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Abstract. Let (Xj , DXj ), j ∈ {1, 2}, be a smooth pointed stable curve of type (gXj , nXj )

over an algebraically closed field kj of characteristic p > 0, UXj

def
= Xj\DXj , and πt

1(UXj )
the tame fundamental group of (Xj , DXj

). Suppose that gX1
= 0, that k1 is an algebraic

closure of the finite field Fp, and that (the minimal models of) UX1
and UX2

are not iso-
morphic as schemes. In the present paper, we give an explicit construction of differences
between πt

1(UX1
) and πt

1(UX2
) via their finite quotients. In particular, our construc-

tion deduces a strong generalization of Tamagawa’s results concerning Grothendieck’s
anabelian conjecture for curves over algebraically closed fields of characteristic p. This
generalization shows that the anabelian phenomena for curves in positive characteristic
can be understood by using not only entire tame fundamental groups but also certain
finite quotients of them.
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1. Introduction

Let k be an algebraically closed field of characteristic p > 0, and let (X,DX) be a
smooth pointed stable curve of type (gX , nX) over k, where X denotes the (smooth)
underlying curve of genus gX and DX denotes the (finite) set of marked points with

cardinality nX
def
= #(DX) satisfying 2gX + nX − 2 > 0. By choosing a base point of

x ∈ UX
def
= X \DX , we have the étale fundamental group π1(UX , x) of UX and the tame

fundamental group πt
1(UX , x) of (X,DX).

1.1. Finite quotients of fundamental groups and main problem. We maintain the
notation introduced above. For simplicity, write π1(UX) and πt

1(UX) for π1(UX , x) and
πt
1(UX , x), respectively, and denote by

πét
A (UX), π

t
A(UX)

the sets of finite quotients of π1(UX) and πt
1(UX), respectively. Since there is a natural

surjection π1(UX) ↠ πt
1(UX), we have πt

A(UX) ⊆ πét
A (UX).

1.1.1. Suppose that UX is affine (i.e., nX > 0). In 1957, S. Abhyankar ([A]) made a
famous conjecture which gives a precise description for the set πét

A (UX). In particular, it
says that πét

A (UX) can be completely determined by the type (gX , nX), and that πét
A (UX)

cannot determine the isomorphism class of UX as a scheme. The solvable case of Ab-
hyankar’s conjecture was solved by J-P. Serre ([Ser2]) and the full conjecture was proved
by M. Raynaud ([R1]) where UX = A1

k is an affine line, and by D. Harbater ([H]) where
UX is an arbitrary affine curve over k. The next step is naturally to ask how many infor-
mation about the structure of π1(UX) can be carried by πét

A (UX). Note that since π1(UX)
is not topologically finitely generated when UX is affine, the isomorphism class of π1(UX)
(as a profinite group) cannot be determined by the set πét

A (UX).
Furthermore, A. Tamagawa ([T1]) discovered surprisingly that there exist anabelian

phenomena for étale fundamental groups of curves over algebraically closed fields of char-
acteristic p. These kind of anabelian phenomena say that the isomorphism classes of
curves as schemes can be completely determined by the isomorphism classes of their étale
fundamental groups as profinite groups. Tamagawa’s result tell us that there are essential
differences between π1(UX) and π

ét
A (UX), and that almost no information about π1(UX)

can be carried by πét
A (UX).

1.1.2. Next, we return to the the case where (X,DX) is an arbitrary smooth pointed
stable curve over k (i.e., nX ≥ 0). Since the tame fundamental group πt

1(UX) is topo-
logically finitely generated, the isomorphism class of πt

1(UX) as a profinite group can be
completely determined by the set of finite quotients πt

A(UX) ([FJ, Proposition 16.10.7]).
So the information carried by πt

1(UX) is equivalent to the information carried by πt
A(UX).

However, unlike the case of étale fundamental groups, the situation is becoming very
elusive. At the present, very little is known about πt

A(UX). For instance, we still do
not know whether a finite group G is contained in πt

A(UX) or not even in the simplest
case where G is an extension of an abelian group by an abelian p-group (note that the
problem is trivial if G is abelian). On the other hand, if UX is generic (in the sense of
moduli spaces), there exist criteria to determine whether a finite group G is contained in
πt
A(UX) or not, where G is an extension of an abelian group by a p-group ([B], [N], [OP],

[PaSt], [Y4], [Z]). These criteria are deduced from the following geometric observation:
Some evidence suggests that the p-rank of all abelian tame coverings (i.e., Galois tame
coverings whose Galois groups are abelian) of a generic curve can attain maximum (e.g.
all étale coverings of generic curves are ordinary if nX = 0 ([N], [Z])). However, the
method of above criteria cannot be extended to the case of arbitrary finite groups since
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a result of Raynaud ([R2]) says that the p-rank of the Galois tame coverings of a generic
curve cannot attain maximum in general. On the other hand, even in the case of generic
curves, we still do not know whether the p-rank of all abelian tame coverings of a generic
curve can attain maximum or not if nX > 0 (but see [B] for the case where nX ≤ 4, and
see [Y4] for a criterion for ordinary abelian tame coverings of an arbitrary generic curve).

1.1.3. Main problem. In fact, one cannot expect an explicit description for πt
A(UX) since

anabelian phenomena also exist for tame fundamental groups. Tamagawa ([T3]) gener-
alized the main result of [T1] to the case of tame fundamental groups. In particular, it
shows that the set of πt

A(UX) depends on not only the type (gX , nX) but also the isomor-
phism class of UX . See [PoSa], [R3], [T4], [Y1], [Y3] for more results concerning these
kind of anabelian phenomena.

In order to understand more precisely the relationship between the structures of tame
fundamental groups and the anabelian phenomena (or equivalently, the relationship be-
tween the sets of finite quotients of tame fundamental groups and the scheme-theoretical
structures of curves) in positive characteristic world, we ask a problem from a different
view of point of 1.1.2:

Problem 1.1. How does the scheme-theoretical structure of a curve affect explicitly the
set of finite quotients of its tame fundamental group? Or more precisely, what exactly
are the differences for the sets of finite quotients of the tame fundamental groups of non-
isomorphic curves?

1.2. Main result. In the present paper, we solve the above problem for certain curves.

1.2.1. We fix some notation. Let (Xj, DXj
), j ∈ {1, 2}, be a smooth pointed stable curve

of type (gXj
, nXj

) over an algebraically closed field kj of characteristic p > 0, UXj

def
=

Xj \DXj
, πt

1(UXj
) the tame fundamental group of (Xj, DXj

), and πt
A(UXj

) the set of finite

quotients of πt
1(UXj

). Let s, b ∈ N be positive natural numbers. We put D
(1)
b (πt

1(UXj
))

def
=

[πt
1(UXj

), πt
1(UXj

)]
(
πt
1(UXj

)
)b

andD
(i)
b (πt

1(UXj
))

def
= D

(1)
b

(
D

(i−1)
b (πt

1(UXj
)
)
for i ∈ {2, . . . , s},

where [πt
1(UXj

), πt
1(UXj

)] denotes the commutator subgroup of πt
1(UXj

).
We denote by kmj the minimal algebraically closed subfield of kj over which UXj

can be
defined. Thus, by considering the function field of Xj, we obtain a smooth pointed stable
curve (Xm

j , DXm
j
) (i.e., a minimal model of (Xj, DXj

) in the sense of [T2, Definition 1.30

and Lemma 1.31]) such that

UXj

∼→ UXm
j
×kmj kj

as kj-schemes, where UXm
j

def
= Xm

j \DXm
j
. Note that the tame fundamental group πt

1(UXm
j
)

of (Xm
j , DXm

j
) is naturally isomorphic to πt

1(UXj
).

1.2.2. The main result of the present paper is as follows (see Theorem 6.2 for a precise
statement):

Theorem 1.2. We maintain the notation introduced above. Suppose that km1 is an al-
gebraic closure of the finite field Fp, that gX1 = 0, and that UXm

1
6∼= UXm

2
. Then we can

construct explicitly a finite group G depending on UXm
1

and UXm
2

such that G 6∈ πt
A(UX1)

and G ∈ πt
A(UX2).

Our construction given in Theorem 1.2 (i.e., Theorem 6.2) implies the following inter-
esting anabelian result without any assumptions between the full tame fundamental groups
πt
1(UX1) and π

t
1(UX2) (see Theorem 6.3 for a precise statement):
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Theorem 1.3. We maintain the notation introduced above. Suppose that km1 is an alge-
braic closure of the finite field Fp and that gX1 = 0. Then we can construct explicitly a nat-

ural number c(I) ∈ N depending on UXm
1
and finite groups G1

def
= πt

1(UX1)/D
(2)
c(I)(π

t
1(UX1)) ∈

πt
A(UX1), G2

def
= πt

1(UX2)/D
(6)
c(I)(π

t
1(UX2)) ∈ πt

A(UX2) such that

UXm
1

∼= UXm
2

as schemes if and only if
G1, G2 ∈ πt

A(UX1) ∩ πt
A(UX2).

Moreover, suppose further gX1 = gX2 = 0 and nX1 = nX2. Then we have that

UXm
1

∼= UXm
2

as schemes if and only if
G2 ∈ πt

A(UX1) ∩ πt
A(UX2).

Remark 1.3.1. Theorem 1.3 shows that the anabelian phenomena for curves over alge-
braically closed fields of positive characteristic can be understood by using not only entire
étale or tame fundamental groups but also certain finite quotients of them.

In [T1] and [T3], Tamagawa proved the following results concerning Grothendieck’s
anabelian conjecture:

We maintain the notation introduced above. Suppose that gX1 = 0, and
that k1 = k2 is an algebraic closure of the finite field Fp. Then the following
statements hold:
(i) UX1

∼= UX2 as schemes if and only if π1(UX1)
∼= π1(UX2) (see [T1,

Theorem 0.2]), where π1(UXj
), j ∈ {1, 2}, is the étale fundamental

group of UXj
.

(ii) UX1
∼= UX2 as schemes if and only if πt

1(UX1)
∼= πt

1(UX2) (see [T3,
Theorem 0.2]).

(i) and (ii) are the main results of [T1] and [T3], respectively, moreover, we have that
(i) can be deduced from (ii) ([T1, Corollary 1.5]), and that (ii) is much harder than (i).
At the present, these results are also the only results that we know about Grothendieck’s
anabelian conjecture for smooth curves over algebraically closed fields of characteristic p.
A direct consequence of Theorem 1.3 is the following strong generalization of the

above results obtained by Tamagawa which can be regarded as a “finite version” of
Grothendieck’s anabelian conjecture (see Corollary 6.4 for a precise statement):

Corollary 1.4. We maintain the notation introduced above. Suppose that km1 is an alge-
braic closure of the finite field Fp and that gX1 = 0. Then we can construct explicitly a
natural number c(I) ∈ N depending on UXm

1
such that

UXm
1

∼= UXm
2

as schemes if and only if
G′

1
∼= G′

2,

where G′
j
def
= πt

1(UXj
)/D

(6)
c(I)(π

t
1(UXj

)) ∈ πt
A(UXj

), j ∈ {1, 2}.

Remark 1.4.1. Note that we have G1 6= G′
1 and G2 = G′

2, where Gj, G
′
j are finite groups

constructed in Theorem 1.3 and Corollary 1.4, respectively. Moreover, although Theorem
1.3 implies that the condition G1, G2 ∈ πt

A(UX1)∩πt
A(UX2) mentioned in Theorem 1.3 and

the condition G′
1
∼= G′

2 mentioned in Corollary 1.4 are equivalent, Theorem 1.3 is much
stronger than Corollary 1.4, and it cannot be deduced from Corollary 1.4. More precisely,
the condition G1, G2 ∈ πt

A(UX1)∩πt
A(UX2) only says that there exists a surjection G′

1 ↠ G′
2
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which is much weaker than the condition G′
1
∼= G′

2. The difficulties of anabelian geometry
under the conditions G′

1 ↠ G′
2 and G′

1
∼= G′

2 are essentially different, the former is a
Hom-type problem and the latter is an Isom-type problem.

On the other hand, the condition G1, G2 ∈ πt
A(UX1) ∩ πt

A(UX2) is very important when
we apply Theorem 1.3 to study the topological properties concerning the moduli spaces of
fundamental groups (e.g. see §1.3 below), but the condition G′

1
∼= G′

2 is far from enough.

1.2.3. Next, we briefly explain the method of proving Theorem 1.2 which is completely
different from the method used in [T1], [T3], and whose main ingredients are a formula
concerning maximum of generalized Hasse-Witt invariants and the theory of combinatorial
anabelian geometry in positive characteristic developed in the papers [Y2], [Y5]. For
simplicity, we may assume (gX1 , nX1) = (gX2 , nX2) = (0, n) which is the most difficult
part of the present paper. Moreover, under this assumption, Theorem 1.2 is equivalent
to the “moreover” part of Theorem 1.3.

The “only if” part of the “moreover” part of Theorem 1.3 is trivial. In order to prove
the “if” part of the “moreover” part of Theorem 1.3, we need to construct explicitly a
suitable finite group G ∈ πt

A(UX2) such that the scheme-theoretical structures of UXm
1
and

UXm
2

can be controlled by an arbitrary surjection πt
1(UX1) ↠ G. This is an extremely

difficult problem in general since a finite quotient of the tame fundamental group of a
curve cannot contain all information of the scheme-theoretical structure of the curve in
general ([Y6, Theorem 3.6]).
To overcome the difficulty, we introduce the so-called “quasi-anabelian pairs” (see Def-

inition 4.1) associated to tame fundamental groups. Roughly speaking, a quasi-anabelian
pair consists of two finite quotients of a tame fundamental group which allows us to
consider anabelian geometry via finite quotients. In §4, by using a formula concerning
maximum of generalized Hasse-Witt invariants and the theory of combinatorial anabelian
geometry in positive characteristic, we give an explicit construction for a quasi-anabelian
pair associated to the tame fundamental group of an arbitrary smooth pointed stable
curve (Theorem 4.6). Once a general method for constructing quasi-anabelian pairs has
been established, moreover, in the particular case where Xm

1 is a smooth pointed stable
curve of type (0, n) over Fp, we may construct a quasi-anabelian pair (QN2 , QH2) associ-
ated to πt

1(UX2) depending on UXm
1
and UXm

2
which contains the information of scheme-

theoretical structure of UXm
2
. Then we put G

def
= QN2 and prove that the information

of scheme-theoretical structure of Xm
2 can be determined completely by the information

of scheme-theoretical structure of Xm
1 via an arbitrary surjection πt

1(UX1) ↠ G. This
completes the proof of Theorem 1.3.

