Inn(7)] € Out(Ily)

— where we write “Inn(—)” for the automorphism of II,/; determined
by conjugation by “(—)” and “[Inn(—)]” for the outomorphism of Il
determined by this automorphism — holds. To this end, let o € (Il),
be a lifting of o € IIz. Then since (II3)2/1 C (Il5)2 is normal, Inn(o)
preserves (I15)2)1.

Next, let us observe that the semi-graph of anabelioids structure of
(G2/1)-{e,0} [With respect to which w® is a vertex if G is noncyclically
primitive and, moreover, with respect to which e, is a node in both the
cyclically primitive and noncyclically primitive cases| may be thought
of as the semi-graph of anabelioids structure on the fiber subgroup
Iy/; [cf. Definition 3.1, (iii)] arising from a point of X'°¢ that lies in
the 1-interior of the irreducible component of X'°¢ corresponding to v.
Now it follows immediately from this observation that Inn(c) preserves
the II,/1-conjugacy class of Ilge, as well as the ITy/;-conjugacy class of
Iz, = (Ilz)o1 N ge if G is noncyclically primitive (respectively, pre-
serves the Ily/1-conjugacy class of Ilz_, if G is cyclically primitive). By
considering the various Ily/;-conjugates of Ilz_, and Ilgz. and applying
[CmbGC], Propositions 1.2, (ii); 1.5, (i), we thus conclude that Inn(o)
preserves the (Hg)g/l—conjugacy classes of Ilz_,, llgo if G is noncycli-
cally primitive (respectively, preserves the (Ilg)s/1-conjugacy class of
Iz, if G is cyclically primitive). In particular — by multiplying & by
a suitable element of (I17)y /1 — we may assume without loss of gener-
ality that Inn(c) preserves (1lg)a/1, Hge, and Ilz_, in the noncyclically
primitive case (respectively, preserves (Il5)s/1 and Iz, in the cyclically
primitive case).

Next, let us observe that one verifies easily [cf. Lemma 3.6, (iv)] that

Pii2y/02)
the composite 1lz_, < Il — Il surjects onto a nodal subgroup

of Ilg < sy associated to e € Node(G). Thus, since Inn(g) preserves
Iz, it follows [cf. [CmbGC], Proposition 1.2, (ii)] that the image of
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T
~ ) Pli2y/q2) ) . ) ) )
o€l vially, — Il is contained in the image of the composite

P2y /) . e~
Iz, = II, —  Iljz. In particular — by multiplying o by a

suitable element of Iz, (C (Il)2/1) — we may assume without loss
of generality that o € Ker(p?m} / {2}). A similar argument implies that
there exists a lifting 7 € (Ilg)2 of 7 = (a)1(0) € Iz such that Inn(7)
preserves (I1)21, Hge, g, if G is noncyclically primitive (respectively,
preserves (1lz)z/1 and Iz, if G is cyclically primitive), and, moreover,
T E Ker(p?m}/{z}).

Now since the automorphisms (05)2/1, (az)1 of (Ilz)e1, Il5, respec-
tively, arise from the automorphism ag of (I1)s, it follows immediately
from the construction of ay/1[v] that the equality

a1 [0] © [Inn ()] 0 g1 [0] 7 = [Inn(7)]

holds upon restriction to [an equality of outomorphisms of] (IL5)s/1.
Moreover, if G is noncyclically primitive, then since the composite

I1
P
{1,.2}/{2} . . . ..
Hgo — Iy = Iljsy is injective [and its image is a verticial sub-

group of Ilg < Il;yy associated to w € Vert(G) — cf. Lemma 3.6, (iv)],
to verify the restriction of the equality

Q21 [0] © [Inn(5)] 0 vz [0] = [Inn(7)]

to [an equality of outomorphisms of] I1z., it suffices to verify that the
outomorphism of the image of Ilg. in Iljsy induced by the product

a1 [0] © [Inn ()] 0 azy1 [0] o [Inn (7))

is trivial. On the other hand, this follows immediately from the fact
that o, 7 € Ker(p?w}/@}).

Thus, in summary, the restriction of the equality in question [i.e., in
the discussion immediately following Claim 4.12.C| to [an equality of
outomorphisms of] (Il5)2/1 holds. Moreover, if G is noncyclically prim-
itive, then the restriction of the equality in question to [an equality
of outomorphisms of] Iz holds. In particular, it follows immediately
from the displayed exact sequence of Theorem 4.2, (iii) [cf. also Re-
mark 4.9.1], that the product

as/1[0] o [Inn(a)] o ag/l[ﬂ*1 o [Inn(7)] ™!

is contained in Dehn((Ga/1)-fe,03). Thus — by considering the outo-
morphism of Il induced by the above product — one verifies eas-
ily from [CbTpl], Theorem 4.8, (iv), together with the fact that &,
T E Ker(p?m} / {2}), that the equality in question holds. This completes
the proof of the compatibility of (az); and ay1[v]. The compatibility of
(@)1 and o q [w] follows from a similar argument. This completes the
proof of Claim 4.12.C.
Next, we claim that the following assertion holds:
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Claim 4.12.D: The difference a1 [0]oag 1 [w]~ € Out(Ily/1)
is contained in Dehn(Gy/1) (C Out(Tlg, ) <= Out(Ily)).

Indeed, this follows immediately from the two displayed equalities of
Claim 4.12.B, together with the construction of ay/1[0], a/1w]. This
completes the proof of Claim 4.12.D.

Thus, it follows immediately from Claim 4.12.D, together with the
existence of the natural isomorphism

Dehn((g2/1)w{evo}) S Dehn((gwl)w{ewo}) — Dehn(g?/1>

[cf.  [CbTpl], Theorem 4.8, (ii), (iv)], that — by replacing as/1[v],
ag1|w] by the composites of as1[v], agw] with suitable elements
of Dehn((Ga/1)1e,01)s Dehn((Goj1)-fe,0}), respectively [where we re-
call that the outomorphisms ay/1[0], ag/1[w] belong to torsors over
Dehn((Ga/1)-{e,0}): Dehn((Gaj1)-ie o)), respectively] — we may as-
sume without loss of generality that

g1 [0] = g [w].

Write /1 def a2/1[0] = agp[w]. Then it follows immediately from
Claim 4.12.C, together with the fact that Il 5 is topologically gener-
ated by 11z, g C Il g [cf. assertion (ii)], that the outomorphism £;/;
of Ily/; is compatible with the automorphism alynm of Il & [i-e., the
automorphism induced by (az)1, (@g)1 — cf. the discussion immedi-
ately preceding Claim 4.12.A], relative to the composite II; 5 — II; —
Out(Ily/1), where the second arrow is the outer action determined by
the displayed exact sequence of Claim 4.12.C. In particular, by con-

N t
sidering the natural isomorphism Ilp|y, , — Tlgp N Iz 5 [cf. the
discussion entitled “Topological groups” in [CbTpl], §0], we obtain an
outomorphism [z g of Ily |11, , which, by construction, satisfies the four

conditions listed in assertion (v). This completes the proof of assertion
(v). O

Lemma 4.13 (Glueability of combinatorial cuspidalizations in
the case of precisely one node). Suppose that n = 2, and that
#Node(G) = 1. Then ph'" [cf. Definition 4.11] is surjective.

Proof. 1f G is noncyclically primitive [cf. [CbTpl], Definition 4.1], then
the surjectivity of p5'® follows immediately from Lemma 4.12, (v) [cf.
also [CmbCsp|, Proposition 1.2, (i)], together with the fact that the
natural injection Il 5 < II; is an isomorphism [cf. Lemma 4.12, (ii)].
Thus, it remains to verify the surjectivity of p5*® in the case where
G is cyclically primitive [cf. [CbTpl], Definition 4.1]. Since we are in
the situation of [CbTpl|, Lemma 4.3, we shall apply the notational

conventions established in [CbTpl], Lemma 4.3. Also, we shall write
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Vert(G) = {v}, Node(G) = {e}. Let z € X3(k) be a k-rational geomet-
ric point of X, such that x(;y € X (k) [cf. Definition 3.1, (i)] lies on the
unique node of X' [i.e., which corresponds to €.

Recall from [CbTpl], Lemma 4.3, (i), that we have a natural exact
sequence

1 — 1™ (Goo) — mM™™(G) — 1P(G) — 1.

Let 7 € T°°(G) be a generator of 7,°(G) (~ Z) and %O e T (G)
a lifting of 7. By abuse of notation, write 7., € Ilg < II; for the
image of s € 7°"?(G) via the natural injection 7°"?(G) < Ilg < II;
[cf. the evident pro-X generalization of [SemiAn], Proposition 3.6, (iii);
[RZ], Proposition 3.3.15]. Next, let us fix a verticial subgroup

0P C (r™P(G) ©) 7™(G)

of 7™ (G) that corresponds to a vertex 9(0) € Vert(G) that lifts the
vertex V(0) € Vert(Go,) [cf. [CbTpl], Lemma 4.3, (iii)]. Thus, for each
integer a € Z, by forming the conjugate of HT] Op by 7%, we obtain a
verticial subgroup

I € (r™ (Gnc) ©) 7™ (G)

of m™P(G) associated to some vertex v(a) € Vert(G) that lifts the
vertex V(a) € Vert(Gw) [cf. [CbTpl], Lemma 4.3, (iii), (vi)]. Write
@) C llg

for the image of H,tfzm)p C 7*™P(G) in Ig.

Next, let us suppose that 7., was chosen in such a way that, for each
a € Z, the intersection N'(v(a)) NN (v(a+1)) consists of a unique node
7i(a,a + 1) € Node(G) that lifts the node N(a + 1) € Node(Goo) [cf.
[CbTpl], Lemma 4.3, (iii)]. [One verifies easily that such a 7, always
exists.] Then let us observe that, for each a < b € Z, we have a nat-
ural morphism of semi-graphs of anabelioids Go5) — Goo [cf. [CbTpI],
Lemma 4.3, (iv)], which induces injections [cf. the evident pro-X gen-
eralizations of [SemiAn|, Example 2.10; [SemiAn], Proposition 2.5, (i);
[SemiAn|, Proposition 3.6, (iii); [RZ], Proposition 3.3.15]

temp(g[a b]) — Wgemp(goo)v Hg[ayb] — llg

— where we write, respectively, """ (Gay), Ilg, , for the tempered,
pro-Y fundamental groups of the semi-graph of anabelioids G, of
pro-X PSC-type — which are well-defined up to composition with in-
ner automorphisms. By choosing appropriate basepoints [cf. also our
choice of 7|, these inner automorphism indeterminacies may be elimi-
nated in such a way that, for each a < ¢ < b, the resulting injections are
compatible with one another and, moreover, their images contain the
subgroups I (n;p C 7™ (Gy), 11 () C IIg < I, respectively. Then,
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relative to the resulting inclusions, H%e(gp, I form verticial subgroups

of w}emp(g[a,b]), Ilg, ,, associated to the vertex of Gj, 4 corresponding to
V(c) [cf. [CbTpl], Lemma 4.3, (iii)]. In particular, we have a natural
isomorphism

def ~
Mgas1) = Moa)sat1) — Ig,
[cf. Lemma 4.12, (ii)]. Let us write

def
s|(g,a+1) = H2|H[aya+1] C Il

[cf. Lemma 4.12, (ii)];

a,a+1]

def
Hs|q = o X, Hig) € Halg—1,a) 5 Holjg,a41] -

Next, we claim that the following assertion holds:

Claim 4.13.A: The profinite group Ilg is topologically
generated by Il C Ilg and 7., € Ilg.
Indeed, let us first observe that it follows immediately from a similar
argument to the argument applied in the proof of [CmbCsp|, Propo-
sition 1.5, (iii) [i.e., in essence, from the “van Kampen Theorem” in
elementary algebraic topology], that

e the image of the natural homomorphism

iy (G o) — (G

a>0
— where the inductive limit is taken in the category of tem-
pered groups [cf. [SemiAn], Definition 3.1, (i); [SemiAn|, Ex-
ample 2.10; [SemiAn], Proposition 3.6, (i)] — is dense;

e for each nonnegative integer a, the tempered group w}emp(g[,a,a])

[cf. [SemiAn], Example 2.10; [SemiAn], Proposition 3.6, (i)] is
topologically generated by %e(rfg), . ,H%e(gl)p C T (Glea)-

In particular, it follows immediately from the exact sequence of [CbTpl],
Lemma 4.3, (i), that the tempered group 7;"""(G) [cf. [SemiAn], Ex-
ample 2.10; [SemiAn]|, Proposition 3.6, (i)] is topologically generated
by H%e(gl)p C (@) and Fo € m7"P(G). Thus, Claim 4.13.A fol-
lows immediately from the fact that the image of the natural injection
7P (G) — Ilg is dense. This completes the proof of Claim 4.13.A.