1.3. A further motivation. Let us explain a further background that motivated the
theory developed in the present paper. In [Y6], the author of the present paper intro-
duced a topological space Πg,n (or more general, Πg,n). We call Πg,n (or more general,
Πg,n) the moduli space of fundamental groups of curves of type (g, n), whose underly-
ing set is the sets of isomorphism classes of tame fundamental groups (or more general,
admissible fundamental groups), and whose topology is determined by the sets of finite
quotients of tame fundamental groups (or more general, the sets of finite quotients of
admissible fundamental groups). Furthermore, in [Y6], we posed the so-called homeomor-
phism conjecture, roughly speaking, which says that (by quotiening a certain equivalence
relation induced by Frobenius actions) the moduli spaces of curves are homeomorphic
to the moduli spaces of fundamental groups. The main results of [Y6], [Y7] say that
the homeomorphism conjecture holds for 1-dimensional moduli spaces of pointed stable
curves.
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The homeomorphism conjecture generalizes all of the conjectures appeared in the (tame
or admissible) anabelian geometry of curves over algebraically closed fields of positive char-
acteristic. It sheds some new light on the theory of the anabelian geometry of curves over
algebraically closed fields of positive characteristic based on the following consideration:

The anabelian properties of pointed stable curves of type (g, n) is equivalent
to the topological properties of the topological space Πg,n.

Moreover, this consideration supplies a point of view to see what anabelian phenomena
for curves over algebraically closed fields of positive characteristic that we can reasonably
expect. Then it is important to understand the precise relationship between the open
subsets of Πg,n (or more general, the open subsets of Πg,n) and the sets of finite quotients
of tame fundamental groups (or more general, the sets of finite quotients of admissible
fundamental groups). Theorem 1.2 implies the following result concerning the topological
properties of Π0,n:

We maintain the notation introduced in 1.2. Let qj ∈ Π0,n, j ∈ {1, 2}, be
the point of Π0,n corresponding to the isomorphism class of πt

1(UXj
). Then

we can construct explicitly an open neighborhood U ⊆ Π0,n of q2 such that
q1 6∈ U .

1.4. Structure of the present paper. The present paper is organized as follows. In §2,
we fix some notation concerning curves, tame coverings, and tame fundamental groups.
In §3, we prove that various geometric objects can be reconstructed group-theoretically
from certain finite quotients of tame fundamental groups. In §4, we introduce “quasi-
anabelian pairs” associated to tame fundamental groups and give an explicit construction
for quasi-anabelian pairs. In §5, we prove that the field structures associated to inertia
subgroups and linear structures associated to affine lines can be reconstructed group-
theoretically from quasi-anabelian pairs. In §6, by applying various results obtained in
previous sections, we prove our main result.

1.5. Acknowledgements. The author was supported by JSPS Grant-in-Aid for Young
Scientists Grant Numbers 20K14283.

2. Preliminaries

In this section, we fix some notation which will be used in the remainder of the present
paper.

2.1. Curves and their tame fundamental groups.

2.1.1. Let k be an algebraically closed field of characteristic p > 0, and let

(X,DX)

be a smooth pointed stable curve of type (gX , nX) over k, where X denotes the (smooth)
underlying curve of genus gX and DX denotes the finite set of marked points with cardi-

nality nX
def
= #(DX) satisfying [Kn, Definition 1.1 (iv)] (i.e., 2gX + nX − 2 > 0). We put

UX
def
= X \DX . Then UX is a hyperbolic curve over k.

Let (W,DW ) be a smooth pointed stable curve over k and f : (W,DW ) → (X,DX)
a morphism of smooth pointed stable curves over k. We shall say that f is étale (resp.
tame, Galois étale, Galois tame) if the underlying morphism W → X induced by f is
étale (resp. the morphism UW → UX induced by f is étale and is at most tamely ramified
over DX , f is a Galois covering and is étale, f is a Galois covering and is tame).
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2.1.2. By choosing a base point of x ∈ UX , we have the tame fundamental group
πt
1(UX , x) of (X,DX) and the étale fundamental group π1(X, x) of X. Since we only

focus on the isomorphism classes of fundamental groups in the present paper, for simplic-
ity of notation, we omit the base point, and denote by

πt
1(UX)

the tame fundamental group πt
1(UX , x) of (X,DX) and π1(X) the étale fundamental group

π1(X, x) of X. Note that there is a natural continuous surjection πt
1(UX) ↠ π1(X).

We shall write
πt
A(UX)

for the set of finite quotients of πt
1(UX). Since πt

1(UX) is topologically finitely gener-
ated, the isomorphism class of πt

1(UX) is completely determined by the set πt
A(UX) ([FJ,

Proposition 16.10.7]).

2.1.3. Let H ⊆ πt1(UX) be an arbitrary open subgroup. We shall denote by (XH , DXH
)

the smooth pointed stable curve of type (gH , nH) over k corresponding to H and fH :
(XH , DXH

) → (X,DX) the tame covering of smooth pointed stable curves over k corre-
sponding to the natural injection H ↪→ πt

1(UX). Note that the tame fundamental group
πt
1(UXH

) of (XH , DXH
) is naturally isomorphic to H.

We put

X̂
def
= lim←−

H⊆πt
1(UX) open

XH , DX̂

def
= lim←−

H⊆πt
1(UX) open

DXH
,

and call (X̂,DX̂) the universal tame covering of (X,DX) corresponding to πt
1(UX) and

DX̂ the set of marked points of (X̂,DX̂). Then there is a natural action of πt
1(UX) on DX̂

such that DX̂/π
t
1(UX) = DX .

Let x ∈ DX be a marked point and x̂ ∈ DX̂ a point over x (i.e., the image of x̂ of the
natural surjection DX̂ ↠ DX is x). We denote by Ix̂ ⊆ πt

1(UX) the stabilizer subgroup of

x̂. Let K̂X,x be the quotient field of ÔX,x and K̂t
X,x a maximal tamely ramified extension

of K̂X,x. Then the subgroup Ix̂ is (outer) isomorphic to Gal(K̂t
X,x/K̂X,x). Thus, we have

Ix̂ ∼= Ẑ(1)p′ , where (−)p′ denotes the maximal prime-to-p quotient of (−). We put

Edgop(πt
1(UX))

def
= {Ix̂}x∈D

X̂
,

where “Edg” and “op” mean “edge” and “open edge”, respectively, since the set of marked
points of a pointed stable curve corresponds to the set of open edges of its dual semi-graph.
The set Edgop(πt

1(UX)) admits a natural action of πt
1(UX) (i.e., the conjugacy action), and

we have the following bijection

Edgop(πt
1(UX))/π

t
1(UX)

∼→ DX , Ix̂ 7→ x.

2.1.4. Let a, b, s ∈ N be positive natural numbers, I0
def
= ∅, and Ii

def
= {b1, . . . , bi} ⊆ N,

i ∈ {1, . . . , a}, a finite set of positive natural numbers. Let ∆ be a profinite group.
We denote by Db(∆) ⊆ ∆ the topological closure of [∆,∆]∆b, where [∆,∆] denotes
the commutator subgroup of ∆. We define the closed normal subgroup DIi(∆) of ∆

inductively by DI0(∆)
def
= ∆, DI1(∆)

def
= Db1(∆) and DIi+1

(∆)
def
= Dbi+1

(DIi(∆)), i ∈
{1, . . . , a − 1}. We put GIi

∆
def
= ∆/DIi(∆), i ∈ {1, . . . , a}. Moreover, we define the closed

normal subgroup D
(s)
b (∆) of ∆ inductively by D

(0)
b (∆)

def
= ∆, D

(1)
b (∆)

def
= Db(∆), and

D
(s)
b (∆)

def
= Db(D

(s−1)
b (∆)). We put Gs,b

∆
def
= ∆/D

(s)
b (∆). Note that, if ∆ is topologically

finitely generated, then DIi(∆) and D
(s)
b (∆) are open characteristic subgroups of ∆ (in

particular, we have #(GIi
∆) <∞, #(Gs,b

∆ ) <∞).
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2.2. Cohomology classes and sets of marked points.

2.2.1. Notation and Settings. We maintain the notation introduced in 2.1.1. Moreover,
we suppose gX ≥ 2 and nX > 0 (i.e., UX is affine).

2.2.2. Let h : (W,DW )→ (X,DX) be a connected Galois tame covering over k. We put

Ramh
def
= {x ∈ DX | h is ramified over x}.

Let (Y,DY ) be a smooth pointed stable curve over k. We shall say that

TUX

def
= (`, d, fX : (Y,DY )→ (X,DX))

is an mp-triple associated to (X,DX), where “mp” means “marked point”, if the following
conditions hold:

(i) ` and d are prime numbers distinct from each other such that (`, p) = (d, p) = 1
and ` ≡ 1 (mod d); then all dth roots of unity are contained in Fℓ.

(ii) fX is a Galois étale covering (2.1.1) over k whose Galois group is isomorphic to
µd, where µd ⊆ F×

ℓ denotes the subgroup of dth roots of unity.

Then we have an injection H1
ét(Y,Fℓ) ↪→ H1

ét(UY ,Fℓ) induced by the surjection πt
1(UY ) ↠

π1(Y ). Note that every non-zero element of H1
ét(UY ,Fℓ) induces a connected Galois tame

covering of (Y,DY ) of degree `. Moreover, we obtain an exact sequence

0→ H1
ét(Y,Fℓ)→ H1

ét(UY ,Fℓ)→ Div0DY
(Y )⊗ Fℓ → 0

with a natural action of µd, where Div0DY
(Y )

def
= {D ∈ Div(Y ) | deg(D) = 0, Supp(D) ⊆

DY }.

2.2.3. Let
(
Div0DY

(Y ) ⊗ Fℓ
)
µd
⊆ Div0DY

(Y ) ⊗ Fℓ be the subset of elements on which µd

acts via the character µd ↪→ F×
ℓ and E∗

TUX
⊆ H1

ét(UY ,Fℓ) the subset of elements whose

images in
(
Div0DY

(Y )⊗Fℓ
)
µd

are non-zero. Write gα : (Yα, DYα)→ (Y,DY ), α ∈ E∗
TUX

, for

the Galois tame covering over k whose Galois group is isomorphic to Z/`Z induced by α.

We define ε : E∗
TUX
→ Z, α 7→ #(DYα), and put E⋆

TUX

def
= {α ∈ E∗

TUX
| #(Ramgα) = d}.

Since d|#(Ramgα) for all α ∈ E∗
TUX

, we see

E⋆
TUX

= {α ∈ E∗
TUX
| ε(α) = `(dnX − d) + d}.

Note that E⋆
TUX

is not empty.

Let α ∈ E⋆
TUX

. Since the image of α is contained in (Div0DY
(Y ) ⊗ Fℓ)µd , the action of

µd on Ramgα ⊆ DY is transitive. Thus, there exists a unique marked point xα ∈ DX such
that fX(y) = xα for all y ∈ Ramgα . Then we may define

E⋆
TUX

,x
def
= {α ∈ E⋆

TUX
| gα is ramified over f−1

X (x)}, x ∈ DX .

Note that we have E⋆
TUX

,x′ ∩ E⋆
TUX

,x′′ = ∅ for all marked points x′, x′′ ∈ DX distinct from

each other and the disjoint union

E⋆
TUX

=
⊔
x∈DX

E⋆
TUX

,x.

The following result says that the set of marked points DX can be described by using the
set E⋆

TUX
.

Proposition 2.1. (i) We define a pre-equivalence relation ∼ on E⋆
TUX

as follows:
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Let α, β ∈ E⋆
TUX

. We have that α ∼ β if, for each λ, µ ∈ F×
ℓ for which

λα + µβ ∈ E∗
TUX

, we have λα + µβ ∈ E⋆
TUX

.

Then the pre-equivalence relation ∼ on E⋆
TUX

is an equivalence relation.

(ii) Denote by ETUX
the quotient set of E⋆

TUX
by ∼ defined in (a). Then we have a

natural bijection

ϑTUX
: ETUX

∼→ DX , [α] 7→ xα,

where [α] denotes the equivalence class of α.

Proof. The proposition is a special case of [Y2, Proposition 2.2] (i.e., the part of the
proposition concerning “(−)op”). □

Remark 2.1.1. The bijection ϑTUX
does not depend on the choices of TUX

in the following

sense: Let T′
UX

be an arbitrary mp-triples associated to (X,DX). Then [Y2, Remark 2.2.1]
says that we have a natural bijection

ET′
UX

∼→ ETUX

which fits into the following commutative diagram:

ET′
UX

ϑT′
UX−−−→ DXy ∥∥∥

ETUX

ϑTUX−−−→ DX .

2.3. Generalized Hasse-Witt invariants.

2.3.1. Notation and Settings. We maintain the notation introduced in 2.1.1.

2.3.2. Let n be an arbitrary positive natural number prime to p and µn ⊆ k× the group
of nth roots of unity. Fix a primitive nth root ζ, then we may identify µn with Z/nZ via
the isomorphism ζ i 7→ i. Let α ∈ Hom(πt

1(UX),Z/nZ). We denote by fα : (Xα, DXα) →
(X,DX) the Galois tame covering (possibly disconnected) over k with Galois group Z/nZ
corresponding to α. Write FXα for the absolute Frobenius morphism on Xα. Then there
exists a decomposition ([Ser1, Section 9])

H1(Xα,OXα) = H1(Xα,OXα)
st ⊕H1(Xα,OXα)

ni,

where FXα is a bijection on H1(Xα,OXα)
st and is nilpotent on H1(Xα,OXα)

ni. Moreover,
we have H1(Xα,OXα)

st = H1(Xα,OXα)
FXα ⊗Fp k, where H

1(Xα,OXα)
FXα denotes the

subspace of H1(Xα,OXα) on which FXα acts trivially. Then Artin-Schreier theory implies

that we may identify Hα
def
= H1

ét(Xα,Fp)⊗Fp k with the largest subspace of H1(Xα,OXα)
on which FXα is a bijection.

The finite dimensional k-linear space Hα is a finitely generated k[µn]-module induced by
the natural action of µn on Xα, moreover, it admits the following canonical decomposition

Hα =
⊕
i∈Z/nZ

Hα,i,

where ζ ∈ µn acts on Hα,i as the ζ
i-multiplication. We call γα,i

def
= dimk(Hα,i), i ∈ Z/nZ,

a generalized Hasse-Witt invariant (see [Ka], [N], [T1], [Y5]) of the cyclic tame covering
fα. In particular, we call γα,1 the first generalized Hasse-Witt invariant of the cyclic tame
covering fα.
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2.3.3. Let Fp be an algebraic closure of Fp, H ⊆ πt
1(UX) an open characteristic subgroup,

and QH
def
= πt

1(UX)/H. Let #(Qab
H ) = pdm such that m 6= 1 and (p,m) = 1, where (−)ab

denotes the abelianization of (−).
Let χ ∈ Hom(QH ,F

×
p ) and QH,χ ⊆ QH the kernel of χ. Then the finite group QH,χ

admits a natural action of QH via the conjugation action. We put

Nχ
def
= {π ∈ Hχ,p

def
= Hom(QH,χ,Z/pZ)⊗Fp Fp | τ · π = χ(τ)π for all τ ∈ QH},

γNχ

def
= dimFp

(Nχ),

where (τ · π)(x) def
= π(τ−1 · x) for all x ∈ QH,χ. We define a group-theoretical invariant

associated to the finite group QH as follows:

γmax
QH

def
= max{γNχ | χ ∈ Hom(QH ,F

×
p ) and χ 6= 1}.

Let µm′
def
= χ(QH) ⊆ F×

p be the image of χ which is the group of m′th roots of unity
for some natural number m′|m prime to p. Write (Xχ, DXχ) → (X,DX) for the Galois
tame covering over k with Galois group µm′ induced by the composition of surjections

πt
1(UX) ↠ QH

χ
↠ F×

p . Suppose

H ⊆ D(1)
p (D

(1)
m′ (π

t
1(UX))).

Then χ : QH → F×
p factors through the natural surjection QH ↠ πt

1(UX)/D
(1)
p (D

(1)
m′ (πt

1(UX))).

Thus, we have a natural QH-equivariant isomorphism H1
ét(Xχ,Fp) ⊗Fp Fp ∼= Hχ,p. More-

over, since the actions of QH on H1
ét(Xχ,Fp)⊗Fp Fp and Hχ,p factor through QH/QH,χ

∼=
µm′ , the isomorphism H1

ét(Xχ,Fp) ⊗Fp Fp ∼= Hχ,p is also µm′-equivariant. This means
that γNχ is a generalized Hasse-Witt invariant of the cyclic tame covering (Xχ, DXχ) →
(X,DX).

3. Reconstructions of marked points via finite quotients

In this section, we prove that the sets of marked points of smooth pointed stable curves
can be reconstructed group-theoretically from certain finite quotients of tame fundamental
groups. The main result of the present section is Proposition 3.5.

3.1. Reconstructions of types.

3.1.1. Notation and Settings. We maintain the notation introduced in 2.1.1. Moreover,
suppose nX > 0 (i.e., UX is affine).

Let m ∈ Z≥0 be an arbitrary non-negative integer and

C(m)
def
=

{
0, if m = 0,
3m−1m!, if m 6= 0.

Let

Γ̂gX ,nX

def
= 〈α1, . . . , αgX , β1, . . . , βgX , γ1, . . . , γnX

|
gX∏
r=1

[αr, βr]

nX∏
s=1

γs = 1〉pro

be the profinite completion of the topological fundamental group of a Riemann surface of
type (gX , nX). Now, we fix natural numbers

`, d, Ia
def
= {b1, . . . , ba} ⊆ N, c(Ia),

such that the following conditions are satisfied:

• ` and d are prime numbers distinct from p and distinct from each other such that
` ≡ 1 (mod d) (then all dth roots of unity are contained in Fℓ).



FINITE QUOTIENTS OF TAME FUNDAMENTAL GROUPS 11

• (`,
∏a

i=1 bi) = (d,
∏a

i=1 bi) = 1.

• Let e(Ia)′
def
= `d

∏a
i=1 bi. We put e(Ia)

def
= #

(
Γ̂gX ,nX

/D
(a+2)
e(Ia)′(Γ̂gX ,nX

)
)
(see 2.1.4 for

D
(a+2)
e(Ia)′(−)). Then we have p|c(Ia), e(Ia)|c(Ia), and (ptIa −1)|c(Ia), where tIa ∈ N

is a natural number satisfying ptIa − 1 > C
(
e(Ia)(2gX + 2nX)

)
.

On the other hand, let s, b ∈ N, I0
def
= ∅, and Ii

def
= {b1, . . . , bi}, i ∈ {1, . . . , a}. For

simplicity, we put (see 2.1.4 for DIi(−), D
(s)
b (−), GIi

(−), G
s,b
(−))

DIi
def
= DIi(π

t
1(UX)), D

(s)
b

def
= D

(s)
b (πt

1(UX)),

GIi def
= GIi

πt
1(UX)

= πt
1(UX)/DIi(π

t
1(UX)), G

s,b def
= Gs,b

πt
1(UX)

= πt
1(UX)/D

(s)
b (πt

1(UX))

the open characteristic subgroups and the finite quotients of πt
1(UX), respectively. Note

that we have D
(a)
c(Ia) ⊆ D

(a)
e(Ia) ⊆ DIa ⊆ πt

1(UX).

3.1.2. Anabelian reconstructions. Let F be a geometric object and ΠF a profinite (possibly
finite) group associated to F . Suppose that we are given an invariant InvF depending on
the isomorphism class of F (in a certain category), and that we are given an additional
structure AddF (e.g., a family of subgroups, a family of quotient groups, etc.) on the
profinite group ΠF depending functorially on F .
We shall say that InvF can be group-theoretically reconstructed from ΠF if there exists a

group-theoretical algorithm whose input datum is ΠF , and whose output datum is InvF .
We shall say that AddF can be group-theoretically reconstructed from ΠF if there exists a
group-theoretical algorithm whose input datum is ΠF , and whose output datum is AddF .

3.1.3. Firstly, we have the following lemma:

Lemma 3.1. Let H ⊆ πt
1(UX) be an arbitrary open subgroup, (XH , DXH

) the smooth

pointed stable curve of type (gH , nH) over k corresponding to H, and c
def
= p(pt − 1) a

positive natural number satisfying pt − 1 ≥ C
(
2gH + nH

)
. Then the following statements

hold (see 2.1.4 for G1,ℓ
H , G2,c

H ):
(i) We have 2gH + nH ≤ #(πt

1(UX)/H)(2gX + 2nX).
(ii) Let `|c be a prime divisor of c distinct form p. Then the natural number 2gH + nH

can be reconstructed group-theoretically from the finite group G1,ℓ
H = Hab ⊗ Fℓ.

(iii) The type (gH , nH) can be reconstructed group-theoretically from the finite group
G2,c
H .

Proof. (i) The Riemann–Hurwitz formula implies

gH ≤ #(πt
1(UX)/H)gX + (

nX
2
− 1)(#(πt

1(UX)/H)− 1).

On the other hand, we have nH ≤ nX#(πt
1(UX)/H). This completes the proof of (i).

(ii) Since we assume that UX is affine, we obtain 2gH + nH = dimFℓ
(G1,ℓ

H ) + 1. This
completes the proof of (ii).

(iii) By [Y5, Theorem 5.4] and its proof (in particular, line 4, page 82 of [Y5]; note that
the cardinality #

(
e(Γ(XH ,DXH

))
)
of the set of edges of the dual semi-graph of (XH , DXH

)

is equal to nH < C
(
2gH + nH

)
if X is non-singular), we have (see 2.3.3 for γmax

G2,c
H

)

γmax
G2,c

H

= gH + nH − 2.

In particular, gH + nH − 2 can be reconstructed group-theoretically from G2,c
H . On the

other hand, let `′|c be a prime divisor of c distinct form p. Since G2,c,ab
H ⊗ Fℓ′ = G1,ℓ′

H , (ii)
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implies that 2gH + nH − 1 = dimFℓ′
(G1,ℓ′

H ) can be reconstructed group-theoretically from

G2,c
H . Then

gH = dimFℓ′
(G1,ℓ′

H )− γmax
G2,c

H

− 1, nH = 2γmax
G2,c

H

− dimFℓ′
(G1,ℓ′

H ) + 1

can be reconstructed group-theoretically from G2,c
H . We complete the proof of (iii). □

The above lemma implies the following proposition:

Proposition 3.2. We maintain the notation and the settings introduced in 3.1.1. Then
the following statements hold:

(i) Let H ⊆ πt
1(UX) be an open subgroup such that D

(a+2)
e(Ia) ⊆ H, Then the type (gH , nH)

can be reconstructed group-theoretically from the finite group H
def
= H/D

(a+4)
c(Ia) ⊆ Ga+4,c(Ia).

(ii) Let N,H ⊆ πt
1(UX) be open subgroups such that D

(a+2)
e(Ia) ⊆ N ⊆ H. Write fN,H :

(XN , DXN
) → (XH , DXH

) for the tame covering over k corresponding to N ↪→ H. Then
we can detect whether fN,H is étale or not, group-theoretically from the finite groups

H
def
= H/D

(a+4)
c(Ia) , N

def
= N/D

(a+4)
c(Ia) ⊆ Ga+4,c(Ia).

Proof. (i) We see G
2,c(Ia)
H = H/D

(2)
c(Ia)(H). Then the proposition follows immediately from

Lemma 3.1 (iii).
(ii) Note that we have deg(fN,H) = #(H/N) = #(H/N). The Riemann-Hurwitz for-

mula implies that fH,N is étale if and only if gN − 1 = deg(fN,H)(gH − 1) holds. Then (ii)
follows immediately from (i). □

3.2. Reconstructions of marked points.

3.2.1. Notation and Settings. We maintain the notation and the settings introduced in
3.1.1, and put

T (DIa)
def
= {H ⊆ πt

1(UX) | DIa ⊆ H},

T (GIa)
def
= {H def

= H/D
(a+4)
c(Ia) | H ∈ T (DIa)}.

Moreover, in this subsection, we suppose gX ≥ 2.

3.2.2. Let H ⊆ πt
1(UX) be an open subgroup such that D

(a+1)
e(Ia) ⊆ H. Let H

def
= H/D

(a+4)
c(Ia)

and `′ ∈ {`, d} a prime number. Note that there exists a bijection Hom(H,Z/`′Z) ∼→
Hom(H,Z/`′Z), β 7→ β, induced by the natural surjectionH ↠ H. Let β ∈ Hom(H,Z/`Z)
be an element and Hβ

def
= ker(β) ⊆ πt

1(UX). We put

Homét(H,Z/`′Z) def
= {β ∈ Hom(H,Z/`′Z) | the Galois tame covering

(XHβ
, DXHβ

)→ (XH , DXH
) corresponding to Hβ ↪→ H is étale}.

Note that since we assume gX ≥ 2, the set Homét(H,Z/`′Z) is not equal to 0.

Lemma 3.3. We maintain the notation and the settings introduced above. Then Homét(H,Z/`′Z)
can be reconstructed group-theoretically from the finite groups H and Ga+4,c(Ia).

Proof. Let β ∈ Hom(H,Z/`′Z) be an arbitrary element and β ∈ Hom(H,Z/`′Z) the

element corresponding to β. Since D
(a+1)
e(Ia) ⊆ H, by the assumptions concerning `, d, and

e(Ia) (see 3.1.1), we see D
(a+2)
e(Ia) ⊆ Hβ ⊆ H and Hβ

def
= Hβ/D

(a+4)
c(Ia) = ker(β) ⊆ Ga+4,c(Ia).

Then the lemma follows immediately from Proposition 3.2 (ii). □
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If `′ = d and β ∈ Homét(H,Z/dZ) is a non-zero element, then the triple (`, d, (XHβ
, DXHβ

)→
(XH , DXH

)) is an mp-triple associated to (XH , DXH
) (2.2.2). We shall call

TH
def
= (`, d, β), β ∈ Homét(H,Z/dZ) \ {0},

an mp-triple associated to H. Lemma 3.3 implies immediately the following corollary:

Corollary 3.4. We maintain the notation and the settings introduced above. Then we
can construct an mp-triple associated to H group-theoretically from the finite groups H
and Ga+4,c(Ia).

3.2.3. Let H ∈ T (DIa) be an element and H ∈ T (GIa) the finite quotient of H. In the
remainder of the present section, we fix an mp-triple

TH
def
= (`, d, β)

associated to H. Let β ∈ Hom(H,Z/dZ) be the element corresponding β. Then we have

D
(a+1)
e(Ia) ⊆ Hβ and Hβ

def
= Hβ/D

(a+4)
c(Ia) = ker(β) ⊆ Ga+4,c(Ia). Denote by

MHβ

def
= Hom(Hβ,Z/`Z), M ét

Hβ

def
= Homét(Hβ,Z/`Z).

Then Lemma 3.3 and Corollary 3.4 imply that the exact sequence (as Fℓ[µd]-modules)

0→M ét
Hβ
→MHβ

→M ra
Hβ

def
= MHβ

/M ét
Hβ
→ 0

can be reconstructed group-theoretically from the finite groups H, Ga+4,c(Ia), and the
mp-triple TH associated to H.

We denote by M ra
Hβ ,µd

⊆M ra
Hβ

the subset of elements on which µd acts via the character

µd ↪→ F×
ℓ and E∗

TH
⊆ MHβ

the subset of elements whose images in M ra
Hβ ,µd

are non-zero.