For a € 7Z, let us write

a,a def
gé/’l il Goc(1,2).2

[cf. Definition 3.1, (iii)], where we fiz isomorphisms
Iy — HQL‘?T”’ gy — g,y , = 1lg

[the latter of which is to be understood as being independent of a € 7Z|
as in [i.e., that belong to the collections of isomorphisms that constitute
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the outer isomorphisms of the final display of] Definition 3.1, (iii), to
be isomorphisms [cf. the discussion of the final portion of Lemma 4.12,

(v)] such that the semi-graph of anabelioids structure on Q[C;GH] is
the semi-graph of anabelioids structure determined by the resulting
composite
Hn(a a+1) <7 Hg & I, — Out(Hg/l) = Out( g(;anl—l])
2/1

— where we write Il5(4441) € Ilg for the nodal subgroup of Ilg as-
sociated to the unique element n(a,a + 1) € N (v(a)) NN (¥(a + 1)),
and the third arrow arises from the outer action determined by the

H
exact sequence 1 — Ily;; — HQ H1 — 1 — in a fashion compatible
with the projection 19{1’2}/{2}\%/1 IIy/; — Ilfsy and the isomorphisms

II{5y — Mg < II; [cf. Definition 3.1, (ii)]. Here we note that, for a,

b € Z, there exist natural isomorphisms Q[a atl] G2e{1,2} .2 = QQb/i)H

of semi-graphs of anabelioids of pro-X PSC type [induced by conjuga-
tion by 7%-¢]. On the other hand, it is not difficult to show [although
we shall not use this fact in the present proof!] that the well-known
injectivity of the homomorphism II; — Out(Ily/;) of the above display
[cf. [CbTplI], Lemma 5.4, (i), (ii), (iii); [CbTpI], Theorem 4.8, (iv);
[Asd], Theorem 1; [Asd], the Remark following the proof of Theorem
1; [CmbGC], Proposition 1.2, (i), (ii)] implies that when a # b, the
composite

Hg[a a+1] (— Hg/l —) H [b,b+1]
2/1 /

in fact fails to be graphic!
For each a € Z, let us write
la,a+1]~[a] def /~la,a+1] [a,a+1]~[a+1] def ( ~[a,a+1]
g?‘;f - (g;}f )w{ev(a)o}7 g;}f ‘ - (g20/}f’ )W{ev(uﬁ»l)o}
— where we write e,(q)e, Co(at1)e for the nodes “e,o” of Lemma 4.12,
(iii), that occur, respectively, in the cases where the pair “(Ga/1,2°)"

is taken to be ( é‘?fﬂ]f( )°); (95{‘“ v(a 4+ 1)°). Then one verifies

easily [cf. Lemma 4.12, (i), (iii)] that the composite
I o vapota) — e ra) <= Hojp = I jaary) ¢ Il fae
oottt 3 Mg & Mo =5 Mgy & Mg

— where the first and fourth arrows are the natural specialization outer
isomorphisms [cf. [CbTpl], Definition 2.10], and the second and third
arrows are the isomorphisms fixed above — is graphic. In light of this
observation, it makes sense to write
[a] def Hla—1.a]~[a] ~ ~la.at1]~a]
Goy1 = Y51 =Gy
[cf. Figure 4 below]|. This notation allows us to express the graphicity
observed above in the following way:
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The composites

I, — g 11 — Out(Hz/l) = Out(]._.[g[a—l,a]) ~ Out(Hg[a] ),
2/1 2/1

H[a} — Hg ; H1 — Out(Hg/l) :> Out(l_[g[a,a+1]) g Out(Hg[a] )
2/1 2/1

— where the third arrows in each line of the display

arise from the outer action determined by the exact

pl'[
sequence 1 — Il — Il il II, — 1, the fourth
arrows are the isomorphisms induced by the isomor-

phisms II/, 5 T fa-1.4) and 10y 5 T sy fixed
g2/1 g2/1

above, and the fifth arrows are the isomorphisms in-
duced by the natural specialization outer isomorphisms
[cf. [CbTpl], Definition 2.10] — factor through

Aut(gg;ll) C Out(Hgg;]l).

[a—1,a] [a] [a,a+1]
gz/1 g2/1 g2/1
S “n
% \/ Y
v(a—1) v(a) v(a+1)
—o ° ~—
H[a—l,a] H[a,a—H]

Figure 4: gg‘;jl’“], gg‘;]l, and gg}f +1]

Now we turn to the verification of the surjectivity of the homomor-
phism p5™". Let o, € Glu(Ily) (€ Out™((I1,)5)9°d). Write (), €
Glu(II,) for the image of a, € Glu(Ily) via the injection of Lemma 4.10,
(). Let ag € Aut®*9I(G) be such that pP™"(ay) = (ap)1 € Glu(Ily)



COMBINATORIAL ANABELIAN TOPICS II 129

[cf. Theorem 4.2, (iii); Definition 4.11]. Now, by applying Lemma 4.12,
(v), in the case where we take the pair “(7, w)” to be (v(0),v(1)), we

obtain an outomorphism Sy j o Bi0),5(1)[oa] [cf. Lemma 4.12, (v)] of
I|[0,1) [cf. the notation of the discussion preceding Claim 4.13.A]. Let
° BJ[B’” € Aut(Ily|j1)) be an automorphism that lifts S €

Out(Ily|,1)) and preserves the subgroup Il € g1 [cf.
condition (4) of Lemma 4.12, (v)] and

o 7 €1ly a lifting of 7y € I1;.
Then since [as is easily verified] II| 9 [cf. the notation of the dis-
cussion precedmg Claim 4.13.A] is the conjugate of Ils| 1] by 7 %o, by
conjugating 5[0 1 by the inner automorphism determined by 7., we

obtain an automorphism 5[1 2] of Ily|[1,2), whose associated outomor-

phism we denote by 9. Now we claim that the following assertion
holds:

Claim 4.13.B: There exist automorphisms 5 0,1]» 5 1,2]
of Iy 0,17, Ila|p1,2) that lift Bo 11, Bp,a, respectlvely, such
that

(i) the outomorphisms of Il /1 (C s 1), Halj1,9)) de-

termined by @0,1], B2 coincide;
(ii) the automorphism of Il determined by the au-

tomorphism 1) preserves the subgroups 115 1),
Hjop, My & Hyo,;

(iii) 5[01 = 5[0 1 and ﬁ[l 9) is the post-composite of
B [Tl o with an inner automorphism arising from an
element of IL,|p).

INndeed, observe that there exist automorphisms @071], B/[l,g] e.g., B/[B’l],
ﬁ[T1,2]] of oy j0,1), a|p g that lift B 1), Bp,2), respectively, such that

e the outomorphisms (3[0,1])2/1, (5[1,2})2/1 of IIy/; determined by
Bo,1), B2 are contained in
[0,1] [1,2]
AutIBrCh(g2/1 )‘(gg;’ll])a AutIBrch(QQ/l )‘(gg/’lz]) (g Out<H2/1))’
respectively, and,
e conditions (ii), (iii) of Claim 4.13.B are satisfied

[cf. the discussion of the final portion of Lemma 4.12, (v); Lemma 4.12,
(v), (1); [CmbGC], Proposition 1.5, (i)]. In particular, it follows that,
II

relative to the specialization outer isomorphisms I1 . = II o 1
931 92/1 %
= H 1.2 that appeared in the discussion following the proof of Claim

2/1

4.13.A, together with the natural inclusion of [CbTpl], Proposition 2.9,
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(ii),
~ ~ reh(clY
Boa)zn » (Buaz)ey € Aut @ (GHLY (S Out(Iy)) .

Moreover, it follows immediately from condition (3) of Lemma 4.12,
(v), applied in the case of B}, together with the definition of S 9,
that the outomorphisms of the configuration space subgroup

(Hz 2 I,y 2 ) (I5(1))2 < C Iplpg € H2>

associated to the vertex v(1) determined by Bjo,1), Bj,9 coincide with
a,. Now let us recall from the above discussion that the composite

Hm — II; — Out(HQ/l) = Out(HgE/]l)

factors through

1y
Aut(QZ/l) - Out(Hgg/]l) .

Thus, it follows immediately from the displayed exact sequence of The-
orem 4.2, (iii) [cf. also Remark 4.9.1], that — after possibly replacing
5[172] by the post-composite of 5[1,2] with an inner automorphism arising
from a suitable element of Il,|jy) [which does not affect the validity of
conditions (ii), (iii) of Claim 4.13.B] — if we write

def Y Y — e [1]
0= (Boazn o (Bua)yjy € Aut ™ @l(Gl ) (C Out(ILy)y)),

then it holds that & € Dehn(Gy)).

Next, let us observe that, for a € {0, 1}, since §[a7a+1] preserves the
II5/1-conjugacy class of cuspidal inertia subgroups associated to the di-
agonal cusp [cf. condition (3) of Lemma 4.12; (v)], it follows from a
similar argument to the argument applied in the proof of [CmbCsp],
Proposition 1.2, (iii), that the outomorphism (E[aﬂﬂ]){z} of Mgy in-
duced by E[G,GH] on the quotient

1T
~ Pl1,2}/42}
Hg£1/11 — H2/1 — H2 — H{Q}

is compatible, relative to the natural inclusion IIj, 4417 < Iy = oy,
with the outomorphism o |, ., [cf. condition (4) of Lemma 4.12,

(v)]. Since an element of Aut®*9N(G) is completely determined by
its restriction to Aut(Gp,a41)) [cf. [CbTpI], Definition 4.4; [CbTpl],
Remark 4.8.1], we thus conclude that, relative to the natural outer
isomorphisms Igs; = II; = IIg, it holds that

(Blaa+1)) {2y = 1.
In particular, it follows that the element of Aut/®™9l(G) induced by

(1] . ~ Pii2y/02)
= Aut‘Br“h(gwl)'(gg/]l) on the quotient Hgm — Iy = I, —
2/1
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IIgpy — Ilg is triviel. On the other hand, let us observe that one
verifies easily from [CbT pl], Theorem 4.8, (iii), (iv), that this composite

{1 2}/{2}

II — I = I, g9y = Ilg determines an isomorphism

9
Dehn(g2/1) — Dehn(G).

Thus, we conclude that 0 is the identity outomorphism of 1ly,;. In
particular, condition (i) of Claim 4.13.B is satisfied. This completes
the proof of Claim 4.13.B.

Next, let us fix an automorphism a; € Aut(Ily) that lifts a; €
Aut/Brh @Gy € Out(Tlg) < Out(Il;) and preserves the subgroup
50,1y € 1I; [hence also the subgroups g, Iy, Il 4 € II4], and whose
restriction to Iljg ;) € II; coincides with the automorphism of IIjg ) de-
termined by the automorphism 3[0,1] of Il5j0,1). [One verifies easily that
such an a; always exists — cf. Lemma 4.12, (v), (4); Claim 4.13.B,
(ii).] Write By, € Out(Ily/1) for the outomorphism of Iy C Iy
determined by 5[071] [or, equivalently, 5[1,2] — cf. Claim 4.13.B, (i)].
Now we claim that the following assertion holds:

Claim 4.13.C: Write p: II; — Out(Ily/;) for the ho-
momorphism determined by the exact sequence 1 —

p12_[/1
H2/1 — H2 — H1 — 1. Then

p(a1(Vss)) = B2j1 0 p(Vo) © 52_/11 € Out(Ilyq) .

Indeed, let us first observe that it follows from conditions (i) and (iii)
of Claim 4.13.B, together with the definition of 5[1 9> that there exists
an element e € IIj;) such that

p(c) © Bapr 0 p(Ass) © By = ple™) (#1) -

Next, let us observe that if we write

def ~ ~ ~_
1= () T €10 (*2),
then it follows immediately from the commensurable terminality of 11y

in IT; [cf. [CmbGC], Proposition 1.2, (ii)], together with our choices of
ay and Y5 — which imply that
a1 (Vo) - %70_01 'H[I] Yoo * al(;?OO)_l = 1 (Yoo) - 1_[[0} a1 (Yoo)” !
= a1(Ye0) - al(H[o]) a1 (Yoo)
= a1(Fo - Ipo - 7
— &1 (H[”)
= Iy

— that n € IIjy;. Thus, to verify Claim 4.13.C, it suffices to verify that

p(e) = p(n).
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To this end, let ¢ € II. Then, by our choice of 7., it follows that
Yoo - € - 7! € Hpy. In particular, since the outomorphism Sy, arises
from an automorphism 5[071] of Il5j0,1], which is an automorphism over
the restriction of ay to Iy, it follows immediately that

Baj1 0 p(C) = p(ai(C)) o B (*3) -

Bay1 0 P(Fse - €+ V) = P(01(Fso - ¢ - 7)) © B2 (*4) -
Thus, if we write

Oc L ple - Fuo - G1(C) T € 1) 0 oy € Out(Tlyy),

0, € p(n - oo - G1(C) - Aok 17Y) 0 Bayr € Out(Ilyyy),
then
O, = ple-Foo-a1(¢)) 0 fo10p(FL')  [cf. (x1)]
= pl€-Too) © Boj10p(C-5) [cf. (*3)]
= Boj1 0 plTe - € -3 ef. (1)
= p(01(Foe - C-71)) © B2 [cf. (*4)]
= 0, [cf. (o)

— which thus implies that p(n7!-€) commutes with p(Fso-@1 ()73} ). In
particular, since Yoo ot1 (Ij)) Vo' = Yoo Ijo)- Yo" = Hpj, by allowing “¢”
to vary among the elements of Iy, it follows that p(n~'-€) centralizes
p(Ilgy). On the other hand, it follows from [Asd], Theorem 1; [Asd],
the Remark following the proof of Theorem 1, that p is injective. Thus,
since €, ) € IIp), we conclude that n~t-e € Z(Ilp)) = {1} [cf. [CmbGC],
Remark 1.1.3]. This completes the proof of Claim 4.13.C.

Now let us recall that the outomorphism 35/, of IIy/; of Claim 4.13.C

arises from an automorphism o1y of Ilsjp,1). Thus, it follows immedi-
ately from Claims 4.13.A, 4.13.C that the outomorphism [,/ of Il
is compatible with the automorphism a; € Aut(Il;) relative to the
homomorphism II; — Out(Ily/;) determined by the exact sequence

pH
1 — Iy — Iy 20, = 10 In particular — by considering the

natural isomorphism Il = [ICY O;t IT; [cf. the discussion entitled
“Topological groups’ in [CbTpl|, §0] — we conclude that the outo-
morphism (51 € Out(Ily/1) extends to an outomorphism ay of Il,.
On the other hand, it follows immediately from the various defini-
tions involved that pb(ay) = a, € Glu(Ily) [cf. condition (3) of
Lemma 4.12, (v)], and that oy € Out"“(ITy)> [cf. condition (2) of
Lemma 4.12; (v); [CmbCsp], Proposition 1.2, (i)]. This completes the
proof of Lemma 4.13 in the case where G is cyclically primitive, hence
also of Lemma 4.13. O
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Theorem 4.14 (Glueability of combinatorial cuspidalizations).
Let (g,r) be a pair of nonnegative integers such that 2g — 2 +r > 0;
n a positive integer; > a set of prime numbers which is either equal to
the set of all prime numbers or of cardinality one; k an algebraically
closed field of characteristic ¢ ; (Speck)'® the log scheme obtained
by equipping Spec k with the log structure determined by the fs chart
N — k that maps 1 — 0; X8 = X|°® 4 stable log curve of type
(g,7) over (Speck)'°e. Write G for the semi-graph of anabelioids of pro-
¥ PSC-type determined by the stable log curve X'°8. For each positive
integer i, write Xilog for the i-th log configuration space of the stable
log curve X8 [cf. the discussion entitled “Curves” in “Notations and
Conventions”]; 11; for the maximal pro-% quotient of the kernel of the
natural surjection m (X,%) — 1 ((Spec k)'°8). Then the following hold:

(i) There ezists a natural commutative diagram of profinite
groups

brch

OutFO(II, ., )P L Glu(IL,y)

| l

brch
Out™ (I, )>rd 2 Glu(IL,)
[cf. Definition 4.6, (i); Definition 4.9; Lemma 4.10, (i); Defi-

nition 4.11] — where the vertical arrows are injective.

(ii) The closed subgroup Dehn(G) C (Aut(G) C) Out(1ly) [cf. [CbTpI],
Definition 4.4] is contained in the image of the injection
Out™(I1,,)Pr" — Out™ (I1,)>™" [ef. the left-hand vertical ar-
rows of the diagrams of (i), for varying nj. Thus, one may
regard Dehn(G) as a closed subgroup of Out®®(II,)P, i.e.,
Dehn(G) € Out" (1T, )Pret.

(iii) The homomorphism pP*: Out"“(IL,)> " — Glu(IL,) of (i)
and the inclusion Dehn(G) — Out™(IL,)>® of (i) fit into
an exact sequence of profinite groups

brch
1 — Dehn(G) — Out™C(I1,,)>" 2 Glu(II,,) —> 1.

In particular, the commutative diagram of (i) is cartesian,
and the horizontal arrows of this diagram are surjective.

Proof. Assertion (i) follows immediately from Lemma 4.10, (i), together
with the injectivity portion of [NodNon], Theorem B. Assertion (ii)
follows immediately from Proposition 3.24, (ii); Theorem 4.2, (i).

Finally, we verify assertion (iii). First, we claim that the following
assertion holds:

Claim 4.14.A: Ker(p2®) = Dehn(G) [cf. assertion
(ii)].
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Indeed, it follows immediately from Theorem 4.2, (iii) [cf. also Re-
mark 4.9.1], together with assertion (i), that we have a natural com-
mutative diagram

brch
1 —— Ker(p®) —— Out¥(I1,,)> L2 Glu(I1,)

J ! l

brch
1 —— Dehn(G) —— Out™ @) 2 Glu(l,) — 1

— where the horizontal sequences are exact, and the vertical arrows
are injective. Thus, Claim 4.14.A follows immediately. In particular,
to complete the verification of assertion (iii), it suffices to verify the
surjectivity of pP*®. The remainder of the proof of assertion (iii) is
devoted to verifying this surjectivity.

Next, we claim that the following assertion holds:

Claim 4.14.B: If n = 2, then pP™! is surjective.

We verify Claim 4.14.B by induction on #Node(G). If #Node(G) = 0,
then Claim 4.14.B is immediate. If #Node(G) = 1, then Claim 4.14.B
follows from Lemma 4.13. Now suppose that #Node(G) > 1, and that
the induction hypothesis is in force. Let (ay)vevery(g) € Glu(Ilz). Write
((ow)1)vevertg) € Glu(Ily) for the element of Glu(Il;) determined by
(Cty)vevert(g) [i-e., the image of (a)vevert(g) via the right-hand vertical
arrow of the diagram of assertion (i) in the case where n = 1]. Let
e € Node(G). Write H for the unique sub-semi-graph of PSC-type [cf.
[CbTpl], Definition 2.2, (i)] of the underlying semi-graph of G whose set

of vertices is V(e). Then one verifies easily that S o Node(Glm) \ {e}
[cf. [CbTpl], Definition 2.2, (ii)] is not of separating type [cf. [CbTpl],
Definition 2.5, (i)] as a subset of Node(G|g). Thus, since (G|u)~s [cf.
[CbTpl], Definition 2.5, (ii)] has precisely one node, and (v, )yev(e) may
be regarded as an element of Glu((Ily s)2) — where we use the notation
(Ig,s)2 to denote a configuration space subgroup of Il, associated to
(H, S) [cf. Definition 4.3], to which the notation “Glu(—)” is applied
in the evident sense — it follows from Lemma 4.13 that there exists an
outomorphism By s of (Ilg,s)2 C II, that lifts (o )vev(e) € Glu((Ilm,s)2)-

Next, let us observe that it follows immediately from the various
definitions involved that

def
v = (Bu,s, ()vgv(e)) € Out((Ilg, )2 H Out((
vgV(e)

may be regarded as an element of the “Glu(Il2)” that occurs in the case
where we take the stable log curve “X'°8” to be a stable log curve over
(Spec k)°8 obtained by deforming the node corresponding to e. Thus,
since the number of nodes of such a stable log curve is = #Node(G) —
1 < #Node(G), by applying the induction hypothesis, we conclude
that the above 7 arises from an outomorphism a. € Out™®(IT;)>reh.
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On the other hand, it follows immediately from the various definitions
involved that the image of a., via py™® coincides with () yevert(g)- This
completes the proof of Claim 4.14.B.

Finally, we verify the surjectivity of p>™® [for arbitrary n| by in-
duction on n. If n < 2, then the surjectivity of pP™! follows from
Theorem 4.2, (iii) [cf. also Remark 4.9.1], Claim 4.14.B. Now sup-
pose that n > 3, and that the induction hypothesis is in force. Let
(ay)vevert(g) € Glu(Il,,). First, let us observe that it follows from the in-
duction hypothesis that there exists an element a,,_; € Out"(II,,_;)Pr
such that pP™(a,, 1) coincides with the element of Glu(Il,_;) deter-
mined by (o )vevertg) € Glu(ll,) [cf. assertion (i)]. Let cy,—; be an
automorphism of II,,_; that lifts av,,_;. Write ay,—1/,—2 for the outomor-
phism of II,,_; /,,_» determined by a,_; and a,,_, for the automorphism
of I1,,_5 determined by «,,_1.

Next, let us observe that one verifies easily from the various defi-
nitions involved that II,/,—o C II, may be regarded as the “II,” as-
sociated to some stable log curve “X'°8” over (Speck)'®. Moreover,
this stable log curve may be taken to be a geometric fiber of the sort
discussed in Definition 3.1, (iii), in the case of the projection plﬁl/n_w
relative to a point “z € X, (k)” that maps to the interior of the same
irreducible component of X'°8 relative to the n projections to X'°¢. In
particular, by fixing such a stable log curve, together with a suitable
choice of lifting &, [cf. Theorem 4.7], it makes sense to speak of
Glu(IL,/,—2). Moreover, it follows immediately from our choice of “z”
that every configuration space subgroup that appears in the definition

[cf. Definition 4.9, (ii)] of Glu(IL,/,—2) either

e occurs as the intersection with I, o of some configuration
space subgroup that appears in the definition [cf. Definition 4.9,
(iii)] of Glu(IL,) or

e projects isomorphically, via the projection II,, — Ily to the
factors labeled n and n — 1, to a configuration space subgroup
of 1y, i.e., a configuration space subgroup that appears in the
definition [cf. Definition 4.9, (ii)] of Glu(Ily).

In particular, every tripod that appears in the definition [cf. Defini-
tion 4.9, (ii)] of Glu(Il,/,—2) occurs as a tripod of a configuration space
subgroup that appears either in the definition [cf. Definition 4.9, (iii)]
of Glu(Il,) or in the definition [cf. Definition 4.9, (ii)] of Glu(Ily).
Moreover, it follows from Theorem 4.7; Lemma 3.2, (iv); Lemma 4.8,
(1), that the various «v,’s preserve the conjugacy classes of these config-
uration space subgroups and tripods — as well as each conjugacy class
of cuspidal inertia subgroups of each of these tripods! — that appear
in the definition [cf. Definition 4.9, (ii)] of Glu(Il,/,—2). Thus, we con-
clude from Theorem 3.18, (ii), together with Definition 4.9, (iii), in the
case of Glu(Il,,), and Definition 4.9, (ii), in the case of Glu(Ily), that
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(Cty)vevert(g) determines an element € Glu(Il,/,—2), hence, by Claim
4.14.B, an element

Op/n—2 € OUtFC(Hn/n72)

that lifts the element a,_1/,—2 € Out(Il,_1/n_2).
Now we claim that the following assertion holds:
Claim 4.14.C: This outomorphism o, /,—2 of II,,/,_5 is
compatible with the automorphism a,, o of II,, 5 rel-
ative to the homomorphism II,_5 — Out(Il,/,_2) in-
duced by the natural exact sequence of profinite groups
11
1 — 1o — 1, pﬂz I, — 1.
Indeed, this follows immediately from the corresponding fact for o, —1/n—2
[which follows from the existence of &,,_1], together with the injectivity
of the natural homomorphism OutFC(Hn/n_g) — OU_tFC(Hn_l/n_2> [cf.
[NodNon], Theorem BJ. This completes the proof of Claim 4.14.C.
Thus, by applying Claim 4.14.C and the natural isomorphism II,, —

out
o x 1, [cf. the discussion entitled “Topological groups’ in

[CbTpI], §0], we obtain an outomorphism «,, of II,, that lifts the outo-
morphism «,,_; of I,,_;. Thus, it follows immediately from Lemma 4.10,
(i), that p2" () = (@ )vevert(g)- This completes the proof of the sur-

jectivity of pP® hence also of assertion (iii). O

Remark 4.14.1. In the notation of Theorem 4.14, observe that the
data of collections of smooth log curves that [by gluing at prescribed
cusps| give rise to a stable log curve whose associated semi-graph of
anabelioids [of pro-¥ PSC-type| is isomorphic to G form a smooth,
connected moduli stack. In particular, by considering a suitable path
in the étale fundamental groupoid of this moduli stack, one verifies
immediately that one may reduce the verification of an “isomorphism
version” — i.e., concerning PFC-admissible [cf. [CbTpl], Definition
1.4, (iii)] outer isomorphisms between the pro-X fundamental groups
of the configuration spaces associated to two a prior:i distinct stable
log curves “X'8” and “Y'°8” — of Theorem 4.14 to the “automor-
phism version” given in Theorem 4.14 [cf. [CmbCsp|, Remark 4.1.4].
A similar statement may be made concerning Theorem 4.7. We leave
the routine details to the interested reader. In the present monograph,
we restricted our attention to the “automorphism versions” of these
results in order to simplify the [already somewhat complicated!] nota-
tion.

Remark 4.14.2. One may regard [CmbCsp|, Corollary 3.3, as a special
case of the surjectivity of pP*® discussed in Theorem 4.14, i.e., the case
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in which X'°¢ is obtained by gluing a tripod to a smooth log curve
along a cusp of the smooth log curve.

Corollary 4.15 (Surjectivity result). In the notation of Theorem 3.16,
suppose thatn > 3. If r = 0, then we suppose further that n > 4. Then
the tripod homomorphism

Tptpd OutF(Hn) — OutC(Htpd)A+
[cf. Definition 3.19] is surjective.