Let α ∈ E∗
TH

, α ∈ Hom(Hβ,Z/`Z) the element corresponding to α, and Hα
def
= ker(α).

Denote by

E⋆
TH

def
= {α ∈ E∗

TH
| nHα = `(dnH − d) + d},

where nH , nHα denote the cardinalities of the sets of marked points of smooth pointed

stable curves corresponding to H, Hα, respectively. Since D
(a+2)
e(Ia) ⊆ Hα ⊆ H, Lemma 3.1

(iii) and Corollary 3.4 imply that E⋆
TH

can be reconstructed group-theoretically from the

finite groups H and Ga+4,c(Ia).
Note that we have the following natural isomorphisms

MHβ

∼= H1
ét(UXHβ

,Fℓ), M ét
Hβ

∼= H1(XHβ
,Fℓ), M ra

Hβ

∼= Div0DY
(Y )⊗ Fℓ

as Fℓ[µd]-modules. On the other hand, by replacing (X,DX) by (XH , DXH
) and by ap-

plying the constructions obtained in 2.2.3, we obtain E⋆
TUXH

determined by the mp-triple

TUXH

def
= (`, d, (XHβ

, DXHβ
)→ (XH , DXH

))

associated to (XH , DXH
). We see immediately that there is a natural bijection E⋆

TH

∼→
E⋆

TUXH

. Then we obtain a bijection

ETH

def
= E⋆

TH
/ ∼ ∼→ ETUXH

def
= E⋆

TUXH

/ ∼,

where ∼ is the equivalence relation defined in Proposition 2.1 (i).
Let N ∈ T (DIa) be an element and N ∈ T (GIa) the finite quotient of N . Suppose

N ⊆ H. Since we assume (d,
∏a

i=1 bi) = 1 (see 3.1.1), N ∩ Hβ is a subgroup of N such

that N/(N ∩ Hβ) is naturally isomorphic to H/Hβ
∼→ Z/dZ, where H/Hβ

∼→ Z/dZ is
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the isomorphism induced by β. Denote by βN : N ↠ N/(N ∩Hβ)
∼→ H/Hβ

∼→ Z/dZ the

composition of homomorphisms and NβN
def
= ker(βN) = N ∩Hβ. Then the finite groups

H, N , and the mp-triple TH associated to H determine group-theoretically an mp-triple

TN
def
= (`, d, βN)

associated to N . Furthermore, by replacing H by N and by similar arguments to the ar-
guments given above, we have that N and TN determine group-theoretically the following
sets

E⋆
TN
, ETN

def
= E⋆

TN
/ ∼ .

Then we have the following result:

Proposition 3.5. We maintain the notation and the settings introduced above. Then the
following statements hold:

(i) The set of marked points DXH
of (XH , DXH

) can be reconstructed group-theoretically
from the finite groups H and Ga+4,c(Ia). Namely, we can identify DXH

with ETH
via the

composition of bijections

ϑTH
: ETH

∼→ ETUX

ϑTUX
∼→ DX .

(ii) Let fN,H : (XN , DXN
)→ (XH , DXH

) be the tame covering of smooth pointed stable
curves over k corresponding to N ↪→ H and fmp

N,H : DXN
↠ DXH

the surjection of sets of

marked points induced by fN,H . Then the natural injection N ↪→ H induces a surjection

γTH ,N
: ETN

↠ ETH

which fits into the following commutative diagram:

ETN

ϑT
N−−−→ DXN

γT
H

,N

y fmp
N,H

y
ETH

ϑT
H−−−→ DXH

.

Moreover, suppose that N ⊆ H is a normal subgroup. Then ETN
admits an action of

H/N such that ϑTN
is compatible with H/N-actions (i.e., ϑTN

is H/N-equivariant).

Proof. (i) The statement (i) follows immediately from Proposition 2.1 (i), (ii).
(ii) Let αH ∈ E⋆

TH
⊆ Hom(Hβ,Z/`Z). Then αH induces an element αN,H ∈ Hom(NβN ,Z/`Z)

via the natural homomorphism Hom(Hβ,Z/`Z) → Hom(NβN ,Z/`Z) induced by NβN ⊆
Hβ. Since we assume (`,

∏a
i=1 bi) = 1 (see 3.1.1), αN,H is non-zero. Moreover, we have

αN,H =
∑
β∈J

cββ, cβ ∈ F×
ℓ ,

where J is a subset of E⋆
TN

such that, for β′, β′′ ∈ J distinct from each other, the equiva-

lence classes [β′], [β′′] ∈ ETN
of β′, β′′ are distinct from each other.

Let [αN ] ∈ ETN
. We define

γTH ,N
([αN ]) = [αH ]
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if [β] = [αN ] for some β ∈ J . It is easy to check that γTH ,N
is well-defined, and that the

following diagram

ETN

ϑT
N−−−→ DXN

γT
H

,N

y fmp
N,H

y
ETH

ϑT
H−−−→ DXH

.

is commutative.
Moreover, suppose that N is a normal subgroup of H. Since N,H ∈ T (DIa) (3.2.1)

and (d,
∏a

i=1 bi) = 1, we have H/NβN
∼= H/N × Z/dZ. Then the natural exact sequence

1→ NβN → H → H/NβN → 1

induces an outer representation H/N ↪→ H/NβN → Out(NβN )
def
= Aut(NβN )/Inn(NβN ).

Thus, we obtain an action of H/N on E⋆
TN
⊆ Hom(NβN ,Z/`Z) induced by the outer

representation. Let σ ∈ H/N and α′
N
, α′′

N
∈ E⋆

TN
. We obverse that α′

N
∼ α′′

N
if and only

if σ(α′
N
) ∼ σ(α′′

N
). Thus, we obtain an action of H/N on ETN

induced by the natural

injection N ↪→ H. On the other hand, it is easy to check that the above commutative
diagram is compatible with the H/N -actions. This completes the proof of (ii) of the
proposition. □

4. Quasi-anabelian pairs of finite groups

In this section, we introduce the so-called “quasi-anabelian pairs” associated to tame
fundamental groups. Roughly speaking, quasi-anabelian pairs are pairs of finite quotients
of tame fundamental groups which admit certain anabelian properties. The main result
of the present section is Theorem 4.6.

4.1. Definition of quasi-anabelian pairs.

4.1.1. Notation and Settings. We maintain the notation introduced in 2.1.1. Moreover,
we suppose nX > 0 (i.e., UX is affine).

4.1.2. Let H ⊆ πt
1(UX) be an open characteristic subgroup, QH

def
= πt

1(UX)/H the finite
quotient, and xH ∈ DXH

an arbitrary marked point of (XH , DXH
). Then (XH , DXH

)
admits a natural action of QH . We denote by IxH ⊆ QH the stabilizer subgroup of xH ,
and put

Edgop(QH)
def
= {IxH}xH∈DXH

.

We introduce the quasi-anabelian pairs associated to πt
1(UX) as follows:

Definition 4.1. Let N,H ⊆ πt
1(UX) be open characteristic subgroups such that N ⊆ H.

We put QN
def
= πt

1(UX)/N , QH
def
= πt

1(UX)/H the finite quotients. Let (Y,DY ) be an
arbitrary smooth pointed stable curve of type (gX , nX) over an algebraically closed field
l of characteristic p > 0 and πt

1(UY ) the tame fundamental group of (Y,DY ).
We shall say that

(QN , QH)

is a quasi-anabelian pair associated to πt
1(UX) if, for any surjection φ : πt

1(UY ) ↠ QN , the
following conditions are satisfied:

• Let ψ : πt
1(UY )

ϕ
↠ QN ↠ QH be the composition of surjections, where QN ↠ QH

is the natural surjection induced by N ⊆ H. Then for any Iŷ ∈ Edgop(πt
1(UY )),

there exists a marked point xH ∈ DXH
such that ψ(Iŷ) = IxH ∈ Edgop(QH).
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• For any Ix′H ∈ Edgop(QH), there exists an element Iŷ′ ∈ Edgop(πt
1(UY )) such that

ψ(Iŷ′) = Ix′H .

Namely, (QN , QH) is a quasi-anabelian pair associated to πt
1(UX) if, for any surjection

φ : πt
1(UY ) ↠ QN , the composition of surjections ψ : πt

1(UY )
ϕ
↠ QN ↠ QH induces a

surjection

ψop : Edgop(πt
1(UY )) ↠ Edgop(QH), Iŷ 7→ ψ(Iŷ).

Remark 4.1.1. Let N,H ⊆ πt
1(UX) be open characteristic subgroups. The pair (QN , QH)

is not quasi-anabelian in general. For instance, we put N = H
def
= ker(πt

1(UX) →
πt
1(UX)

ab ⊗ Z/nZ) for a positive natural number n prime to p. Then (QN , QH) is not
a quasi-anabelian pair if all elements of Edgop(QH) are non-trivial.

4.2. Explicit constructions of quasi-anabelian pairs. In this subsection, we give an
explicit construction of a quasi-anabelian pair associated the tame fundamental group of
an arbitrary smooth pointed stable curve.

4.2.1. Notation and Settings. Let j ∈ {1, 2}, and let (Xj, DXj
) be an arbitrary smooth

pointed stable curve of type (gX , nX) over an algebraically closed field kj of characteristic
p > 0 and πt

1(UXj
) the tame fundamental group of (Xj, DXj

). Moreover, suppose gX ≥ 2
and nX > 0.

We fix the natural numbers

`, d, Ia
def
= {b1, . . . , ba} ⊆ N, c(Ia)

introduced in 3.1.1, and put

DIi,j
def
= DIi(π

t
1(UXj

)), GIi
j

def
= πt

1(UXj
)/DIi(π

t
1(UXj

)), i ∈ {1, . . . , a},

D
(s)
b,j

def
= D

(s)
b (πt

1(UXj
)), Gs,b

j
def
= πt

1(UXj
)/D

(s)
b (πt

1(UXj
)), s, b ∈ N.

Let φ : πt
1(UX1) ↠ G

a+4,c(Ia)
2 be an arbitrary surjection and ψ : πt

1(UX1)
ϕ
↠ G

a+4,c(Ia)
2 ↠

GIa
2 the composition of surjections, where G

a+4,c(Ia)
2 ↠ GIa

2 is the natural surjection

induced by D
(a+4)
c(Ia),2 ⊆ DIa,2. Note that φ and ψ fit into the following commutative

diagram
πt
1(UX1) πt

1(UX1)y ϕ

y
G
a+4,c(Ia)
1

ϕ−−−→ G
a+4,c(Ia)
2y y

GIa
1

ψ−−−→ GIa
2 ,

where all vertical arrows are surjections, and φ, ψ are surjections induced by φ, ψ, respec-
tively.

Let D
(a+1)
e(Ia),2 ⊆ H2 ⊆ πt

1(UX2) (see 3.1.1 for e(Ia)) be an open subgroup and H2
def
=

H2/D
(a+4)
c(Ia),2 ⊆ G

a+4,c(Ia)
2 the finite quotient of H2. We put H1

def
= φ

−1
(H2) ⊆ G

a+4,c(Ia)
1 ,

(D
(a+1)
e(Ia),1 ⊆)H1 ⊆ πt

1(UX1) the inverse image of H1 via the natural surjection πt
1(UX1) ↠

G
a+4,c(Ia)
1 , and

φH1

def
= φ|H1

: H1 ↠ H2
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the surjection induced by φ. Write (XHj
, DXHj

) for the smooth pointed stable curve of

type (gHj
, nHj

) over kj corresponding to Hj ⊆ πt
1(UXj

).
If (gH1 , nH1) = (gH2 , nH2) (note that this condition holds if Hj = πt

1(UXj
)), we see that

φH1
induces an isomorphism of finite groups

φ
p′

H1
: H

p′

1
∼→ H

p′

2 ,

where (−)p′ denotes the maximal prime-to-p quotient of (−). Furthermore, let `′ ∈ {`, d}
be a prime number. Note that we have `′|#(H

p′

j ). Then the isomorphism (φ
p′

H1
)−1 induces

a bijection

ϕℓ
′

H1
: Hom(H1,Z/`′Z) = Hom(H

p′

1 ,Z/`′Z)
∼→ Hom(H

p′

2 ,Z/`′Z) = Hom(H2,Z/`′Z).

4.2.2. We have the following lemma:

Lemma 4.2. We maintain the notation and the settings introduced in 4.2.1. Suppose
(gH1 , nH1) = (gH2 , nH2). Then ϕ

ℓ′
H1

induces a bijection (see 3.2.2 for Homét(Hj,Z/`′Z))

ϕℓ
′,ét
H1

: Homét(H1,Z/`′Z)
∼→ Homét(H2,Z/`′Z).

Proof. Let ω2 ∈ Homét(H2,Z/`′Z) be an arbitrary element, ω1
def
= (ϕℓ

′
H1
)−1(ω2), ωj ∈

Hom(Hj,Z/`′Z) the element corresponding to ωj (3.2.2), and Hωj

def
= ker(ωj) ⊆ Hj. Write

fωj
: (XHωj

, DXHωj
)→ (XHj

, DXHj
) for the Galois tame covering over kj with Galois group

Z/`′Z corresponding to Hωj
⊆ Hj and (gHωj

, nHωj
) for the type of (XHωj

, DXHωj
). The

Riemann-Hurwitz formula implies (see 2.2.2 for #(Ramfωj
))

gHωj
= `′(gHj

− 1)+
1

2
#(Ramfωj

)(`′− 1)+ 1, nHωj
= `′

(
nHj
−#(Ramfωj

)
)
+#(Ramfωj

).

In particular, we have gHω2
= `′(gXH2

−1)+1 and nHω2
= `′nH2 since ω2 ∈ Homét(H2,Z/`′Z).

LetHωj

def
= ker(ωj) = Hωj

/D
(a+4)
c(Ia),j. We seeG

2,c(Ia)
Hωj

def
= Hωj

/D
(2)
c(Ia)(Hωj

) = Hωj
/D

(2)
c(Ia)(Hωj

) ⊆
Hωj

. By [Y5, Theorem 5.4] and its proof (in particular, line 4, page 82 of [Y5]), the sur-

jection φH1
|Hω1

: Hω1 ↠ Hω2 induces

γmax

G
2,c(Ia)
Hω1

= gHω1
+ nHω1

− 2 ≥ γmax

G
2,c(Ia)
Hω2

= gHω2
+ nHω2

− 2.