Proof. Let a € Out®(II**)A+, First, let us observe that — by consid-
ering a suitable stable log curve of type (g,7) over (Spec k)8 and ap-
plying a suitable specialization isomorphism [cf. Proposition 3.24, (i);
the discussion preceding [CmbCsp], Definition 2.1, as well as [CbTpl],
Remark 5.6.1] — to verify Corollary 4.15, we may assume without
loss of generality that G is totally degenerate [cf. [CbTpl], Definition
2.3, (iv)], i.e., that every vertex of G is a tripod of X°¢ [cf. Defini-
tion 3.1, (v)]. Then since o € Out®(II**4)A+ it follows immediately
from [CmbCsp], Corollary 4.2, (i), (ii) [cf. also [CmbCsp], Definition
1.11, (i)], that there exists an element a,, € Out"°(IT**4) — where we
write II®4 for the “IT,” that occurs in the case where we take “X°8”
to be a tripod — such that « arises as the image of «,, via the nat-
ural injection Out®(I1*9) < Out"(I1**?) of [NodNon], Theorem B.
Thus, it follows immediately from Theorem 4.14, (iii), that there ex-
ists an element § € Out"(II,,)>*® that lifts — relative to pP*® — the
element of Glu(Il,) [cf. Theorems 3.16, (v); 3.18, (ii)] determined by
o, € Out"™(II*4). [Here, recall that we have assumed that G is totally
degenerate.] Finally, it follows from Theorems 3.16, (v); 3.18, (ii), that
Twa(B) = a, i.e., that a is contained in the image of Tppa. This
completes the proof of Corollary 4.15. U

Corollary 4.16 (Absolute anabelian cuspidalization for stable
log curves over finite fields). Let p, lx, ly be prime numbers such
that p & {lx,ly}; (9x,7x), (9v,ry) pairs of nonnegative integers such
that 2gx —2+rx, 29y —2+ry > 0; kx, ky finite fields of characteristic
p; kx, ky algebraic closures of kx, ky; (Spec kx)'%8, (Spec ky)'%8 the log
schemes obtained by equipping Spec kx, Spec ky with the log structures
determined by the fs charts N — kx, N — ky that map 1 — 0; X8,
Y'°8 stable log curves of type (g9x,7x), (gv,ry) over (Speckxy) g,
(Spec ky )'s;
G5 ((Spec kx)'*8) — Gy & Gal(kx /kx),

G}:f = m1((Spec ky)'®) — Gy, o Gal(ky /ky)
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the natural surjections [well-defined up to composition with an inner
automorphism/; sx: Gr, — G}ff, sy: Ggy, — fo sections of the
above natural surjections G}:}f — Gy s GLOE — Gy . For each positive
integer n, write X°8 Y1°8 for the n-th log configuration spaces /cf.
the discussion entitled “Curves” in “Notations and Conventions”] of
Xloe yloe. X[ YTI. for the mazimal pro-lx, pro-ly quotients of the
kernels of the nmatural surjections mi(X1°8) —» G}:}f, m(Yo8) — G}:f.
Then the sections sx, sy determine outer actions of Gy, Gy, on 11,
Y1,,. Thus, we obtain profinite groups
out

XHn Dol Sx GkX7
[ef. [MzTal, Proposition 2.2, (ii); the discussion entitled “Topological
groups” in [CbTpl], §0]. Let

v out
HTL X Sy Gk)y

X out ~ Y out
a1 H1 N sy Gk’x — Hl N sy ka
be an isomorphism of profinite groups. Then lx = ly, there exists a
unique collection of isomorphisms of profinite groups
out

X out ~ Y
{an. I, x5, Gpy — ankaY}>1
nz

out
— well-defined up to composition with an inner automorphism of II,, X ,,,

Gy by an element of the intersection Y=, C YII,, of the fiber subgroups
of YII,, of co-length 1 [cf. [CmbCsp|, Definition 1.1, (iii)] — such that
each diagram

out out
X Fntl, Y7
Hn+1 A sx ka — Hn+1 A Sy ka

l |

NI, %oy Gre —2s YIL, My, Gy
— where the vertical arrows are the surjections induced by the pro-
jections X}lofl — Xlog Y;:’Lgl — Y8 obtained by forgetting the factors
labeled j, for some j € {1,--- ,n+1} — commutes, up to composition

with a Y2, -inner automorphism.

Proof. First, let us observe that it follows from Corollary 4.18, (ii),

below that Ix = ly. Write [ def lx = ly. Moreover, it follows from

Corollary 4.18, (viii), below [i.e., in the case where condition (viii-1)
ut
is satisfied] that oy maps A1, € A1, 0>4 sx Gy bijectively onto I, C

out
I, %4, Giy. In particular, o; induces isomorphisms of profinite

groups
ozlf: A, = YH1, ap: Gy = Gy -

For O € {X,Y}, write G for the semi-graph of anabelioids of pro-I

PSC-type determined by ['°¢; IIg, for the [pro-l] fundamental group
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of Gm; G,(cg C Gy for the maximal pro-I closed subgroup of Gig;

G,(:;l) for the maximal pro-prime-to-/ closed subgroup of Gy,. Thus,
we have a natural 7 ((J1°8)-orbit, i.e., relative to composition with au-
tomorphisms induced by conjugation by elements of m([(11°8), of iso-
morphisms “IT; = Ilg_; fix an isomorphism “II; = Ilg, that belongs
to the collection of isomorphisms that constitutes this 7, ((J'°8)-orbit of
isomorphisms. Moreover, since Gy, is isomorphic to 7 as an abstract
profinite group, we have a natural decomposition

Gy x G 5 Gy

Thus, the isomorphism «q naturally decomposes into a pair of isomor-
phisms

. A1)~ ! A) . ~(ED) ~ #1
e e NN L Be e )

Next, let us observe that since "II; is topologically finitely generated
[cf. [MzTa], Proposition 2.2, (ii)] and pro-l, one verifies easily that [by
replacing Gy, by a suitable open subgroup and applying the injectivity
portion of [NodNon], Theorem B, together with [CmbGC]|, Corollary
2.7, (i)] we may assume without loss of generality that the outer action
of Gy on II; — hence [cf. the injectivity portion of [NodNon], Theo-
rem B] also on "II, for each positive integer n — factors through the
quotient Gy G,(Cg X G,(:;l) —» G,(Cg.

Next, let us recall the following well-known Facts:

(1) Some positive tensor power of the [-adic cyclotomic character
of Gy, factors through the outer action of Gy, on “II; [cf.
Corollary 4.18, (vii), below].

(2) The restriction to Gég C Gy, of any positive tensor power of
the [-adic cyclotomic character of Gy, is injective.

Thus, it follows from Facts (1), (2), that

3) the resulting outer action of G{” on PIT; — hence also on "1I,,
g ko
for each positive integer n — is injective.

In particular, it follows immediately from the slimness of “II,, [cf.
[MzTa|, Proposition 2.2, (ii)] that the composite

O 0 out
Z out ( HTL) — H’Vl X sO le:l - GkD

DHn Dol sO Gk[]
determines an isomorphism

0 ~ o~
ZD out ( Hn) _> Gk[] .

n X sqGkg
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Thus, if we identify Z o (F11,,) with Gfml by means of this iso-

n X s YkO
morphism, then we obtain a natural isomorphism
out

out ~
(DHn X g Gg&) X GS;Z) — 11, X Gig

Next, let us observe that the following assertion holds:

Claim 4.16.A: There exists a positive power ¢ of p such
that log,(q) is divisible by log,(#kx), log,(#ky ), and,

moreover,
l l l
o ((Fr))) = (Frp))

— where we write (Fr,)i, € Gi,, (Fro)r, € Gy, for

the g-power Frobenius elements of Gy, Gk, ; (Frq),(fl)){ €

G,(Cl))(, (Frq),(f) € G,(Cl) for the respective images of (Fr, )i, €

Y Y
kaa (Frq)ky € ka in G](Cl))(, G](fl})/
Indeed, this follows immediately from Corollary 4.18, (vii), below, to-
gether with Fact (2).

Write Hy, C Gy, Hiy, € Gy, for the open subgroups of Gy, Gi,
topologically generated by (Fry)i, € Gy, (Fry)ky, € Gy [cf. Claim
4.16.A]; Uy, C Gy, for the open subgroup of Gy, topologically gener-
ated by ap((Fry)iy) € Giy: HY ¢ G,(Cl))( for the image of Hy, C G, in

kx =

V. gY b c G,(Q for the images of Hy, , U, C Gk, in G,(fi. Then

kx> ky> ky =
it follows from Claim 4.16.A that we have an equality H ,EQ =U, ,EQ, and,
moreover, that the isomorphism Hy, = Uy, induced by oy induces an

isomorphism H ,gl; S U ,52 =H IEQ

there exists an isomorphism of profinite groups off : Hy, — Hy, that

. In particular, one verifies easily that

(a) maps (Fry)r, € Giy to (Fry)ky, € Gy,
which thus implies that

(b) the isomorphism H ,gg = H,glg induced by of coincides with
the above isomorphism H"Y 5 UY = #" induced by ay.
kx ky ky

Moreover, it follows immediately from (b), together with the existence
of the natural isomorphisms
out

ut ~
(Xnn My G,(f))() x G725 N, S Gy

out

out ~
(YHn X g, G,ﬁ@) X G,(jil) ML, Xy Gy

[cf. the discussion preceding Claim 4.16.A], that there exists an iso-

morphism
~ y out
Sx Hkx ? Hl D Sy Hky

out
Oé{_li XH1 X

such that
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(c) the isomorphism “ag” of Hy, with Hj, that occurs in the
case where we take the “a;” to be aff coincides with off [i.e.,

roughly speaking, af lies over '], and, moreover,

(d) the isomorphism “af" of XII; with YTI; that occurs in the case
where we take the “a;” to be af! coincides with [the original]
all [i.e., roughly speaking, aff restricts to ol on *TI;].

In particular, we conclude, again by the existence of the natural iso-
morphisms
out

ut ~
(XHTL ON sx Gl(cl>)<> x Gl(cﬁl) - XH” Xsx Gy,

(.3 60) % 60 =1, %, Gy

together with the injectivity portion of [NodNon|, Theorem B, and
[CmbGC], Corollary 2.7, (i), that, to verify Corollary 4.16 — by re-
placing Gy, Gy, a1 by Hy,, Hy,, ail — we may assume without
loss of generality that #kx = #ky, and that ay maps the #kx-power
Frobenius element of G, to the #ky-power Frobenius element of Gy, .
We may also assume without loss of generality — by replacing G,
where O € {X, Y}, by a suitable open subgroup of Gy, if necessary —
that the following condition holds:

(e) for O € {X,Y}, Gy, acts trivially on the underlying semi-
graph of Gp.

Next, let us observe that the uniqueness portion of Corollary 4.16
follows immediately from the injectivity portion of [NodNon|, Theorem
B, and [CmbGC], Corollary 2.7, (i). Thus, it remains to verify the
existence of a collection of a,,’s as in the statement of Corollary 4.16.
To this end, for each positive integer i, J € {X,Y}, and v € Vert(Gn),
write (PIL,); € PII; for the configuration space subgroup of PII; as-
sociated to v € Vert(Gn) [well-defined up to “Il;-conjugation — cf.
Definition 4.3].

Next, let us observe that

(f) the isomorphism Ilg, — Ilg, determined by o' and the fixed
isomorphisms I, = Ilg,, YII; = g, is graphic [cf. Corol-
lary 4.18, (iii), (iv), below].

Write aVer®: Vert(Gx) — Vert(Gy) for the bijection determined by
the graphic isomorphism Ilg, — Ilg, of (f). Thus, for each v €
Vert(Gx ), the isomorphism Ilg, — Ilg, of (f) determines an outer iso-
morphism f,: (¥II,); = (Yyvere()1 [cf. [CmbGC], Proposition 1.2,
(ii); [CbTpl], Lemma 2.12, (i), (ii), (iii)], which is compatible with
the respective natural outer actions of Gy, Gg, [cf. (e)]. In par-
ticular, by applying [Wkb], Theorem C, to this outer isomorphism



142 YUICHIRO HOSHI AND SHINICHI MOCHIZUKI

~

By (XI,)1 = (YIavere)1, we obtain [cf. [CmbGC], Corollary 2.7,
(i)] a PFC-admissible [cf. [CbTpl], Definition 1.4, (iii)] outomorphism
Bom: (MIL,) = (YT yvere(y))n, Which is compatible with the respective
natural outer actions of Gi,, Gg, [cf. (e)]. Moreover, since the f3,’s
arise from a single isomorphism Ilg, — Ilg,, one verifies immediately
from [CbTpl], Corollary 3.9, (ii), (v), and the injectivity discussed in
[Hsh], Remark 6, (iv) [i.e., applied to the difference between the vari-
ous outer isomorphisms, determined by 3, ,,, between tripods of (*II,),,
and tripods of (YI,vert(,))n], that the collection (Byn)vevert(gy) is con-
tained in the set which corresponds — in the “somorphism version”
of Theorem 4.14 discussed in Remark 4.14.1 — to the set “Glu(Il,)”
in the statement of Theorem 4.14. In particular, it follows from the
“isomorphism wversion” of Theorem 4.14, (i), (iii), discussed in Re-
mark 4.14.1 that the outer isomorphism determined by the isomor-
phism af': XI; = TI; and the collection (B,,)vevert(g) uniquely deter-
mine a PFC-admissible outer isomorphism 3, : *II,, — YII,, which —
by the injectivity portion of [NodNon]|, Theorem B — is compatible with
the respective outer actions of G, Gi, . Finally, one verifies immedi-
ately that one may construct a collection of «a,,’s as in the statement
of Corollary 4.16 from the collection of the ,’s. This completes the
proof of the ezistence of «,’s, hence also of Corollary 4.16. O

Remark 4.16.1. Corollary 4.16 may be regarded as a generalization
of [AbsCsp|, Theorem 3.1; [Hsh], Theorem 0.1; [Wkb]|, Theorem C.