We obtain #(Ramfω1
) = 0. This means that fω1 is étale. Namely, we have ω1 ∈

Homét(H1,Z/`′Z). Thus, ϕℓ
′
H1

induces an injection

(ϕℓ
′

H1
)−1|Homét(H2,Z/ℓ′Z) : Hom

ét(H2,Z/`′Z) ↪→ Homét(H1,Z/`′Z).

Moreover, #(Homét(H1,Z/`′Z)) = #(Homét(H2,Z/`′Z)) implies that (ϕℓ
′
H1
)−1|Homét(H2,Z/ℓ′Z)

is a bijection. Then we complete the proof of the lemma if we put ϕℓ
′,ét
H1

def
= ((ϕℓ

′
H1
)−1|Homét(H2,Z/ℓ′Z))

−1.
□

4.2.3. We maintain the notation and the settings introduced in 4.2.1. Moreover, in 4.2.3,
we suppose

• (gH1 , nH1) = (gH2 , nH2).

Let TH2

def
= (`, d, β2) be an mp-triple associated to H2 (i.e., β2 ∈ Homét(H2,Z/dZ),

see 3.2.2). By Lemma 4.2, we see that the triple TH1

def
= (`, d, β1

def
= (ϕdH1

)−1(β2)) is

an mp-triple associated to H1. Namely, we have β1 ∈ Homét(H1,Z/dZ). Let βj ∈
Hom(Hj,Z/dZ) be the element corresponding to βj, (D

(a+1)
e(Ia),j ⊆)Hβj

def
= ker(βj), Hβj

def
=
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Hβj/D
(a+4)
c(Ia),j the finite quotient of Hβj . Then we obtain an exact sequence (as Fℓ[µd]-

modules, see 3.2.3)

0→M ét
Hβj

→MHβj
→M ra

Hβj

→ 0.

By replacing Hj, Hj by Hβj , Hβj , respectively, and by applying Lemma 4.2, the iso-

morphism ϕℓHβ1
: MHβ1

∼→ MHβ2
induces the following commutative diagram of Fℓ[µd]-

modules:
0 −−−→ M ét

Hβ1

−−−→ MHβ1
−−−→ M ra

Hβ1

−−−→ 0

φℓ,ét
Hβ1

y φℓ
Hβ1

y y
0 −−−→ M ét

Hβ2

−−−→ MHβ2
−−−→ M ra

Hβ2

−−−→ 0,

where all vertical arrows are isomorphisms. Then the bijection ϕℓHβ1
induces a bijection

φ
mp,∗
H1

: E∗
TH1

∼→ E∗
TH2

.

Moreover, we have the following lemma:

Lemma 4.3. We maintain the notation and the settings introduced above (in particular,

we assume (gH1 , nH1) = (gH2 , nH2)). Then φ
mp,∗
H1

induces a bijection φ
mp,⋆

H1
: E⋆

TH1

∼→ E⋆
TH2

.

Moreover, φH1
: H1 ↠ H2 induces a bijection

φ
mp

H1
: ETH1

∼→ ETH2

and a bijection (see Proposition 3.5 (i) for ϑTHj
)

φ
gp-mp

H1
: DXH1

ϑ−1
T
H1
∼→ ETH1

ϕ
mp
H1
∼→ ETH2

ϑT
H2
∼→ DXH2

of sets of marked points, where “gp” means “group-theoretically”.

Proof. Let α2 ∈ E⋆
TH2

be an arbitrary element, α1
def
= (φ

mp,∗
H1

)−1(α2) ∈ E∗
TH1

, and αj ∈

Hom(Hβj ,Z/`Z) the element corresponding to αj. We put Hαj

def
= ker(αj) ⊆ Hβj , gαj

:
(XHαj

, DXHαj
)→ (XHβj

, DXHβj
) the Galois tame covering over kj with Galois group Z/`Z

corresponding to Hαj
⊆ Hβj , (gHαj

, nHαj
) the type of (XHαj

, DXHαj
), and (gHβj

, nHβj
)

the type of (XHβj
, DXHβj

). Note that since βj ∈ Homét(Hj,Z/dZ) and (gH1 , nH1) =

(gH2 , nH2), we see (gHβ1
, nHβ1

) = (gHβ2
, nHβ2

). Moreover, since α2 ∈ E⋆
TH2

, we obtain

#(Ramgα2
) = d (2.2.3). The Riemann-Hurwitz formula implies

gHαj
= `(gHβj

− 1)+
1

2
#(Ramgαj

)(`− 1)+ 1, nHαj
= `

(
nHβj

−#(Ramgαj
)
)
+#(Ramgαj

).

In particular, we have gHα2
= `(gHβ2

− 1) + 1
2
d(`− 1) + 1 and nHα2

= `(nHβ2
− d) + d.

LetHαj

def
= ker(αj) = Hαj

/D
(a+4)
c(Ia),j. We seeG

2,c(Ia)
Hαj

def
= Hαj

/D
(2)
c(Ia)(Hαj

) = Hαj
/D

(2)
c(Ia)(Hαj

) ⊆
Hαj

. By [Y5, Theorem 5.4] and its proof (in particular, line 4, page 82 of [Y5]), the sur-

jection φH1
|Hα1

: Hα1 ↠ Hα2 induces

γmax

G
2,c(Ia)
Hα1

= gHα1
+ nHα1

− 2 ≥ γmax

G
2,c(Ia)
Hα2

= gHα2
+ nHα2

− 2.

Then we obtain #(Ramgα1
) ≤ #(Ramgα2

). This implies

#(Ramgα1
) ∈ {0, d}.
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Suppose #(Ramgα1
) = 0. This means α1 ∈ M ét

Hβ1

. On the other hand, Lemma 4.2

implies α2 ∈ M ét
Hβ2

. This contradicts the assumption α2 ∈ E⋆
TH2

. Thus, we obtain

#(Ramgα1
) = d. Namely, we have α1 ∈ E⋆

TH1

. Furthermore, since #(E⋆
TH1

) = #(E⋆
TH2

),

φ
mp,∗
H1

induces a bijection

φ
mp,⋆

H1

def
= φ

mp,∗
H1
|E⋆

T
H1

: E⋆
TH1

∼→ E⋆
TH2

.

Moreover, we see immediately that α′
1 ∼ α′′

1 if and only if φ
mp,⋆

H1
(α′

1) ∼ φ
mp,⋆

H1
(α′′

1) for all
α′
1, α

′′
1 ∈ E⋆

TH1

, where “∼” denotes the equivalence relation defined in Proposition 2.1 (i).

Then we obtain that φH1
induces a bijection

φ
mp

H1
: ETH1

∼→ ETH2
.

Thus, the lemma follows from Proposition 3.5 (i). This completes the proof of the lemma.
□

4.2.4. We maintain the notation and the settings introduced in 4.2.3. Moreover, in 4.2.4,
we suppose

• H2 ∈ T (DIa,2) (see 3.2.1 for T (DIa,2)).

Then we see immediately H1 ∈ T (DIa,2). Let N2 ∈ T (DIa,2) be an element such that
N2 ⊆ H2, and N2 ∈ T (GIa

2 ) (see 3.2.1 for T (GIa
2 )) the finite quotient of N2. We put

N1
def
= (φH1

)−1(N2) ⊆ H1, (D
(a+1)
e(Ia),1 ⊆)N1 ⊆ H1 the inverse image of N1 via the natural

surjection H1 ↠ H1, and

φN1

def
= φH1

|N1
: N1 ↠ N2

the surjection induced by φH1
. Note that we have N1 ∈ T (DIa,1) and N1 ∈ T (GIa

1 ).
Write fNj ,Hj

: (XNj
, DXNj

)→ (XHj
, DXHj

) for the tame covering of smooth pointed stable

curves over kj corresponding to Nj ↪→ Hj, (gNj
, nNj

) for the type of (XNj
, DXNj

), and

fmp
Nj ,Hj

: DXNj
↠ DXHj

for the surjection of sets of marked points induced by fNj ,Hj
.

By similar arguments to the arguments given in the fourth paragraph of 3.2.3 and
Proposition 3.5 (ii), we obtain the following data:

• The finite groups N j, Hj, and the mp-triple THj

def
= (`, d, βj) associated to Hj

induce group-theoretically an mp-triple

TNj

def
= (`, d, βNj

)

associated to N j.
• The sets E⋆

TNj

, ETNj
can be reconstructed group-theoretically from N j and TNj

.

• The natural injection N j ↪→ Hj induces a surjection

γTHj
,Nj

: ETNj
↠ ETHj

which fits into the following commutative diagram:

ETNj

ϑT
Nj−−−→ DXNj

γT
Hj

,Nj

y fmp
Nj,Hj

y
ETHj

ϑT
Hj−−−→ DXHj

.

Then we have the following lemma.
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Lemma 4.4. We maintain the notation and the settings introduced above. Suppose
(gN1 , nN1) = (gN2 , nN2) and (gH1 , nH1) = (gH2 , nH2). Then the commutative diagram of
finite groups

N1

ϕN1−−−→ N2y y
H1

ϕH1−−−→ H2

induces group-theoretically a commutative diagram

DXN1

ϕ
gp-mp
N1−−−−→ DXN2

fmp
N1,H1

y fmp
N2,H2

y
DXH1

ϕ
gp-mp
H1−−−−→ DXH2

.

Namely, the diagram

DXN1

ϑ−1
T
N1−−−→ ETN1

ϕ
mp
N1−−−→ ETN2

ϑT
N2−−−→ DXN2

fmp
N1,H1

y γT
H1

,N1

y γT
H2

,N2

y fmp
N2,H2

y
DXH1

ϑ−1
T
H1−−−→ ETH1

ϕ
mp
H1−−−→ ETH2

ϑT
H2−−−→ DXH2

is commutative. Moreover, suppose that N j ⊆ Hj is a normal subgroup. Note that we have

H1/N1
∼→ H2/N2 induced by φH1

. We identify H1/N1 with H2/N2 via this isomorphism.

Then φ
gp-mp

N1
is Hj/N j-equivariant.

Proof. Firstly, since (gH1 , nH1) = (gH2 , nH2) and (gN1 , nN1) = (gN2 , nN2), Lemma 4.3 im-

plies that φH1
and φN1

induce bijections φ
mp

H1
: ETH1

∼→ ETH2
and φ

mp

N1
: ETN1

∼→ ETN2
,

respectively.
Next, to verify the commutativity of the second diagram appeared in the statement of

the lemma, we only need to prove the commutativity of the following diagram

DXN2

(ϕ
gp-mp
N1

)−1

−−−−−−→ DXN1

fmp
N2,H2

y fmp
N1,H1

y
DXH2

(ϕ
gp-mp
H1

)−1

−−−−−−→ DXH1
.

Let xN2 ∈ DXN2
, xN1

def
= (φ

gp-mp

N1
)−1(xN2) ∈ DXN1

, xH2

def
= fmp

N2,H2
(xN2) ∈ DXN2

, xH1

def
=

(fmp
N1,H1

◦ (φgp-mp

N1
)−1)(xN2) ∈ DXH1

, and x′H1

def
= (φ

gp-mp

H1
)−1(xH2) ∈ DXH1

. We will prove

xH1 = x′H1
. Write S ′

N1
and SN2 for the sets (fmp

N1,H1
)−1(x′H1

) and (fmp
N2,H2

)−1(xH2), respec-
tively. Namely, we have

xN2 −−−→ xN1y
xH1 ,
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xN2y
xH2 −−−→ x′H1

,

and
xN2 ∈ SN2 S ′

N1y y
xH2 −−−→ x′H1

.

To verify xH1 = x′H1
, it is sufficient to prove xN1 ∈ S ′

N1
.

Let αH2 ∈ E⋆
TH2

,xH2
, where E⋆

TH2
,xH2

is the subset of E⋆
TH2

corresponding to the subset

E⋆
TUXH2

,xH2
(see 2.2.3 for E⋆

TUXH2
,xH2

) of E⋆
TUXH2

via the bijection E⋆
TH2

∼→ E⋆
TUXH2

obtained

in Proposition 3.5 (i). Lemma 4.3 implies that αH2 induces an element αH1 ∈ E⋆
TH1

,x′H1

.

We put αHj
: Hβj ↠ Hβj

αHj↠ Z/`Z and (XαHj
, DXαHj

)→ (XHβj
, DXHβj

) the Galois tame

covering over kj with Galois group Z/`Z corresponding to αHj
. We consider the Galois

tame covering (XαH2
, DXαH2

) ×(XH2
,DXH2

) (XN2 , DXN2
) → (XNβN2

, DXNβN2

) over k2 with

Galois group Z/`Z, and denote by αN2 an element of E∗
TN2

corresponding to this Galois

tame covering. Then we have

αN2 =
∑

c2∈SN2

tc2αc2 ∈ E∗
TN2

,

where tc2 ∈ (Z/`Z)× and αc2 ∈ E⋆
TN2

,c2
. Note that we have txN2

6= 0. On the other hand,

Lemma 4.3 implies that αc2 induces an element α(ϕgp-mp
N1

)−1(c2) ∈ E⋆
TN1

,(ϕgp-mp
N1

)−1(c2)
. Then

αN2 induces an element

αN1

def
=

∑
c2∈SN2

\{xN2
}

tc2α(ϕgp-mp
N1

)−1(c2) + txN2
αxN1

∈ E∗
TN1

.

Note that since αN1 is an element corresponding to the Galois tame covering

(XαH1
, DXαH1

)×(XH1
,DXH1

) (XN1 , DXN1
)→ (XNβN1

, DXNβN1

)

over k1 with Galois group Z/`Z, the composition of the Galois tame coverings (XαH1
, DXαH1

)×(XH1
,DXH1

)

(XN1 , DXN1
)→ (XNβN1

, DXNβN1

)→ (XN1 , DXN1
) is tamely ramified over S ′

N1
. This means

that xN1 is contained in S ′
N1
.

On the other hand, the “moreover part” of the proposition follows from Proposition 3.5
(ii). This completes the proof of the lemma. □
4.2.5. We have the following proposition:

Proposition 4.5. We maintain the notation and the settings introduced in 4.2.1 (in
particular, we assume gX ≥ 2). Then the pair of finite groups

(G
a+4,c(Ia)
2 , GIa

2 )

is a quasi-anabelian pair (Definition 4.1) associated to πt
1(UX2).

Proof. By the definition of quasi-anabelian pairs (Definition 4.1), to verify the proposition,

it is sufficient to prove that the surjection (see 4.2.1 for φ) ψ : πt
1(UX1)

ϕ
↠ G

a+4,c(Ia)
2 ↠ GIa

2

induces a surjection
ψop : Edgop(πt

1(UX1)) ↠ Edgop(GIa
2 ).
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We see immediately that the kernel N1
def
= ker(ψ) ⊆ πt

1(UX1) of ψ contains DIa,1. We put

ψQN1
: QN1

def
= πt

1(UX1)/N1
∼→ GIa

2 the isomorphism induced by ψ. Note that there is a

surjection Edgop(πt
1(UX1)) ↠ Edgop(QN1) induced by the natural surjection πt

1(UX1) ↠
QN1 (i.e., the map Iŷ1 7→ Iŷ1/(Iŷ1 ∩ N1) ∈ QN1). Then to verify the proposition, it is

sufficient to prove that the isomorphism ψQN1
induces a bijection map

ψ
op

QN1
: Edgop(QN1)

∼→ Edgop(GIa
2 ).

For simplicity, we write D1, D2 for N1, DIa,2, respectively. Moreover, we denote by
fDj

: (XDj
, DXDj

)→ (Xj, DXj
) the Galois tame covering of smooth pointed stable curves

over kj corresponding to Dj ⊆ πt
1(UXj

), fmp
Dj

: DXDj
↠ DXj

the surjection of sets of

marked points induced by fDj
, and (gDj

, nDj
) the type of (XDj

, DXDj
). We claim the

following:

Claim: We have (gD1 , nD1) = (gD2 , nD2).
Let us prove the claim. Firstly, we have filtrations

{e} = DIa(QN1) ⊆ DIa−1(QN1) ⊆ · · · ⊆ DI0(QN1) = QN1 ,

D2
def
= DIa,2 ⊆ DIa−1,2 ⊆ · · · ⊆ DI0,2

def
= πt

1(UX2).

Write D1,i ⊆ πt
1(UX1), i ∈ {0, . . . , a}, for the inverse image of DIi(QN1) of

the natural surjection πt
1(UX1) ↠ QN1 and D2,i for DIi,2, i ∈ {0, . . . , a}.

Note that we have D1,a = D1 = N1, D2,a = D2 = DIa,2, and Dj,0 =
πt
1(UXj

). Moreover, we denote by (gDj,i
, nDj,i

) the type of smooth pointed
stable curve over kj corresponding to Dj,i ⊆ πt

1(UXj
).

There is an isomorphism(
DIi(QN1)/DIi+1

(QN1)
)p′ ∼→

(
D2,i/D2,i+1

)p′
, i ∈ {0, . . . , a− 1},

induced by ψQN1
. Moreover, denote bymi

def
= #

((
DIi(QN1)/DIi+1

(QN1)
)p′)

.

We see

Dab
1,i ⊗ Z/miZ

∼→
(
DIi(QN1)/DIi+1

(QN1)
)p′ ∼→

(
D2,i/D2,i+1

)p′ ∼→ Dab
2,i ⊗ Z/miZ

for all i ∈ {0, . . . , a−1}. Then we obtain that (gD1,i+1
, nD1,i+1

) = (gD2,i+1
, nD2,i+1

)
if (gD1,i

, nD1,i
) = (gD2,i

, nD2,i
). Thus, the claim follows immediately from

(gD1,0 , nD1,0) = (gD2,0 , nD2,0) = (gX , nX). This completes the proof of the
claim.

On the other hand, we have the commutative diagram of finite groups (see 4.2.1 for φ)

D1
def
= D1/D

(a+4)
c(Ia),1

ϕD1

def
= ϕ|D1−−−−−−→ D2

def
= D2/D

(a+4)
c(Ia),2y y

G
a+4,c(Ia)
1

ϕ−−−→ G
a+4,c(Ia)
2 ,

where all vertical arrow are injections, and G
a+4,c(Ia)
1 /D1 = QN1

∼→ πt
1(UX2)/D2 = GIa

2 .

Since Dj, G
a+4,c(Ia)
j ∈ T (GIa

j ) (see 3.2.1 for T (GIa
j )), by the claim, Lemma 4.4 implies
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that the above commutative diagram of finite groups induces group-theoretically a com-
mutative diagram of sets of marked points

DXD1

ϕ
gp-mp
D1−−−−→ DXD2

fmp
D1

y fmp
D2

y
DX1

ϕ
gp-mp

−−−−→ DX2 ,

and that φ
gp-mp

D1
is a QN1(

∼→ GIa
2 )-equivariant. Then by the definitions of Edgop(QN1) and

Edgop(GIa
2 ) (4.1.2), ψQN1

: QN1

∼→ GIa
2 induces a bijection map ψ

op

QN1
: Edgop(QN1)

∼→
Edgop(GIa

2 ). This completes the proof of the proposition. □
4.2.6. Now, we can state the main result of the present section.

Theorem 4.6. Let b0 = pub′0 ∈ N be a positive natural number such that (p, b′0) = 1 and
b′0 6= 1, and let

(E2, DE2)

be a smooth pointed stable curve of type (g, n) over k2 and πt
1(UE2) the tame fundamental

group of (E2, DE2). Suppose n > 0. We shall write

(X2, DX2)

for the smooth pointed stable curve of type (gX , nX) over k2 corresponding to the open

subgroup D
(1)
b0
(πt

1(UE2)) ⊆ πt
1(UE2). Note that we have gX ≥ 2 and nX > 0 since b0 6= 1,

and that the tame fundamental group πt
1(UX2) of (X2, DX2) is naturally isomorphic to

D
(1)
b0
(πt

1(UE2)). Let c(Ia) be the natural number defined in 3.1.1. Then the pair of finite
groups (

πt
1(UE2)/D

(a+4)
c(Ia) (D

(1)
b0
(πt

1(UE2))), π
t
1(UE2)/DIa(D

(1)
b0
(πt

1(UE2)))
)

is a quasi-anabelian pair associated to πt
1(UE2).

Proof. Let (E1, DE1) be an arbitrary smooth pointed stable curve of type (g, n) over k1
and πt

1(UE1) the tame fundamental group of (E1, DE1). Let

φE1 : π
t
1(UE1) ↠ πt

1(UE2)/D
(a+4)
c(Ia) (D

(1)
b0
(πt

1(UE2)))

be an arbitrary surjection and

ψE1 : π
t
1(UE1)

ϕE1↠ πt
1(UE2)/D

(a+4)
c(Ia) (D

(1)
b0
(πt

1(UE2))) ↠ πt
1(UE2)/DIa(D

(1)
b0
(πt

1(UE2)))

the composition of surjections, where the second arrow is the natural surjection.

We put (D
(1)
b0
(πt

1(UE1)) ⊆)H1
def
= φ−1

E1

(
D

(1)
b0
(πt

1(UE2))/D
(a+4)
c(Ia) (D

(1)
b0
(πt

1(UE2)))
)
⊆ πt

1(UE1)

and write (X1, DX1) for the smooth pointed stable curve of type (gX1 , nX1) over k1 cor-
responding to the open subgroup H1 ⊆ πt

1(UE1). Note that the tame fundamental group
πt
1(UX1) of (X1, DX1) is naturally isomorphic to H1, and that we have(

πt
1(UE1)/D

(1)
b0
(πt

1(UE1))
)p′ ∼→

(
πt
1(UE1)/H1

)p′ ∼→
(
πt
1(UE2)/D

(1)
b0
(πt

1(UE2))
)p′
.

Then since the types of (E1, DE1) and (E2, DE2) are equal to (g, n), we obtain (gX1 , nX1) =
(gX , nX).

We identify πt
1(UX1), π

t
1(UX2) with H1, D

(1)
b0
(πt

1(UE2)), respectively. Let

φ : πt
1(UX1) ↠ G

a+4,c(Ia)
2

def
= D

(1)
b0
(πt

1(UE2))/D
(a+4)
c(Ia) (D

(1)
b0
(πt

1(UE2))),

ψ : πt
1(UX1) ↠ GIa

2
def
= D

(1)
b0
(πt

1(UE2))/DIa(D
(1)
b0
(πt

1(UE2)))
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be the surjections induced by φE1 and ψE1 , respectively. By Proposition 4.5, ψ induces
group-theoretically a surjection

ψop : Edgop(πt
1(UX1)) ↠ Edgop(GIa

2 ).

On the other hand, writeNπt
1(UE1

)(Edg
op(πt

1(UX1))) for the set of normalizers of elements

of Edgop(πt
1(UX1)) in πt

1(UE1) and N
πt
1(UE2

)/DIa (D
(1)
b0

(πt
1(UE2

)))
(Edgop(GIa

2 )) for the set of

normalizers of elements of Edgop(GIa
2 ) in πt

1(UE2)/DIa(D
(1)
b0
(πt

1(UE2))), respectively. Then
we see immediately

Nπt
1(UE1

)(Edg
op(πt

1(UX1))) = Edgop(πt
1(UE1)),

N
πt
1(UE2

)/DIa (D
(1)
b0

(πt
1(UE2

)))
(Edgop(GIa

2 )) = Edgop(πt
1(UE2)/DIa(D

(1)
b0
(πt

1(UE2)))).

Thus, ψop induces a surjection

ψop
E1

: Edgop(πt
1(UE1)) ↠ Edgop(πt

1(UE2)/DIa(D
(1)
b0
(πt

1(UE2)))).

This completes the proof of the theorem. □

5. Reconstructions of additive structures and linear structures via
finite quotients

In this section, we prove that the field structures associated to inertia subgroups can
be reconstructed group-theoretically from certain finite quotients of tame fundamental
groups. Moreover, for smooth pointed stable curves of genus 0, we prove that the linear
structures induced by the underlying curves can be reconstructed group-theoretically from
certain finite quotients of tame fundamental groups. The main results of the present
section are Proposition 5.2 and Proposition 5.3.

5.1. Additive structures.

5.1.1. Notation and Settings. Let j ∈ {1, 2}, and let (Xj, DXj
) be an arbitrary smooth

pointed stable curve of type (gX , nX) over an algebraically closed field kj of characteristic
p > 0 and πt

1(UXj
) the tame fundamental group of (Xj, DXj

). Let t ∈ N be a positive

natural number, and let H2, O2
def
= D

(1)
pt−1(π

t
1(UX2)) ⊆ πt

1(UX2) be open characteristic
subgroups such that H2 ⊆ O2.

Let ψ : πt
1(UX1) ↠ QH2

def
= πt

1(UX2)/H2 be a surjection such that ψ induces a surjection

(e.g. there exists an open characteristic subgroup N2 ⊆ πt
1(UX2) such that (QN2

def
=

πt
1(UX2)/N2, QH2) is a quasi-anabelian pair associated to πt

1(UX2))

ψop : Edgop(πt
1(UX1)) ↠ Edgop(QH2), Ix̂1 7→ ψ(Ix̂1).

We put H1
def
= ker(ψ) and O1

def
= ψ−1(O2/H2) ⊆ πt

1(UX1). Note that we have O1 =

D
(1)
pt−1(π

t
1(UX1)) since pt − 1 is prime to p. Write fHj

: (XHj
, DXHj

) → (Xj, DXj
), fOj

:

(XOj
, DXOj

) → (Xj, DXj
) for the tame coverings over kj corresponding to Hj, Oj ⊆

πt
1(UXj

), respectively, and (gHj
, nHj

), (gOj
, nOj

) for the types of (XHj
, DXHj

), (XOj
, DXOj

)

respectively. Moreover, we denote by QH1

def
= πt

1(UX1)/H1, QOj

def
= πt

1(UXj
)/Oj, and

ψ : QH1 ↠ QH2 the surjection induced by ψ. The composition of surjections πt
1(UX1)

ψ
↠
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QH2 ↠ QO2 factors through the natural surjection πt
1(UX1) ↠ QO1 . Namely, we have

πt
1(UX1) πt

1(UX1)y ψ

y
QH1

ψ−−−→ QH2y y
QO1

ρ−−−→ QO2 ,

where ρ is an isomorphism. Furthermore, the above commutative diagram implies the
following commutative diagram

Edgop(πt
1(UX1))

ψop

−−−→ Edgop(QH2)y y
Edgop(QO1)

ρop−−−→ Edgop(QO2),

where the vertical arrows are the natural surjections induced by πt
1(UX1) ↠ QO1 and

QH2 ↠ QO2 , respectively, and ρ
op denotes the surjection induced by ψop.

Let x̂1 ∈ DX̂1
(see 2.1.3 for DX̂1

), Ix̂1 ∈ Edgop(πt
1(UX1)), and IxH2

def
= ψop(Ix̂1) ∈

Edgop(QH2) for some xH2 ∈ DXH2
. Let xO1 ∈ DXO1

be the image of x̂1 of the natural
surjection DX̂1

↠ DXO1
and x̂O2 the image of xH2 of the natural surjection DXH2

↠ DXO2
.

Then we have

IxO1
∈ Edgop(QO1), IxO2

∈ Edgop(QO2)

which are equal to the images of Ix̂1 , IxH2
of the natural surjections Edgop(πt

1(UX1)) ↠
Edgop(QO1), Edg

op(QH2) ↠ Edgop(QO2), respectively. The above commutative diagram
implies ρop(IxO1

) = IxO2
. We put

ρxO1
,xO2

def
= ρ|IxO1

: IxO1

∼→ IxO2

the isomorphism. Moreover, let x̂2 ∈ DX̂2
be a marked point of (X̂2, DX̂2

) over xH2 (i.e.,
a marked point of DX̂2

whose image of the natural surjection DX̂2
↠ DXH2

is xH2) and

Ix̂2 ∈ Edgop(πt
1(UX2)).