Corollary 4.17 (Commensurator of the image of the absolute
Galois group of a finite field in the totally degenerate case).
Let n be a positive integer; p, | two distinct prime numbers; (g,7) a
pair of nonnegative integers # (0,3) such that 2g9—2+r > 0; k o finite
field of characteristic p; k an algebraic closure of k; (Spec k)8 the log
scheme obtained by equipping Spec k with the log structure determined
by the fs chart N — k that maps 1 — 0; X'°® a stable log curve of
type (g,7) over (Speck)°8. Write G for the semi-graph of anabelioids
of pro-l PSC-type associated to the stable log curve X'8; G for the
underlying semi-graph of G; llg for the [pro-l] fundamental group of G;

G5 < 1 ((Spec k)'8) - Gy < Gal(k/k)

for the natural surjection [well-defined up to composition with an inner
automorphism/]. For each positive integer i, write XZ-log for the i-th log
configuration space [cf. the discussion entitled “Curves” in “No-
tations and Conventions”] of X' 1I; for the mazimal pro-l quotient
of the kernel of the natural surjection m (X,°®) — G®. Thus, we
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have a natural 7 (X'°8)-orbit, i.e., relative to composition with auto-
morphisms induced by conjugation by elements of i (X'°8), of isomor-
phisms II; = Ilg and a natural outer action

pytex s GiE — Out™(I1,)

[cf.  the notation of [CmbCsp|, Definition 1.1, (ii)]. Fiz an outer
isomorphism 11, = Ilg whose constituent isomorphisms belong to the
above 1 (X'98)-orbit of isomorphisms. Let H C G%ﬂog be a closed sub-
group of G)% whose image in Gy, is open. Write Iy C H for the kernel
of the composite H — G*® — Gy.. We shall say that H is of I-Dehn
type if the maximal pro-l quotient of Iy is nontrivial. Suppose that
the stable log curve X'°® is totally degenerate [i.c., that the com-

plement in X of the nodes and cusps is a disjoint union of tripods/.
Then the following hold:

(i) The image pXiog(IH) C Out(IIy) is contained in Dehn(G) C
Out(Tlg) < Out(Ily) [cf. the notation of [CbTpl|, Definition
4.4]. Moreover, the image pXiog(IH) is nontrivial if and only
if H is of I-Dehn type. Write

159 (pyos(In) @z, Qi) N Dehn(G) C Dehn ()
[considered in Dehn(G) ®z, Q@ — cf. [CbTpl], Theorem 4.8,
(iv)].

(ii) For any positive integer m < n, the natural injection Out*®(IT,,)

— Out"(II,,) of [NodNon], Theorem B, induces isomor-
phisms

ZOutFC(nn)(PX}fg (H>) — ZOutFC(Hm)(PX;gg(H)) )

ngth(Hn) (pX}log (H)) ;> Z(lg)l(;th(Hm)(pXigg(H))
[cf. the discussion entitled “Topological groups” in “Notations
and Conventions”],

NoutFC(nn)(Pxifg(H)) — NoutFC(nm)(PX;gg(H)) 5
CoutFC(Hn)(PXLOE(H)) — OoutFC(Hm)(PX};;g(H)) .

(iii) Relative to the natural inclusion Aut(G) (C Out(Ilg) < Out(I;)),
the following equality holds:

Coureny(pxtox (H)) = Chrusio)(pox (H)).

In particular, we have natural homomorphisms of profinite groups

COutFC(Hn) (pXiLOg (H)) :> COutFC(Hl)(pXiog (H)) — AUt(G) )

Courer,) (Pxio(H)) = Cowreq,) (pxios(H)) =5 Zj



144
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[cf. the notation of [CbTpl], Definition 3.8, (ii)] — where the
first arrow in each line is the isomorphism of (ii). By abuse
of notation [i.e., since pyios(H) is not necessarily contained in
Aut‘gfphl(g) — c¢f. the notation of [CbTpl], Definition 2.6, (i);
Remark 4.1.2 of the present monograph/, write

Z puglonl gy (Pxioe (H)) € Zoyire ) (pxos (H))
Xftlgrph\(g) (px1os(H)) S C Z5: OutFC(I1,,) (pxiee(H))
NAutlgrPh\(g) (PX;;’g(H)) C Noure Hn)<PX1°g(H)) )

CAutlgrPh\(g) (PX;gg(H)) - COutFC(Hn)<pxh°g(H>)
for the kernels of the restrictions of the composite homomor-
phism of the first line of the second display [of the present (iii)]
to

ZOutFC(Hn) (pX}f’g<H))> g’ﬁth(nn)(ﬂX;og (H)),

NOuth(Hn)(pX}fg(H))v COutFC(Hn)(pX}fg<H)) )
respectively.
Suppose that H 1s not of I-Dehn type. Then we have equal-
ities
ZAut\%rPh\(g)(pngg(H)) = Zfiﬂgrpm(g)(PX;gg(H))
NAutlgrph\(g) (PX;Og (H))
= CAutlgrphl(g)(PX;og(H))
[cf. the notation of (iii)]. Moreover, each of the four groups
appearing in these equalities is, in fact, independent of n [cf.
Suppose that H is of I-Dehn type. Then the composite ho-
momorphism of the first line of the second display of (iii) de-
termines an injection of profinite groups

Seevern, (oxes (H)) = Aut(G).
Write kigpn (C k) for the [finite] subfield of k consisting of the
invariants of k with respect to [the natural action on k of | the
kernel of the natural action of H on G. Then the composite
homomorphism of the second line of the second display of (iii)
determines natural exact sequences of profinite groups

]. — _[g(p) — NAut\grpM(g) (pXiLog(H)) — Z;( 5

1—>1§<P>

- OAut\grPh\(g) (PX;O%(H)) — Z
[cf. the notation of (i), (iit)] — where pyoe(Ir), hence also

def
(PX;og(IH) <) Iﬁ(”) = NAutlngh\(g)(PX}fg(H)) N Dehn(g)
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(viii)
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[ef. (i), (i), (iii)], is an open subgroup of IS(”); the image
of the third arrow in each line contains #k g1 € Z; and does
not depend on the choice of n. In particular, these images are
open; if, moreover, #kjgpy € Z; topologically generates
Zy, then the third arrows in each line are surjective.
The closed subgroup pyos(H) C Coyereq,)(pxios(H)), hence
als0 Nowseqat (xios(H)) (€ Coreq,(px(H))), is open
m COutFC(Hn)(PX;‘)g (H)).
Consider the following conditions [cf. Remark 4.17.1 below]:
(1) Write Autgpec gyos (X 108) for the group of automorphisms
of X1°8 over (Spec k)1°8. Then the natural homomorphism

AUt (spec pyos (X'°8) — Aut(G)
1s surjective.
(2) #kerpy € Z; topologically generates Z;.
If condition (1) is satisfied, and H is of I-Dehn type, then
we have an equality
ZoutFC(Hn)(pxj;’g (H)) = loOEtFC(Hn)@X}yg (H)) )

and, moreover, the composite homomorphism of the first line
of the second display of (iii) determines an isomorphism

gStFC(Hn)(pX}.LOg(H)) % Aut(G) .

If conditions (1) and (2) are satisfied, then the composite ho-
momorphisms of the two lines of the second display of (iii)
determine natural exact sequences of profinite groups

(p)

1 — I — Noyreqn, (pxioe(H)) — Aut(G) x Zf — 1,

1—15% Coureq,) (pxioe(H)) — Aut(G) x Zf — 1.

Proof. Assertion (i) follows immediately from the various definitions
involved, together with [CbTpl], Lemma 5.4, (ii); [CbTpl], Proposi-
tion 5.6, (ii). Assertion (ii) follows immediately from Corollary 4.16,
together with the slimness of II; for each positive integer i [cf. [MzTal,
Proposition 2.2, (ii)] and the openness of the image of H in Gj. As-
sertion (iii) follows immediately from [CmbGC], Corollary 2.7, (ii) [cf.
also the proof of [CmbGC]|, Proposition 2.4, (v)], together with the
openness of the image of H in Gj,.

For O € {Z, Z°¢, N,C} and v € Vert(G), write

def ~
= DoutFC(Hl)(pXiog(H)) - Out(Hl) — Out(Hg);

def

D\grphI =0On Autlgrpm(g) - Out(Hg)
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[cf. the notation of [CbTpl], Definition 2.6, (i); Remark 4.1.2 of the
present monograph];

pr,: Aut®P(G) — AutlePhl(g),)

for the homomorphism determined by restriction to G|, [cf. [CbTpI],
Definition 2.14, (ii); [CbTpl], Remark 2.5.1, (ii)];

0, C Aut‘grph|(g|v)

for the image of Ujgpn € Aut!®P(G) via pr,. Then we claim that the
following assertion holds:

Claim 4.17.A: Let v € Vert(G). Then
Cy N Ker(xg,) = {1}

[cf. the notation of [CbTpl], Definition 3.8, (ii)].

Indeed, let us first observe that since “II; is topologically finitely gen-
erated [cf. [MzTa], Proposition 2.2, (ii)] and pro-l, one verifies easily
that the image of the outer action p los admits a pro-l open subgroup.

Thus, since the image of H in Gy is open, it follows immediately from
Corollary 4.18, (vii), below that C, C Aut®®(G|,) is contained in the
local centralizer [cf. the discussion entitled “Topological groups” in “No-
tations and Conventions”] of the natural image of Gy in Aut®**(G|,)
[cf. the fact that G|, is of type (0,3)]. Thus, Claim 4.17.A follows im-
mediately from the injectivity discussed in [Hsh], Remark 6, (iv). This
completes the proof of Claim 4.17.A.
Next, we claim that the following assertion holds:

Claim 4.17.B: Let v € Vert(G). Then
Clerpn) N Ker(pr,) = Clgipn) N Ker(xg) = Clgrpn| N Dehn(G) ;
Zgepn N Ker(pr,) = Z‘lgfpm N Ker(pr,) = {1}.
In particular, we obtain natural isomorphisms

~ loc ~ loc
Zigrpt] — Lo 5 Zigrpn] —* Ly

and a natural exact sequence of profinite groups
X *
1 — C|grph\ N Dehn(g) — C|grph\ EEN Zl .

Indeed, let us first observe that the equalities of the first line of the
first display of Claim 4.17.B follow immediately from Claim 4.17.A,
together with [CbTpl], Corollary 3.9, (iv). Moreover, since the image
of H in GG, is open, the equalities of the second line of the first display
of Claim 4.17.B follow immediately from [CbTpl], Theorem 4.8, (iv),
(v), together with the equalities of the first line of the first display of
Claim 4.17.B. This completes the proof of Claim 4.17.B.

Next, we verify assertion (iv). Let us first observe that it follows
from assertion (ii) that it suffices to verify assertion (iv) in the case
where n = 1. Next, let us observe that it follows from Lemma 3.9,
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(ii), that Clgpn) © Noyre ) (Z'°), which thus implies that we have a
!

jgxphl’
as well as a natural [triviall] action of Cgpy on Aut(G). Moreover, by

considering the inclusion
1 ~ 1 *
(C|grph| 2) Z\gfph| — ZUOC — Zl

induced by xg|, [cf. Claims 4.17.A, 4.17.B], we conclude that the ho-
momorphisms of the two lines of the second display of assertion (iii)
determine a natural [Cgpn|-equivariant!] injection

7'°¢ — Aut(G) x Z; .

Thus, since Zj is abelian, it follows that Clgpn acts trivially on Z'°°,
i.e., that Clgpn| € Zoyrer)(£'°°). On the other hand, since H is not
of I-Dehn type, one verifies easily from assertion (i) that pxios (H) is

abelian, hence that pXiog(H ) C Z C Z"°. Thus, we conclude that

natural action [by conjugation] of Clgrph| ON Z'°¢ hence also on Z

Clgrpn] € Zouth(Hl)(Zloc) N Aut|grph|<g)
€ Zowreq,)(pxies(H)) N Aut#H(G)
= ZNAuN(G) = Zigep

This completes the proof of assertion (iv).

Next, we verify assertion (v). First, let us observe that it follows
from assertion (ii) that, to verify assertion (v), it suffices to verify that
legfph‘ = {1},'hence, by Claim 4.17.B, that Xg(Zﬂgfph‘) = {1} On 1.;he
other hand, since H is of [-Dehn type, by considering the conjugation

action of Zﬂgfphl on pyes(I) [which is nontrivial by assertion (i)], we
1

conclude from [CbTpl], Theorem 4.8, (iv), (v), that xg(Z°¢ ) = {1},

|grph|
as desired. This completes the proof of assertion (v).
Next, we verify assertion (vi). First, we observe that it follows from

assertions (ii), (iii) that the definition of Iﬁ") ) is indeed independent
of n [as the notation suggests!]. Next, we claim that the following
assertion holds:

Claim 4.17.C:
pys(Inr) € Nigepn N Dehn(G) = I C Clgepn N Dehn(G) = 157

Indeed, the final equality follows immediately from an elementary com-
putation [in which we apply [CbTpl], Theorem 4.8, (iv), (v)], together
with assertion (i); the remainder of Claim 4.17.C follows immediately
from the various definitions involved, together with assertion (i). This
completes the proof of Claim 4.17.C. Now it follows immediately from
Claims 4.17.B, 4.17.C, together with assertion (ii), that the composite
homomorphism of the second line of the second display of (iii) deter-

mines the two displayed exact sequences of assertion (vi), and that

N(p) )

pXiog(]H), hence also I;"", is an open subgroup of ]g(p . Moreover,
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since [it is immediate that] the image, via pyig, of the kernel of the
natural action of H on G is contained in Nigp|, the image of the third
arrow in each line of the displayed sequences of assertion (vi) contains
#EKjgrpn) € Zy. Finally, it follows from assertion (ii) that the image
of the third arrow in each line of the displayed sequences of assertion
(vi) does not depend on the choice of n. This completes the proof of
assertion (vi).

Assertion (vii) follows immediately from assertions (iii) and (vi),
together with the finiteness of Aut(G). Assertion (viii) follows im-
mediately from assertions (v) and (vi). This completes the proof of
Corollary 4.17. O

Remark 4.17.1.

(i) One verifies easily that condition (1) of Corollary 4.17, (viii),
holds if, for instance, & = Kjgpn|, and, moreover, the lengths [cf.
[CbTpl], Definition 5.3, (ii)] of the various nodes of X'°® [whose
base-change from k to k may be thought of as the special fiber
stable log curve of [CbTpl], Definition 5.3] coincide.

(ii) In a similar vein, one verifies easily that condition (2) of Corol-
lary 4.17, (viii), holds if, for instance, kjgph = Fp, and, more-
over, p remains prime in the cyclotomic extension Q(e?™/ 12)

where i = v/—1, and we assume that [ is odd.

)

Remark 4.17.2. The computation, in the case where n = 1, of the cen-
tralizer (respectively, normalizer and commensurator) in Corollary 4.17,
(viii), may be thought of as a sort of relative geometrically pro-l
(respectively, [semi-] absolute geometrically pro-l) version of the
Grothendieck Conjecture for totally degenerate stable log curves
over finite fields. In fact, the proofs of these computations of Corol-
lary 4.17, (viii), in the case where n = 1, only involve the theory of
[CmbGC| and [CbTpI]. On the other hand, these computations of
Corollary 4.17, (viii), can only be performed under certain relatively
restrictive conditions [cf. Remark 4.17.1]. It is precisely for this reason
that Corollary 4.17, (ii), which may be thought of as an application
of the theory of the present monograph, is of interest in the context of
these computations of Corollary 4.17, (viii).

Corollary 4.18 (Compatibility with geometric subgroups). Let
p, lx, ly be prime numbers such that p & {lx,ly}; (9x,7x), (9v,Ty)
pairs of nonnegative integers such that 2gx —2+rx, 2gy —2+ry > 0;
kx, ky finite fields of characteristic p; kx, ky algebraic closures of
kx, ky; (Speckx)™8, (Spec ky )'°® the log schemes obtained by equipping
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Spec kx, Specky with the log structures determined by the fs charts
N — kx, N = ky that map 1 — 0; X'°8, Y& stable log curves of
type (9x,7x), (gv,7y) over (Speckx ), (Spec ky )1°8;

G8 E m((Spec kx)'*8) — G, € Gal(kx /kx),

G X ((Spec ky) %) — G, < Gal(y /ky)

the natural surjections [well-defined up to composition with an inner
automorphism/; X H C GLO)%, YH C G}Cof closed subgroups of G}f}f, fo;
XTI CXH,YI CYH the kernels of the composites X H — G}:f — Gy s
YH — G}ff — Gy ; M1, YII the maximal pro-lx, pro-ly quotients of
the kernels of the natural surjections mi(X'°8) —» G}f}f, m(Y8) — G}fyg;
Gx, Gy the semi-graphs of anabelioids of pro-l PSC-type determined by
Xle ylos: TI; . Tlg, the [pro-l] fundamental groups of Gx, Gy [so we
have natural 7, (X°8)-, m,(Y1°8)-orbits — i.e., relative to composition
with automorphisms induced by conjugation by elements of m(X'°8),
71 (Y8) — of isomorphisms X1 = g, , YII = Ilg, /. Then the natural
outer actions of G}fj, G}ff on X1, YII determine outer actions of X1 C
XH,YI CYH on ™I, YII. Thus, we obtain profinite groups

out out out out
M x XITCXI x *H, I xYICYII xYH
[cf. the discussion entitled “Topological groups” in [CbTpl|, §0]. Sup-

pose that, for each 0 € {X,Y}, one of the following two conditions is
satisfied:

(a) The equality "H = G® holds.
(b) The composite "H < Gfmg — Gy s an isomorphism.

We shall refer to a closed subgroup of *II, YII obtained by forming
the image — by the inverse of an element of the m(X'#)-, 7 (Y8)-
orbits of isomorphisms X1 = Tlg, , YII = Ilg, discussed above — in
XM, YII of a verticial (respectively, cuspidal; nodal; edge-like) subgroup
of llg,, g, as a verticial (respectively, cuspidal; nodal; edge-

out out
like ) subgroup of XII x XH, YII x YH. We shall refer to a closed
out out
subgroup of XII x XI, YII x YI obtained by forming the normalizer

out out out out
in XTI x X1, YIT x Y1 [i.e., as opposed to XII x XH, YII x YH] of
ut
a verticial (respectively, cuspidal; nodal; edge-like) subgroup of XII v
ut
XH, YT % YH as a verticial (respectively, cuspidal; nodal; edge-

like) I-decomposition subgroup of *II O;]t XH, YII 0>12t YH. [In
particular, for each O € {X, Y}, it follows from [CmbGC|, Proposition
1.2, (i), that if °H satisfies condition (b) — which thus implies that

out

I = "I x “I — then it holds that a closed subgroup of PII =
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ut
O % 97 s a verticial (respectively, cuspidal; nodal; edge-like)

ut
subgroup of “II % OH if and only if it is a verticial (respectively,
ut
cuspidal; nodal; edge-like) I-decomposition subgroup of “II B
UH.] Let

out ~ out
a: M x YH "5 « YH
be an isomorphism of profinite groups. Then the following hold:

(i) It holds that *H satisfies condition (a) (respectively, (b)) if
and only if ¥ H satisfies condition (a) (respectively, (b)).

(ii) The equality lx = ly holds.

(iii) The isomorphism « induces a bijection between the set of

out
verticial I-decomposition subgroups of XIl x *H and
out
the set of verticial I-decomposition subgroups of YII x

YH.

(iv) The isomorphism « induces a bijection between the set of
cuspidal (respectively, nodal; edge-like) I-decomposition

out
subgroups of XII x X H and the set of cuspidal (respectively,
out

nodal; edge-like) I-decomposition subgroups of YII x
Y
H.

(v) The isomorphism « restricts to an isomorphism

CL% YH D) TN XT 2 MmN YT (c % YH).

(vi) There exists a positive integer n, such that the diagram

out o
NI XH —— XH —— Aut(Gx) —25 77,
| |
out
I x YH s YH r Aut(Gy) —— Zj,
XgYX

— where Xgy, Xgy are as in [CbTpl], Definition 3.8, (i), and
the right-hand vertical equality is the equality that arises from
the equality lx = ly of (ii) — commutes.

(vii) The composite of the upper (respectively, lower) three horizon-
tal arrows of the diagram of (vi) coincides with the composite
of the upper (respectively, lower) three horizontal arrows of the
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diagram
out onx

Xk
NI x *H —— *H —— G, —— Z;,

-| |

out

M xYH — YH —— Gy, — Zj,
x?ﬁx
— where the integer n,, is the positive integer of (vi); the right-
hand vertical equality is the equality that arises from the equal-
ity Ix = ly of (ii); the third upper (respectively, lower) horizon-
tal arrow is the n,-th power of the lx- (respectively, ly-) adic
cyclotomic character Xy, of Gk (respectively, X, of Gy ). In
particular, the diagram of the preceding display commutes.

(viii) Suppose that one of the following three conditions is satisfied:
(viii-1) Either *H or Y H satisfies condition (b).
(viii-2) It holds that 0 € {rx,ry}.
(viii-3) The isomorphism « induces a bijection between the set

out
of cuspidal subgroups of XII x X H and the set of cus-
out
pidal subgroups of YII x Y H.

Then the isomorphism « restricts to an isomorphism
out ~ out
(NI x *H D) ‘I = YII (C 'II x YH).
Proof. First, we verify assertions (i), (ii). Let O € {X,Y}. Write Z®"
for the pro-prime-to-p completion of the ring Z of rational integers.
The following Facts are well-known:

(1) The profinite group Gy, is isomorphic to Z as an abstract
profinite group.

(2) The kernel of the natural surjection Gfmg — G, admits a nat-
ural structure of free Z®) module of rank 1.

(3) The natural action by conjugation of G, on the kernel of the
natural surjection G}fmg — G, is given by the cyclotomic char-
acter [cf. (2)]. In particular, for each prime number g # p,

. log .
every maximal pro-¢ subgroup of G;° admits a natural struc-
ture of extension of Z, by Z, [cf. (1), (2)]. Moreover, the
image of the action Z, — Aut(Z,) = Z; determined by such
an extension is open.

Moreover, let us recall [cf., e.g., [AbsTpl], Proposition 2.3, (i)] that the
following holds:
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(4) The pro-ig group PII is nontrivial, center-free, and elastic [cf.
[AbsTpl], Definition 1.1, (ii)].

Thus, we conclude that UH satisfies condition (b) if and only if the
set of prime numbers ¢ such that every maximal pro-g subgroup of

t
O % OH is nonabelian is of cardinality 1. Moreover, the prime number
ln may be characterized as the unique prime number ¢ such that there

out
exists a maximal pro-q subgroup of “II x Y H that is not isomorphic to
a closed subgroup of an extension of Z, by Z,. This completes the proofs
of assertions (i), (ii). In the remainder of the proof of Corollary 4.18,
we shall write
L0 =1y
[cf. assertion (ii)].
out
Next, we verify assertion (iii). For 0 € {X,Y} and J C "Il x “H
an open subgroup, write
JRIF

for the maximal pro-RTF-quotient of the profinite group J [cf. [AbsTpl],

Proposition 1.2, (iv)]; V117 © 7N C P PHY C UH for the image
t

of the composite J < PII % OH - 9H [so we have a commutative

diagram of profinite groups

1 — Y — J —— O

l | !

out

]l — "I — "I x"H — "H —— 1
— where the horizontal sequences are ezract, and the vertical arrows
are the natural inclusions; Giﬂ C Gy, for the image of the composite
out
J = % OH - PH < G — Gy;
O
(DHJ)comb
for the “combinatorial quotient” of PII”7, i.e., the quotient of “II7 by

the normal closed subgroup normally topologically generated by the
closed subgroups of “II7 obtained by forming the intersections of “II7

out
with the verticial subgroups of “II x Y H.
Now we claim that the following assertion holds:

out
Claim 4.18.A: For € {X,Y} and J C"II x “H an
open subgroup, the quotient of JX' by the image of
the normal closed subgroup “II7 C J in JRY is Giﬂ.

Indeed, this assertion follows immediately from Facts (1), (2), (3).
Next, we claim that the following assertion holds:
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ut
Claim 4.18.B: Let O € {X,Y}, J C PII % “H an
open subgroup, ) a torsion-free abelian profinite group,
and J — () a homomorphism of profinite groups.
Then the composite

Y J = Q

factors through the natural surjection “T17 —» (JI17)comb,

To this end, let us first observe that since [it is well-known that] the
image, in Z;, of the l-adic cyclotomic character of Gy, is open, one
verifies immediately that the image by the composite “II7 «— J —
out
Q of any edge-like subgroup of “II x YH [i.e., any intersection of
out
ST17 with any edge-like subgroup of PII x BH] is trivial [cf., e.g.,
[CmbGC], Remark 1.1.3]. In a similar vein, it follows immediately
from the “Riemann hypothesis for abelian varieties over finite fields’
cf., e.g., [Mumf], pp. 190-191] that the image by the composite TV <

ut
J —» @ of any verticial subgroup of "I % OH [i.e., any intersection of

ut
PT1Y with any verticial subgroup of P11 % OH | is trivial. This completes
the proof of Claim 4.18.B.
Next, we claim that the following assertion holds:

Claim 4.18.C: For 0 € {X,Y} and J C "Il % CH
an open subgroup, the natural exact sequence 1 —
117 — J — UH7 — 1 fits into a commutative diagram
of profinite groups

] — v — g — gl 51

| | |

(EIHJ)comb y JRTF . Ggm s 1

— where the horizontal sequences are exact, and the
vertical arrows are the natural surjections.

Indeed, Claim 4.18.C follows immediately, in light of Claim 4.18.A, by
applying Claim 4.18.B to the various RTF-subgroups of J [cf. [AbsTplI],
Definition 1.1, (i)].
Next, we claim that the following assertion holds:
Claim 4.18.D: For O € {X,Y}, there exists an open

ut
subgroup J, C VII % UH that satisfies the following
condition: For J C Jy an arbitrary open subgroup,
there exists an open subgroup J;I C PH’ such that if
we write JT % T xo 7 JIT{, then the corresponding left-

hand lower horizontal arrow (JI17")eomb — (J1)RTEF of
the diagram of Claim 4.18.C is injective.
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To this end, let J, C FII Oit “H be an open subgroup such that, for
every open subgroup J C Jy, the quotient (CI17)°™P is a center-free
free pro-l group [where we note that one verifies easily [cf. [CmbGC],
Remark 1.1.3] that such a Jy always exists]. Next, let us observe
that, to verify Claim 4.18.D, we may assume without loss of gener-
ality, by replacing "H”’ by a suitable open subgroup of “H”, that the
outer action of J on (FI17)*™P by conjugation is trivial [where we note
that one verifies easily that such an open subgroup of "HY always ex-
ists]. Since, as discussed above, (PI17)*™P is center-free, if one writes
Jeomb < 7K er(PI17 —» (PI17)emP) then this triviality implies that the
inclusions
(DHJ)comb SN Jcomb - chomb«DHJ)comb)

[cf. the discussion entitled “Topological groups” in [CbTpl], §0] deter-
mine an isomorphism

(DHJ)comb % ZJcomb((DHJ)COInb) AN Jcomb'

On the other hand, since (FII7)™ is a free pro-l group, the nat-
ural surjection (PII7)comb — ((BT17)comP)RTE g an isomorphism. In
particular, the composite of natural homomorphisms (CIT7)cmb =
(P17 )comb)RTE ey ( JeombARTE g injective. Thus, since the natural
surjection J —» (JOmPYRTE foct0rs through JRY | Claim 4.18.D follows
immediately. This completes the proof of Claim 4.18.D.