Additive structures associated to inertia subgroups. Write Fp,j, j ∈ {1, 2}, for the algebraic
closure of Fp in kj. We put

Fx̂j
def
= (Ix̂j ⊗Z (Q/Z)p

′

j ) t {∗x̂j},

where {∗x̂j} is an one-point set, and (Q/Z)p
′

j denotes the prime-to-p part of Q/Z which

can be canonically identified with (Q/Z)p
′

j (1)
def
=

⋃
(p,m)=1 µm(kj). Moreover, let ax̂j be a

generator of Ix̂j . Then we have a natural bijection

Ix̂j ⊗Z (Q/Z)p
′

j
∼→ Z⊗Z (Q/Z)p

′

j , ax̂j ⊗ 1 7→ 1⊗ 1.

Thus, we obtain the following bijections

Ix̂j ⊗Z (Q/Z)p
′

j
∼→ Z⊗Z (Q/Z)p

′

j
∼→ (Q/Z)p

′

j (1)
∼→ F×

p,j.

This means that Fx̂j can be identified with Fp,j as sets, hence, admits a structure of field,

whose multiplicative group is Ix̂j ⊗Z (Q/Z)p
′

j , and whose zero element is ∗x̂j .
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Suppose that IxOj
is non-trivial (e.g. nX ≥ 2). Moreover, write axOj

for the image

of ax̂j of the natural surjection Ix̂j ↠ IxOj
. Since there are natural homomorphisms

IxOj

∼→ Z/(pt− 1)Z ∼→ µpt−1(kj) ↪→ F×
p,j, where the first arrow is determined by axOj

7→ 1,

the set

FxOj
,t

def
= IxOj

t {∗x̂j}

admits a structure of field induced by Fp,j which is isomorphic to the subfield of Fp,j with
cardinality pt.

5.1.2. Firstly, by applying similar arguments to the arguments given in the proof of [Y5,
Theorem 6.4], we have the following lemma:

Lemma 5.1. We maintain the notation and the settings introduced in 5.1.1. Suppose

nX = 3,

t > logp(C(gX) + 1) (see 3.1.1 for C(gX)), and H2 ⊆ D
(1)
p (O2) = D

(1)
p (D

(1)
pt−1(π

t
1(UX2))).

Then the field FxOj
,t can be reconstructed group-theoretically from QHj

and QOj
. Moreover,

the isomorphism ρxO1
,xO2

: IxO1

∼→ IxO2
induces a field isomorphism

ρfdxO1
,xO2

: FxO1
,t

∼→ FxO2
,t,

where “fd” means “field”.

Proof. Let Fp be an algebraic closure of Fp and Fpt ⊆ Fp the subfield with cardinality pt.
The field structure of FxOj

,t is equivalent to the subset

Homfd(FxOj
,t,Fpt) ⊆ Homgp(F×

xOj
,t,F×

pt),

where “gp” means “group”. Then in order to prove the first part of the theorem, it is
sufficient to prove that the set Homfd(FxOj

,t,Fpt) can be reconstructed group-theoretically

from QHj
and QOj

.
Let χj ∈ Homgp(QOj

,F×
pt). We put

Hχj

def
= ker(QHj

↠ QOj

χj→ F×
pt), Mχj

def
= Hab

χj
⊗ Fp.

Then Mχj
admits a natural action of QHj

via the conjugation action. Since we assume

H2 ⊆ D
(1)
p (O2), we see Mχj

=
(
ker(πt

1(UXj
) ↠ QOj

χj→ F×
pt)

)ab ⊗ Fp. Denote by

Mχj
[χj]

def
= {a ∈Mχj

⊗Fp Fp | σ · a = χj(σ)a for all σ ∈ QOj
},

γχj
(Mχj

)
def
= dimFp

(Mχj
[χj]).

The integer γχj
(Mχj

) is a generalized Hasse-Witt invariant of the cyclic tame covering of

(Xj, DXj
) corresponding to ker(πt

1(UXj
) ↠ QOj

χj→ F×
pt) ↪→ πt

1(UXj
). Note that nX = 3

implies γχj
(Mχj

) ≤ gX + 1 ([Y5, Lemma 2.7]). We define two maps

Resj,t : Homgp(QOj
,F×

pt)→ Homgp(F×
xOj

,t,F×
pt),

Γj,t : Homgp(QOj
,F×

pt)→ Z≥0, χj 7→ γχj
(Mχj

),

where the map Resj,t is the restriction with respect to the natural inclusion F×
xOj

,t =

IxOj
↪→ QOj

. Since we assume t > C(gX), the “non-moreover” part of the lemma follows

from Claim A mentioned in the proof of [Y5, Theorem 6.4] (see page 95 of [Y5]) which
says

Homfd(FxOj
,t,Fpt) = Homsurj

gp (F×
xOj

,t,F×
pt) \ Resj,t(Γ

−1
j,t ({gX + 1})),
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where Homsurj
gp (−,−) denotes the subset of Homgp(−,−) whose elements are surjections.

Next, we prove the “moreover” part of the lemma. Let κ2 ∈ Homgp(QO2 ,F×
pt). Then we

obtain a character
κ1 ∈ Homgp(QO1 ,F×

pt)

induced by ρ : QO1

∼→ QO2 . Moreover, the surjection φ|Hκ1
: Hκ1 ↠ Hκ2 induces a

surjection Mκ1 [κ1] ↠ Mκ2 [κ2]. Suppose κ2 ∈ Γ−1
2,r({gX + 1}). The surjection Mκ1 [κ1] ↠

Mκ2 [κ2] implies γκ1(Mκ1) = gX + 1. Namely, we have κ1 ∈ Γ−1
1,t ({gX + 1}). Thus, the

isomorphism ρxO1
,xO2

: IxO1

∼→ IxO2
induces an injection

Res2,t(Γ
−1
2,t ({gX + 1})) ↪→ Res1,t(Γ

−1
1,t ({gX + 1})).

Since #
(
Homfd(FxO1

,t,Fpt)
)
= #

(
Homfd(FxO2

,t,Fpt)
)
, the isomorphism ρxO1

,xO2
induces a

bijection

Homfd(FxO2
,t,Fpt)

∼→ Homfd(FxO1
,t,Fpt).

If we choose Fpt = FxO2
,t, then the image of idFxO2

,t via the above bijection induces a field

isomorphism

ρfdxO1
,xO2

: FxO1
,t

∼→ FxO2
,t.

This completes the proof of the lemma. □
The main result of the present subsection is as follows:

Proposition 5.2. We maintain the notation and the settings introduced in 5.1.1. Suppose

nX ≥ 3,

t > logp(C(gX) + 1) (see 3.1.1 for C(gX)), and H2 ⊆ D
(1)
p (O2) = D

(1)
p (D

(1)
pt−1(π

t
1(UX2))).

Then the field FxOj
,t can be reconstructed group-theoretically from QHj

and QOj
. Moreover,

the isomorphism ρxO1
,xO2

: IxO1

∼→ IxO2
induces a field isomorphism

ρfdxO1
,xO2

: FxO1
,t

∼→ FxO2
,t.

Proof. If nX = 3, the proposition follows from Lemma 5.1. To verify the proposition, we
suppose nX > 3.

Write x2,1 ∈ DX2 for the image of xO2 ∈ DXO2
of the surjection DXO2

↠ DX2 induced by
the tame covering fO2 over k2. Let x2,2, x2,3 ∈ DX2 \{x2,1} be marked points distinct from

each other, S2
def
= DX2 \ {x2,1, x2,2, x2,3}, SO2

def
= f−1

O2
(S2) ⊆ DXO2

, and SH2

def
= f−1

H2
(S2) ⊆

DXH2
. We put

EdgopS2
(QH2)

def
= {Ix ∈ Edgop(QH2) | x ∈ SH2}, Edg

op
S2
(QO2)

def
= {Ix ∈ Edgop(QO2) | x ∈ SO2}

and
Edgop

Ŝ1
(πt

1(UX1)), Edg
op

Ŝ2
(πt

1(UX2))

the inverse images of the surjections Edgop(πt
1(UX1))

ψop

↠ Edgop(QH2) ↠ Edgop(QO2) and
Edgop(πt

1(UX2)) ↠ Edgop(QO2), respectively. Write

ISH2
⊆ QH2 , ISO2

⊆ QO2 , IŜ1
⊆ πt

1(UX1), IŜ2
⊆ πt

1(UX2)

for the closed subgroups generated by elements of

EdgopS2
(QH2), Edg

op
S2
(QO2), Edg

op

Ŝ1
(πt

1(UX1)), Edg
op

Ŝ2
(πt

1(UX2)),

respectively. Note that the images of IŜ1
and IŜ2

in QH2 of the surjection ψ : πt
1(UX1) ↠

QH2 and the natural surjection πt
1(UX2) ↠ QH2 are equal to ISH2

, respectively, and that
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the image of ISH2
in QO2 of the natural surjection QH2 ↠ QO2 is equal to ISO2

. Then we
obtain the following diagram

πt
1(UX2)y

πt
1(UX2)/IŜ2y

πt
1(UX1) −−−→ πt

1(UX1)/IŜ1

ψ̃−−−→ QH2/ISH2y
QO2/ISO2

,

where ψ̃ is the surjection induced by ψ : πt
1(UX1) ↠ QH2 .

The above constructions concerning IŜj
imply immediately that πt

1(UXj
)/IŜj

is naturally

isomorphic to the tame fundamental group of a smooth pointed stable curve of type (gX , 3)

over kj whose underlying curve is Xj, and that ψop and ψ̃ induce a surjection

ψ̃op : Edgop(πt
1(UX1)/IŜ1

) ↠ Edgop(QH2/ISH2
).

Furthermore, note that we have Õ2
def
= D

(1)
pt−1(π

t
1(UX2)/IŜ2

) = ker(πt
1(UX2)/IŜ2

↠ QO2/ISO2
),

and that H2 ⊆ D
(1)
p (O2) = D

(1)
p (D

(1)
pt−1(π

t
1(UX2))) implies

H̃2
def
= ker(πt

1(UX2)/IŜ2
↠ QH2/ISH2

) ⊆ D(1)
p (D

(1)
pt−1(π

t
1(UX2)/IŜ2

)).

Then by replacing πt
1(UXj

), H2, O2, and ψ by πt
1(UXj

)/IŜj
, H̃2, Õ2, and ψ̃, respectively,

the proposition follows from Lemma 5.1. We complete the proof of the proposition. □

5.2. Linear structures.

5.2.1. Notation and Settings. We maintain the notation and the settings introduced in
5.1.1. Note that we have DX1

∼→ Edgop(πt
1(UX1))/π

t
1(UX1) and DX2

∼→ Edgop(QH2)/QH2 .
Moreover, the surjection ψ : πt

1(UX1) ↠ QH2 and the surjection ψop : Edgop(πt
1(UX1)) ↠

Edgop(QH2) induce a bijection

ψmp : DX1

∼→ Edgop(πt
1(UX1))/π

t
1(UX1)

∼→ Edgop(QH2)/QH2

∼→ DX2 .

In the remainder of this subsection, we suppose

• (gX , nX) = (0, nX).

Linear structures associated to affine lines. Fix two marked points xj,∞, xj,0 ∈ DXj
dis-

tinct from each other. We choose any field k′j
∼= kj, and choose any isomorphism

ϕj : Xj
∼→ P1

k′j
as schemes such that ϕj(xj,∞) = ∞ and ϕj(xj,0) = 0. Then the set

of kj-rational points Xj(kj) \ {xj,∞} is equipped with a structure of Fp-module via the
bijection ϕj. Note that since any k′j-isomorphism of P1

k′j
fixing ∞ and 0 is a scalar mul-

tiplication, the Fp-module structure of Xj(kj) \ {xj,∞} does not depend on the choices
of k′1 and ϕ1 but depends only on the choices of xj,∞ and xj,0. Then we shall say that
Xj(kj) \ {xj,∞} is equipped with a structure of Fp-module with respect to xj,∞ and xj,0.
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5.2.2. We have the following proposition:

Proposition 5.3. We maintain the notation and the settings introduced in 5.2.1. Write
x2,∞ and x2,0 for ψmp(x1,∞) and φmp(x1,0), respectively. Let∑

x1∈DX1
\{x1,∞,x1,0}

bx1x1 = x1,0

be a linear condition with respect to x1,∞ and x1,0 on (X1, DX1), where bx1 ∈ Fp for each
x1 ∈ DX1 \ {x1,∞, x1,0}. Suppose that there exist natural numbers t ∈ N and b′x1 ∈ Z≥0,
x1 ∈ DX1, such that b′x1 ≡ bx1 (mod p) and

pt − 2 ≥
∑

x1∈DX1
\{x1,∞,x1,0}

b′x1 ≥ 2.

Then the linear condition ∑
x1∈DX1

\{x1,∞,x1,0}

bx1ψ
mp(x1) = ψmp(x1,0) = x2,0

with respect to x2,∞ and x2,0 on (X2, DX2) also holds.

Proof. For each x̂1 ∈ DX̂1
over x1 ∈ DX1 , write Ix̂1,ab for the image of the composi-

tion of homomorphisms Ix̂1 ↪→ πt
1(UX1) ↠ πt

1(UX1)
ab. Moreover, since the image of Ix̂1,ab

does not depend on the choices of x̂1 ∈ DX̂1
over x1, we may write Ix1 for Ix̂1,ab. The

structure of maximal prime-to-p quotient of πt
1(UX1) implies that πt

1(UX1)
ab is gener-

ated by {Ix1}x1∈DX1
, and that there exists a generator ax1 of Ix1 , x1 ∈ DX1 , such that∏

x1∈DX1
ax1 = 1. We put

Ix1,∞ → Z/(pt − 1)Z, ax1,∞ 7→ 1,

Ix1,0 → Z/(pt − 1)Z, ax1,0 7→
( ∑
x1∈DX1

\{x1,∞,x1,0}

b′x1
)
−1,

Ix1 → Z/(pt − 1)Z, ax1 7→ −b′x1 , x1 ∈ DX1 \ {x1,∞, x1,0}.
Then the homomorphisms of inertia subgroups defined above induce surjections

δabpt−1,1 : π
t
1(UX1)

ab ⊗ Z/(pt − 1)Z ↠ Z/(pt − 1)Z,

δpt−1,1 : π
t
1(UX1) ↠ πt

1(UX1)
ab ⊗ Z/(pt − 1)Z

δab
pt−1,1↠ Z/(pt − 1)Z.