Next, we claim that the following assertion holds:

Claim 4.18.E: Let O € {X,Y} and A C "IT % "H
a closed subgroup. Then the following two conditions
are equivalent:

out
(E-1) The closed subgroup A C PII x “H is contained

out
in a werticial I-decomposition subgroup of 11 x

SH.

out
(E-2) For J C PII x “H an arbitrary open subgroup,
the composite AN J — J — JEF is trivial.

To this end, let us first observe that the implication (E-1) = (E-2)
follows immediately from Claim 4.18.C, together with Facts (1), (2),
(3). On the other hand, by applying Claims 4.18.C, 4.18.D to the

various open subgroups of “II % OH for each O € {X,Y}, one verifies
immediately from Proposition 1.5 that the implication (E-2) = (E-
1) holds. This completes the proof of Claim 4.18.E. On the other
hand, since any inclusion of wverticial I-decomposition subgroups is an
equality [cf. [CmbGC], Proposition 1.2, (i), (ii)], assertion (iii) follows
immediately from Claim 4.18.E. This completes the proof of assertion

(ii).
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Next, we verify assertion (iv). We begin the proof of assertion (iv)
with the following claim:

Claim 4.18.F: Let O € {X,Y}. Suppose that [1°¢ is a
smooth log curve over (Speckp)'®® [cf. the discussion
entitled “Curves” in [CbTpl], §0]. Then the inclusions

out ou
I s 011 % 9T > Z(P1 % )

[cf.  the discussion entitled “Topological groups’ in
[CbTpl], §0] determine an isomorphism

out ~ out
I x Z(P11 % 1) =PI ox P

out out
Moreover, the composite Z (P11 x B1) < BIT x B —
U] is an isomorphism. In particular, if "H satisfies
ut
condition (a) (respectively, (b)), then Z(°II % °I)
admits a structure of free Z®)-module of rank 1 (re-
spectively, is trivial) [cf. Fact (2)].

Indeed, since [we have assumed that] (1'% is a smooth log curve over
(Spec kp)'°8, this assertion follows immediately from the slimness of
BT [ef. [CmbGC], Remark 1.1.3], together with the various definitions
involved.

Next, let us observe that it follows from [CmbGC], Proposition 1.2,
(ii), that,

5) for each 0 € {X, Y} if A is a VCN-subgroup of “II, then
(5) Y} group ,

out
the intersection of "Il with the normalizer, in “II x "I, of A
coincides with A.

Moreover, let us also observe that it follows from [NodNon|, Remark
2.4.2; [NodNon|, Remark 2.7.1, that,

(6) for each O € {X,Y}, any inclusion of VCN-subgroups of “II
out
gives rise to an inclusion of the normalizers, in “II x BI, of
the respective VCN-subgroups.
Next, we claim that the following assertion holds:

Claim 4.18.G: The isomorphism « induces a bijection
between the set of edge-like I-decomposition subgroups

ut
of XIT % X H and the set of edge-like I-decomposition
out
subgroups of YII x Y H.

To this end, let us first observe that it follows immediately — in light
of Facts (5), (6) — from assertion (iii) that, to verify Claim 4.18.G, we

ut
may assume without loss of generality — by replacing “II % OH by

out
the normalizer, in "II x YH, of a werticial I-decomposition subgroup
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of O % OH for cach O € {X,Y} — that X8 Y& are smooth

log curves over (Spec ky )8, (Spec ky)°¢, and that the isomorphism o
out out out

restricts to an isomorphism of XTI x X1 (C XTI x X H) with YII x YT

(C1 % YH).

Next, let us observe that if *H, hence also ¥ H [cf. assertion (i)],
satisfies condition (b), then since [it is well-known that]| the image, in
Z;, of the l-adic cyclotomic character of Gy, is open for each O €
{X,Y}, Claim 4.18.G follows immediately from [CmbGC], Corollary
2.7, (i).

Thus, in the remainder of the proof of Claim 4.18.G, we may assume
without loss of generality that X H, hence also ¥ H [cf. assertion (i)],
satisfies condition (a). Then, by applying a similar argument to the
argument in the proof of Claim 4.18.G in the case where X H satisfies
condition (b) to the isomorphism

G % XH)/Z(T % X1) = % YH)/ 20T % YD)

induced by a [cf. Claim 4.18.F], we conclude that this induced iso-
morphism determines a bijection between the set of images of edge-like

out out out
subgroups of XII x X H in the quotient (XII x X H)/Z(*II x *I) and
out
the set of images of edge-like subgroups of YII x Y H in the quotient

out ou
(MI x YH)/Z(I YT ). Now let us observe that it follows imme-
diately from Claim 4.18.F and [CmbGC], Proposition 1.2, (ii), that,

out
for each O € {X,Y} and each edge-like subgroup A C PII x SH, the
out
edge-like I-decomposition subgroup of “I1 x “H obtained by forming
out
the normalizer of A in PII x VI coincides with the inverse image by
out out out
the natural surjection "Il x "H — (PI1 x "H)/Z(PIl x PI) of the
out out
image of A in ("Il x "H)/Z ("1 x “I). Thus, Claim 4.18.G holds.
This completes the proof of Claim 4.18.G. On the other hand, assertion
(iv) follows — in light of Facts (5), (6) — from assertion (iii), Claim
4.18.G, and [CmbGC], Proposition 1.5, (i). This completes the proof
of assertion (iv).
Next, we verify assertions (v), (vi), (vii). First, we observe that

assertion (vii) is a formal consequence of assertion (vi), together with
[AbsCsp], Proposition 1.2, (ii); [CbTpl], Corollary 3.9, (ii), (iii). Now
out
suppose that there is no nodal subgroup of Il x X H, hence also [cf.
out
assertion (iv)] of YII x Y H. Then assertion (v) follows from assertion
(iii). Moreover, by considering, for each O € {X, Y}, the cyclotome

obtained by applying the construction of “A,” of [CbTpl], Definition
3.8, (i), to the collection of data consisting of
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o the profinite group (°IL % °I)/Z(°I % 1) and

out out
e the various images in (PII x BI)/Z(PII x BI) of the edge-like
out
I-decomposition subgroups of “II x “H,

one verifies immediately from assertions (iv), (v), together with Claim

4.18.F, that assertion (vi) [i.e., in the case where one takes “n,” in the

statement of assertion (vi) to be 1], hence also assertion (vii), holds.
Thus, in the remainder of the proofs of assertions (v), (vi), (vii),

t
we may assume without loss of generality that both *II % XH and

YI1 % Y H have a nodal subgroup. Then one verifies immediately from
assertions (iii), (iv) [cf. also Facts (5), (6)], together with Lemma 4.19
below [cf. [NodNon], Definition 2.4, (i); [NodNon|, Remark 2.4.2],
that assertion (vi), hence also assertion (vii), holds. On the other
hand, for each O € {X, Y}, we conclude from Fact (2) in the proof of
Corollary 4.16 that

(7) if we write
O % °n® ¢ o % o1
for the [unique — cf. Fact (2)] maximal pro-l subgroup of
out out out
I % I, then the closed subgroup (FII x “I® C (FII %

51 ) Pl O;t SH coincides with the closed subgroup of P11 O;t
“H obtained by forming the unique maximal pro-I subgroup
of the kernel of the composite of the relevant [i.e., upper if
[0 = X; lower if 0 = Y] three horizontal arrows of the diagram
of assertion (vii).

Moreover, we also conclude immediately from Facts (1), (2), (3) that,
for each O € {X, Y},

(8) the kernel of the composite

out

Of _ Oqq °>‘zt TH/OT °>‘zt 9O -, (O % CH/Cn °>‘ét O 7)O)RTE

out
coincides with the closed subgroup “II x 1.

out

1Y

In particular, it follows from assertion (vii) and Facts (7), (8) that the
ut ut
isomorphism « restricts to an isomorphism of 11 XTI (C A1 N XH )

. out out X .
with YII x Y1 (C YII x Y H), as desired. This completes the proof of
assertion (v).

Finally, we verify assertion (viii). If condition (viii-1) is satisfied,

out
then since [it follows from assertion (i) that] "I = "II x "I for each
O € {X,Y}, assertion (viii) follows from assertion (v). Thus, in the
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remainder of the proof of assertion (viii), we suppose that both X H
and ¥ H satisfy condition (a).

Next, suppose that condition (viii-2) is satisfied. Then it follows
from assertion (iv) that (rx,ry) = (0,0). Write

D]’(l) C EI[
for the [unique — cf. Fact (2)] maximal pro-I subgroup of “I. Then
one verifies easily that one may naturally regard PI(®) as a quotient of
out
(P x PO [ef. Fact (7)], and, moreover, that the closed subgroup

out
ST of PIT % YH coincides with the kernel of the natural surjection
out
P x PNW — 91O In particular, it follows from assertions (v),
(vii) that, to verify assertion (viii) in the case where condition (viii-2)
is satisfied, it suffices to verify the following assertion:
out
Claim 4.18.H: Let 0 € {X,Y} and (FIT x P1)® — A
out
a quotient of (°IT x BI)®. Then it holds that this
out
quotient (°IT x BN — A coincides with the quo-
out
tient (FI1 x BI)® — B1W if and only if the following
three conditions are satisfied:

(H-1) The profinite group A is isomorphic to Z; as an
abstract profinite group.

(H-2) The kernel of the surjection (“II % SN0 - A

out
is normal in "Il x YH. Thus, the outer action
out out

of "I % "H on (P"II x °I)® by conjugation
out
induces an action [cf. (H-1)] of "Il x YH on
the quotient A. Moreover, the resulting character
out
pa: "I x "H — Aut(A) = Z; [cf. (H-1)] is
out out

trivial on P11 x PI C FIT x PH.

(H-3) The n,-th power of the character ps of (H-2) co-
incides with the composite of the relevant [i.e.,

upper if O = X; lower if [0 = Y] three horizontal
arrows of the diagram of assertion (vii).

First, let us observe that it follows from Facts (2), (3) that the quo-

out
tient (°I1 x PI)® — UIW gsatisfies the three conditions in the state-
ment of Claim 4.18.H. Next, let us observe that it follows immedi-
ately from [CmbGC], Propositions 1.3, 2.6, that if a given quotient
ut
(P11 % 0O - A satisfies conditions (H-1), (H-2), then the image in
A of an arbitrary nodal [or, equivalently, edge-like — cf. the equality



COMBINATORIAL ANABELIAN TOPICS II 159

(rx,7my) = (0,0) discussed above] subgroup of “II % OH is trivial
Thus, it follows immediately from the “Riemann hypothesis for abelian
varieties over finite fields” [cf., e.g., [Mumf], pp. 190-191], together
with Fact (3) and condition (H-3), that Claim 4.18.H holds. This com-
pletes the proof of Claim 4.18.H, hence also of assertion (viii) in the
case where condition (viii-2) is satisfied.

Finally, one may verify assertion (viii) in the case where condition
(viii-3) is satisfied by applying assertion (viii) in the case where condi-
tion (viii-2) is satisfied. Indeed, let us first observe that it follows im-
mediately from Fact (1) [which implies that Gy, Gk, are torsion-free]

t
that we may assume without loss of generality, by replacing “II % OH

out
by a suitable open subgroup of “II x YH for each O € {X,Y}, that
gx, gy > 2. Then we may assume without loss of generality, by re-

placing “1I W OH by the quotient of “II % OH by the normal closed
subgroup normally topologically generated by the cuspidal subgroups
for each O € {X,Y}, that (rx,ry) = (0,0) [cf. (viii-3)]. Thus, it fol-
lows from assertion (viii) in the case where condition (viii-2) is satisfied
that assertion (viii) holds. This completes the proof of assertion (viii),
hence also of Corollary 4.18. U

Remark 4.18.1. In the situation of Corollary 4.18, (viii), if one omits
the assumption that one of the conditions (viii-1), (viii-2), and (viii-3)
holds, then the conclusion of Corollary 4.18, (viii), no longer holds in
general. Indeed:

(i) First, we consider the case of a smooth log curve [cf. the dis-
cussion entitled “Curves” in [CbTpl], §0]. In the situation
of Corollary 4.18, write I & Ix. TLet T be a tripod over
(Speckx )¢ [cf. the discussion entitled “Curves” in [CbTpl],
§0] such that the natural action of Gl,:f on the set of cusps of

T'8 is trivial. Then, by taking “TH” to be G}f}f , we obtain a

t
profinite group 711 % TH. In the remainder of the discussion
of the present (i),
t
we construct an automorphism of 711 % TH that

out
does not preserve the closed subgroup 711 C TII x

TH
out

out
Let C C TII x TH be a cuspidal subgroup of Il x TH.

out out
Write Z % Z(TIl ' TI) for the center of 711 x T and

out
Ic CTII x TH for the cuspidal I-decomposition subgroup of
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T out T X . . . T out T
IT x * H obtained by forming the normalizer in “II x *1 of
C. Then

out

out
(i-a) the natural inclusions 7Tl < TTT x 7T and Z — 711 x 7T

~ out
determine an isomorphism TIIx Z = TII x 7T [cf. Claim
4.18.F]. Moreover, the natural inclusions C' — I and

Z — I determine an isomorphism C x Z = I¢ [cf. Claim
4.18.F; [CmbGC], Proposition 1.2, (ii)].

Moreover, it is well-known that the following assertions hold:

(i-b) The unique maximal pro-l subgroup of Z admits a struc-
ture of free Z;-module of rank 1 [cf. Claim 4.18.F]. More-

over, the natural action of Gy, on this unique maximal
out

pro-l subgroup of Z (= {0} x Z C TTI** x Z = ("I x
B1)2b) [cf. (i-a)] induced by the natural outer action of

out
Gry on TTI x 7T is given by the [-adic cyclotomic char-
acter [cf. Fact (3) in the proof of Corollary 4.18].

TT12b admits a structure of free Z;-module
THab

(i-c) The pro-I group
of rank 2. Moreover, the natural action of Gy, on

(= TI™ x {0} C 7T x Z 55 (FI1 % OI)) [ef. (i-a)]

t
induced by the natural outer action of Gy, on TII N Tl
is given by the [-adic cyclotomic character.

Thus, since C' admits a structure of free Z;-module of rank 1
[cf. [CmbGC], Remark 1.1.3], there exists a nontrivial homo-
morphism ¢: TTI (= TTII**) — Z whose kernel is topologically
normally generated by C'. Now write o for the automorphism

~ out

of the profinite group 7T x Z (= TTI x TT) [cf. (i-a)] given by
mapping ‘Il X Z 3 (0,2) v (0,2 - ¢(0)) € TTI x Z. Next, let

out
(C) — T x
TH — Gy, is surjective, with kernel equal to Ic. Thus, it
follows from Fact (1) in the proof of Corollary 4.18 that this
composite Ho — Gy, admits a section, which determines an
isomorphism

us observe that the composite Hgo def NT out
IxTH

out

I x TH.

out

I x ) xG —7

(T
Let us fiz such a section. Next, observe that it follows from (i-

b), (i-c) that the above automorphism «; is compatible with the

t
action of Gy, on TTI % TT determined by the fized section of
Ho — Gy, Thus, we conclude that the above automorphism

T out T . T out T
ay of 'TI x * I extends to an automorphism « of “II x ' H
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that preserves and induces the identity automorphism on the
image of the fixed section of Ho — Gy,. Now let us observe
that it is immediate that

T T out T
ay, hence also «, does not preserve 11 C “11 x * 1,

as desired. Let us also observe that since C' C TII is con-
tained in the kernel of ¢, it follows from (i-a) that oy pre-
serves and induces the identity automorphism on the cuspidal

ut
I-decomposition subgroup Io C T1I % TI. In particular, we
conclude immediately that

out
(i-d) the automorphism o of 71 % TH preserves and induces

the identity automorphism on H¢.

(ii) Next, we consider the case of a singular stable log curve [i.e.,
a stable log curve that is not smooth]. In the situation of (i),
let W'°¢ be a stable log curve over (Spec kx )8 such that

o W8 has precisely two irreducible components each of which
is a tripod,

e W8 has a single node, and, moreover,

e the natural action of G}:}f on the dual semi-graph of 1108
is trivial.

[Thus, W8 is of type (0,4).] Then, by taking “" H” to be G}f}f,

t
we obtain a profinite group "W1I N WH cf. the situation and
notational conventions of Corollary 4.18]. In the remainder of
the discussion of the present (ii),
t
we construct an automorphism of "WII % WH that

out
does not preserve the closed subgroup WII C WII x

WH.
Write vy, vy for the distinct two irreducible components of

ut
Whe Let Vi, Vo CWII C WII 0>4 W H be verticial subgroups of
out def

WII x WH associated to vy, vy such that N = Vi NV, # {1},
which thus [cf. [NodNon|, Lemma 1.9, (i)] implies that N is a

out
nodal subgroup of WII x W H. For each i € {1,2}, write

Then one verifies immediately [cf. [CmbGC], Proposition 1.2,
(ii)] that
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(ii-a) there exists a commutative diagram of profinite groups

N C VvV, C Hy, o Hy
Ll Ll Ll Ll

out

C C Tl ¢ "I xT™H O Heg

— where the horizontal arrows are the natural inclusions,
and the vertical arrows are isomorphisms.

Moreover, it follows immediately from a similar argument to
the argument applied in the proof of [CmbCsp], Proposition
1.5, (iii) [i.e., in essence, from the evident analogue for semi-
graphs of anabelioids of the “van Kampen Theorem” in ele-
mentary algebraic topology], that

(ii-b) the natural inclusions
out
Hy, — "I x YH « Hy,
determine an isomorphism
. ~ W out W
hﬂ(H% HHN;}HVQ) — II % H

— where the inductive limit is taken in the category of
profinite groups — which restricts to an isomorphism of
closed subgroups

lig(V; <= N < Vp) —— "I
— where the inductive limit is taken in the category of
profinite groups.

On the other hand, it follows from (i-d) and (ii-a) that, for
each i € {1,2}, a determines an automorphism f; of Hy, that

e does not preserve V; C Hy, but

e preserves and induces the identity automorphism on the
closed subgroup Hy C Hy,.

Thus, by (ii-b), £ and [y determine an automorphism v of
ut
WIT % W H that does not preserve the closed subgroup WII C

out
WII x WH, as desired.

Lemma 4.19 (An explicit description of a power of the cyclo-
tomic character). Let J be a profinite group, p;: J — Aut(Gy) a
continuous homomorphism, and I C J a normal closed subgroup of J
such that either
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(a) the composite I — J 2% Aut(Gy) is of SNN-type /cf. [NodNon],
Definition 2.4, (iii)], or

(b) I ={1}.

Write .
out ou
M, 1, %1 C I, & 1 xJ

[cf. the discussion entitled “Topological groups” in [CbTpl], §0]. Thus,
we have a commutative diagram of profinite groups

1 y Tlg, y 11, v I y 1
1 g, y 11, v J y 1

— where the horizontal sequences are exact, and the vertical arrows
are the natural inclusions. Write (jo — Go for the universal covering
of Go corresponding to 1lg,. Let ey be a node of 50. Write 11, C 1lg,
for the nodal subgroup associated to ey. Write

I, , € Il

for the [necessarily open] subgroup consisting of the elements o € 11,
such that the natural action of o on the underlying semi-graph Gq of
Go stabilizes the two branches of the node eq(Go) of Gy determined by
eg. Then the following hold:

(i) Let N be a positive integer and v an element of I1;. Then there
exists a collection of data as follows

e a normal open subgroup H C I1; of 11,

® q positive integer m,

o verticial subgroups 11,11, , ..., 11, C Ilg, of Ilg, asso-
ciated to vertices vy, V1, ..., Um—1 0f Gy, respectively, and

e nodal subgroups 1. ,... 1I. C llg, of llg, associated to
nodes eq, ..., ey of Gy, respectively,

such that if we write

D,, % Ny, (11,,)
for each j € {0,1,...,m} [c¢f. [NodNon|, Definition 2.2, (iii)],
then

(1) the inclusions ., C 11, ., C 1L, _, [which imply that
€0, em abut to vy, v,_1, respectively — cf. [NodNon],
Lemma 1.7] hold,

(2) if m > 2, then, for every j € {1,...,m—1}, the inclusion
I, € IL,,_, N1L, [which implies that e; abuts to v;_;
and v; — cf. [NodNon|, Lemma 1.7] holds,

(3) the quotient

Doy — Dey @5y (270 /NZ™)
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~ { (Z%0 [NZZ0) x (Z= /[NZZ) if (a) is satisfied
B Z¥0 [NZ%o if (b) is satisfied
[ef. [CmbGC], Remark 1.1.3; [NodNon|, Lemma 2.5, (i);
[NodNon], Remark 2.7.1] of D., factors through the quo-
tient of D, determined by the composite D, — 1I; —
Il;/H, and, moreover,
(4) the image of D., C 1l in1l;/H coincides with the im-
age of v+ Dey -y P C Iy in I1;/H.
For each j € {0,1,...,m — 1}, write

Dy, < Ny, (IL,) 2 1, < Zu, (L) = Z(D,,)

[ef.  [NodNon], Definition 2.2, (i); [NodNon|, Lemma 2.5,
(1); [NodNon|, Remark 2.7.1; [CmbGC], Remark 1.1.3/; b;;,
bjt1; for the respective branches of the nodes e;, eji1 that
abut to the vertex v; determined by the inclusions 1l C 11,
I, C I, [c¢f (1), (2)]. Thus, for j € {0,1,...,m} and
s €{0,1,...,m — 1} such that s € {j — 1,j}, it follows from
[NodNon|, Remark 2.7.1, that we have natural inclusions
L, C D.; C Dy,
U U
I, < IL,,
which determine a commutative diagram of profinite groups
Dej /Ivs B D’Us /IUS

z] ]z
Hej — 1,

— where the horizontal arrows are the natural inclusions, and
the vertical arrows are isomorphisms.

In the situation of (i), by applying the construction of “A,” of
[CbTpl], Definition 3.8, (i), to the collection of data consisting
of
e the profinite group D, /I,, and
e the various images in D, /1,,, by the right-hand vertical
isomorphism I1,, = D, /I,, of the final display of (i), of
the edge-like subgroups of Ilg, contained in I1,,,

one may construct a cyclotome
A(DUS/IUS>'

Moreover, by applying the construction of “syn,” of [CbTpl],
Corollary 3.9, (v), to the collection of data consisting of

e the profinite groups D,,/1,,, D, /1,,,
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e the various images in D, /1,,, by the right-hand vertical
isomorphism Il,, = D, /I,, of the final display of (i), of
the edge-like subgroups of Ilg, contained in 11,,, and

e the upper horizontal arrow D, /1,, — D,, /1, of the final
display of (i) [i.e., that corresponds the branch b; ],

one may construct an isomorphism

~

spny, Dej/lvs — A(D,,/1L,,).
Write

A e L, ®5v, AM(Dy,/1,,) if (a) is satisfied
vs A(D,./1,,) if (b) is satisfied

A et det(D.;) if (a) is satisfied
G D.,/1,, if (b) is satisfied
— where the “det” is taken with respect to the structure of free
Z>0-module of finite rank of the profinite group D.;; we observe
that if condition (a) is satisfied, then the exact sequence of free
Z*¥°-modules of finite rank

1—1I,, — D.,, — D, /I,, — 1
yields a natural identification
Mej = ‘[’Us ®ZEO (Dej/‘[’l)s)

of Z50 -modules [cf. [CmbGC], Remark 1.1.3; [NodNon|, Lemma
2.5, (i); [NodNon|, Remark 2.7.1]; we observe that if condition
(b) is satisfied, then since I,,, = {1}, we have a natural isomor-
phism D, 5 D.,/1,, = M.,. If condition (a) is satisfied, then

let us write
Mst)nbj,83 Mej = Ivs®220<Dej/Ivs) — IUS®ZEOA<D1)S/[US) = M,,

for the isomorphism determined by the above isomorphism syny, .
If condition (b) is satisfied, then let us write

~

Maon,,, < sy, M, = Do, /L, = A(Dy/L,) = M,

5"

(iii) In the situation of (ii), write ng Ly (respectively, 1) if condi-
tion (a) (respectively, (b)) is satisfied. Write

On(y) € Aut(M,, @px, (Z7°/NZ)) = (2 /NZ™)*

for the automorphism of the free 750 -module [of rank one]
M, ®ss, (Z*°/NZ*) obtained by forming the composite of
the isomorphism

Meo ®750 (220/‘]\[220) — M., ®750 (ZEO/NZEO)
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determined by conjugating by v € Il; [cf. conditions (3), (4)
in (i)] with the isomorphism
Mem ®220 (220/1\@20) ;> Meo ®220 (ZEO/NZEO)
determined by the inverse of the composite
Ms\jn5070 Mﬁ‘)nbfll’o Msgnbl,l Ms‘)n;z%l

~ ~

M, — M, — M., — M, —

M Mgyn—1
5‘)“b”m—l,m—l " bm,m—l
~ ~
— M, ., — M,,.

Suppose that v € Il., ;. Then the image of v by the composite

®X2n
% 0

I, — J 25 Aut(Gy) > (Z%) — (Z%/NZ™)"
[cf. [CbTpl], Definition 3.8, (ii)] coincides with ®x(v)? €
(Z%0 | NZ*0)*.

(iv) Let p: II; — (Z¥)* be a character fi.c., a continuous homo-
morphism] and n, a positive integer diwvisible by 2[I1; : 11, ;].
Suppose that, for each positive integer N’ and each v € 1l., ;,
the image of p(y')? € (Z¥0)* in (Z¥0 /N'Z™)* coincides with
O ()2 € (250 /N'Z™)* [ef. (iii)]. Then the n,-th power of
the character p coincides with the n,-th power of the character
obtained by forming the composite

®n,
% 0

M, — J 25 Aut(Gy) 2o (Z%)
[ef. (iii)].

Proof. Assertions (i), (ii) follow immediately from the various defini-
tions involved. Next, we verify assertion (iii). Let us first observe that
it follows immediately from the various definitions involved that there
exist § € Hgo g HeO’J and € € NHJ(HeO) N HeO’J (g NHJ(Deo) N Heo’!])
such that v = 0 -e. Now one verifies immediately from [CbTpI], Corol-
lary 3.9, (ii), (v); [CbTpI], Corollary 5.9, (ii), that the action of € on
M., by conjugation is given by multiplication by xg,(€)™. Moreover,
let us observe that one verifies easily that the collection of data of as-
sertion (i) [i.e., associated to 7] satisfies conditions (1), (2), (3), (4) in
assertion (i) in the case where we take “y” to be §. Also, let us observe
that the image of § by the composite

®ng

M, — J 25 Aut(Go) o (Z%0) —s (Z50/NZZ0)*

is trivial. Thus, assertion (iii) follows immediately from [CbTpl], Corol-
lary 3.9, (ii), (v), (vi). This completes the proof of assertion (iii). As-
sertion (iv) is a formal consequence of assertion (iii). This completes
the proof of Lemma 4.19. O
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