Note that ker(δabpt−1,1), ker(δpt−1,1) do not depend on the choices of the generators {ax1}x1∈DX1
.

Let IxH2

def
= ψop(Ix̂1) ∈ Edgop(QH2) for some xH2 ∈ DXH2

and x2 ∈ DX2 the image
of xH2 of the surjection DXH2

↠ DX2 induced by fH2 . Write Ix2 for the image of the

composition of homomorphisms IxH2
↪→ QH2 ↠ Qab

H2
. Note that Ix2 does not depend on

the choices of xH2 ∈ f−1
H2

(x2). Since (p, pr − 1) = 1 and H2 ⊆ D
(1)
pt−1(π

t
1(UX2)), ψ induces

an isomorphism ψab
pt−1 : π

t
1(UX1)

ab ⊗ Z/(pt − 1)Z ∼→ Qab
H2
⊗ Z/(pt − 1)Z = QO2 . Note that

ψop implies that ψab
pt−1 induces a bijection

ψab,op
pt−1 : Edgop(πt

1(UX1)
ab ⊗ Z/(pt − 1)Z) ∼→ Edgop(Qab

H2
⊗ Z/(pt − 1)Z),

and that ψab,op
pt−1 (Ix1 ⊗ Z/(pt − 1)Z) = Iψmp(x1) ⊗ Z/(pt − 1)Z. Then the surjection δabpt−1,1,

the isomorphism ψab
pt−1, and the bijection ψab,op

pt−1 imply the following homomorphisms of
inertia subgroups:

Ix2,∞ → Z/(pt − 1)Z, ax2,∞ 7→ 1,
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Ix2,0 → Z/(pt − 1)Z, ax2,0 7→ (
∑

x1∈DX1
\{x1,∞,x1,0}

b′x1)− 1,

Ix2 → Z/(pt − 1)Z, ax2 7→ −b′x1 , x1 ∈ DX1 \ {x1,∞, x1,0},

where x2
def
= ψmp(x1), ax2

def
= ψ(ax1), x1 ∈ DX1 . Then the homomorphisms of inertia

subgroups defined above induce surjections

δabpt−1,2 : Q
ab
H2
⊗ Z/(pt − 1)Z ↠ Z/(pt − 1)Z,

δpt−1,2 : QH2 ↠ Qab
H2
⊗ Z/(pt − 1)Z

δab
pt−1,2↠ Z/(pt − 1)Z.

We put Hδpt−1,j

def
= ker(δpt−1,j), Mj

def
= Hab

δpt−1,j
⊗ Fp. Then we obtain the following

commutative diagram:

Hδpt−1,1

ψ|Hδ
pt−1,1−−−−−−→ Hδpt−1,2y y

πt
1(UX1)

ψ−−−→ QH2

δpt−1,1

y δpt−1,2

y
Z/(pt − 1)Z Z/(pt − 1)Z.

Let Fp be an algebraic closure of the finite field Fp. We fix an injection Z/(pt− 1)Z ↪→
F×
p . Note that the Fp-vector spaces M1, M2 admit natural actions of Ix̂1,∞ , IxH2,∞

def
=

ψ(Ix̂1,∞) which coincides with the action via the following character

χIx̂1,∞ ,t : Ix̂1,∞ ↪→ πt
1(UX1)

δpt−1,1↠ Z/(pt − 1)Z ↪→ F×
p ,

χIxH2,∞
,t : IxH2,∞

↪→ QH2

δpt−1,2↠ Z/(pt − 1)Z ↪→ F×
p .

We put

M1[χIx̂1,∞ ,t]
def
= {a ∈M1 ⊗Fp Fp | σ(a) = χIx̂1,∞ ,t(σ)a for all σ ∈ Ix̂1,∞}

M2[χIxH2,∞
,t]

def
= {a ∈M2 ⊗Fp Fp | σ(a) = χIxH2,∞

,t(σ)a for all σ ∈ IxH2,∞
}

Note that dimFp
(M1[χIx̂1,∞ ,t]) and dimFp

(M2[χIxH2,∞
,t]) are the first generalized Hasse-

Witt invariants (see 2.3.2) of the cyclic tame coverings of UX1 and UX2 corresponding to
Hδpt−1,1

⊆ πt
1(UX1) and the inverse image of Hδpt−1,2

of the natural surjection πt
1(UX2) ↠

QH2 , respectively.
Since the actions of Ix̂1,∞ , IxH2,∞

on M1 ⊗ Fp, M2 ⊗ Fp are semi-simple, respectively,
ψ|Hδ

pt−1,1
induces a surjection

M1[χIx̂1,∞ ,t] ↠M2[χIxH2,∞
,t].

On the other hand, the third and the final paragraphs of the proof of [T1, Lemma 3.3]
imply that the linear condition ∑

x1∈DX1
\{x1,∞,x1,0}

bx1x1 = x1,0
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with respect to x1,∞ and x1,0 on (X1, DX1) holds if and only if M1[χIx̂1,∞ ,t] = 0. Thus,

we obtain M2[χIxH2,∞
,t] = 0. Then the third and the final paragraphs of the proof of [T1,

Lemma 3.3] imply that the linear condition∑
x1∈DX1

\{x1,∞,x1,0}

bx1ψ
mp(x1) = ψmp(x1,0) = x2,0

with respect to x2,∞ and x2,0 on (X2, DX2) holds. This completes the proof of the propo-
sition. □

6. Explicit constructions of differences of tame fundamental groups

In this section, we apply the results obtained in previous sections to construct explicitly
differences of tame fundamental groups of certain non-isomorphic curves. The main result
of the present section is Theorem 6.2.

6.1. Anabelian conjecture via finite quotients.

6.1.1. Notation and Settings. Let j ∈ {1, 2}, and let (Xj, DXj
) be a smooth pointed

stable curve of type (gX , nX) over an algebraically closed field kj of characteristic p > 0,

πt
1(UXj

) the tame fundamental group of (Xj, DXj
), and Fp,j the algebraic closure of Fp in

kj. Moreover, in the present section, we suppose the following conditions hold:

• (gX , nX) = (0, n) (note that we have n ≥ 3);

• k1
def
= Fp,1.

Then, without loss of generality, we may assume

X1 = P1
k1
, DX1 = {x1,∞

def
= ∞, x1,0

def
= 0, x1,1

def
= 1, x1,2, . . . , x1,n−2},

where x1,u ∈ k1 for all u ∈ {2, . . . , n− 2}.

Minimal models of curves. Let (X,DX) be a smooth pointed stable curve over an alge-
braically closed field k of characteristic p > 0. We denote by km the minimal algebraically
closed subfield of k over which UX can be defined. Thus, by considering the function
field of X, we obtain a smooth pointed stable curve (Xm, DXm) (i.e., a minimal model of
(X,DX) in the sense of [T2, Definition 1.30 and Lemma 1.31]) such that UX ∼= UXm×km k
as k-schemes, where UXm

def
= Xm \DXm . Note that the tame fundamental group πt

1(UXm)
of (Xm, DXm) is naturally isomorphic to the tame fundamental group πt

1(UX) of (X,DX).

6.1.2. Since x1,u ∈ k1
def
= Fp,1 for all u ∈ {2, . . . , n− 2}, there exists a positive number

r ∈ N
prime to p such that Fp(ζr) ⊆ Fp,1 is a subfield contains rth roots of x1,2, . . . , x1,n−2, where

ζr denotes a fixed primitive rth root of unity in Fp,1. We put

t
def
= [Fp(ζr) : Fp].

For each x1,u ∈ {x1,2, . . . , x1,n−2}, we fix a rth root x
1/r
1,u in Fp(ζr). Then we have the

following linear condition:

x
1/r
1,u =

t−1∑
v=0

b1,uvζ
v
r , u ∈ {2, . . . , n− 2},

where b1,uv ∈ Fp for each u ∈ {2, . . . , n− 2} and each v ∈ {0, . . . , t− 1}.
Let X1 \ {x1,∞} = SpecFp,1[x1], and let fB1 : (XB1 , DXB1

) → (X1, DX1) be the Galois

tame covering over Fp,1 with Galois group Z/rZ determined by the equation yr1 = x1,
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(gB, nB) the type of (XB1 , DXB1
), and B1 the open normal subgroup of πt

1(UX1) corre-
sponding to the tame covering fB1 . Then fB1 is totally ramified over {x1,∞ =∞, x1,0 = 0}
and is étale over DX1 \ {x1,∞, x1,0}. Note that XB1 = P1

Fp,1
, and that the marked points

of (XB1 , DXB1
) over {x1,∞, x1,0} are {xB1,∞

def
= ∞, xB1,0

def
= 0}. We put

xB1,u
def
= x

1/r
1,u ∈ DXB1

, u ∈ {2, . . . , n− 2},

xvB1,1
def
= ζvr ∈ DXB1

, v ∈ {0, . . . , t− 1}.
Note that we have x0B1,1

= 1. Thus, we obtain a linear condition

xB1,u =
t−1∑
v=0

b1,uvx
v
B1,1

(or equivalently, 0 = xB1,0 = xB1,u −
( t−1∑
v=0

b1,uvx
v
B1,1

)
)

with respect to xB1,∞ and xB1,0 on (XB1 , DXB1
) for each u ∈ {2, . . . , n − 2}. Moreover,

let b′1,uv ∈ Z≥0, u ∈ {2, . . . , n − 2}, v ∈ {0, . . . , s − 1}, be a natural number such that

b′1,uv ≡ b1,uv (mod p) and
∑t−1

v=0 b
′
1,uv ≥ 2, u ∈ {2, . . . , n− 2}.

Let
t′

be a positive natural number such that pt
′ − 2 ≥ maxu∈{2,...,n−2}{

∑t−1
v=0 b

′
1,uv} holds.

6.1.3. Now, we fix natural numbers

`, d, I def
= {b0, b1} ⊆ N, c(I),

satisfying the following conditions hold

• ` and d are prime numbers distinct from p and distinct from each other such that
` ≡ 1 (mod d). Note that all dth roots of unity are contained in Fℓ.
• r|b0, (pt− 1)|b0, (pt

′ − 1)|b1, p|b1, and (`, b0b1) = (d, b0b1) = 1, where r, t, t′ are the
natural numbers defined in 6.1.2.
• Let e(I)′ def

= `db0b1. We put e(I) def
= #

(
Γ̂0,n/D

(a+2)
e(I)′ (Γ̂0,n)

)
(see 2.1.4 for D

(a+2)
e(I)′ (−)

and 3.1.1 for Γ̂0,n). Then we have p|c(I), e(I)|c(I), (pt − 1)|ptI − 1, and (pt
′ −

1)|ptI − 1, and (ptI − 1)|c(I), where tI satisfies ptI − 1 > C
(
e(I)(2n)

)
(see 3.1.1

for C(−)).
Note that c(I) depends only on the isomorphism class of UXm

1
.

We put DI(π
t
1(UX2))

def
= D

(1)
b1
(D

(1)
b0
(πt

1(UX2))) and (Y2, DY2) the smooth pointed stable

curve over k2 of type (gY , nY ) corresponding to D
(1)
b0
(πt

1(UX2)) ⊆ πt
1(UX2). Note that we

have gY ≥ 2. If we put I1
def
= {b1}, e(I)′

def
= `db1, and e(I1)

def
= #

(
Γ̂gY ,nY

/D
(a+2)
e(I1)′(Γ̂gY ,nY

)
)

(see 3.1.1 for Γ̂gY ,nY
), then we have ptI − 1 > C(e(I1)(2gY + 2nY )). This means that

`, d, c(I) satisfy the conditions introduced in 3.1.1.

6.1.4. We have the following result:

Theorem 6.1. We maintain the notation and the settings introduced in 6.1.1. Let c(I)
be a natural number depending on UXm

1
constructed in 6.1.3 and πt

1(UX2)/D
(6)
c(I)(π

t
1(UX2))

a finite group depending on Um
X1

and Um
X2
. Then

UXm
1

∼= UXm
2

as schemes if and only if

πt
1(UX2)/D

(6)
c(I)(π

t
1(UX2)) ∈ πt

A(UX1) ∩ πt
A(UX2).
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Proof. The “only if” part of the theorem is trivial. We treat the“if” part of the theorem.

Denote by N2
def
= D

(6)
c(I)(π

t
1(UX2)), H2

def
= DI(π

t
1(UX2)), QN2

def
= πt

1(UX2)/D
(6)
c(I)(π

t
1(UX2)),

and QH2

def
= πt

1(UX2)/DI(π
t
1(UX2)). Since QN2 ∈ πt

A(UX1)∩ πt
A(UX2), we take an arbitrary

surjection φ : πt
1(UX1) ↠ QN2 and put ψ : πt

1(UX1)
ϕ
↠ QN2 ↠ QH2 the composition of

surjections, where QN2 ↠ QH2 is the natural surjection induced by N2 ⊆ H2. By Theorem
4.6, we obtain that (QN2 , QH2) is a quasi-anabelian pair associated to πt

1(UX2). Then ψ
induces a surjection

ψop : Edgop(πt
1(UX1)) ↠ Edgop(QH2).

Denote by N1
def
= ker(φ) ⊆ H1

def
= ker(ψ) ⊆ πt

1(UX1), QN1

def
= πt

1(UX1)/N1, and QH1

def
=

πt
1(UX1)/H1. Let F2 ⊆ πt

1(UX2) be an arbitrary open subgroup such that H2 ⊆ F2, and

that #(πt
1(UX2)/F2) is prime to p. Denote by QF2

def
= πt

1(UX2)/F2, F1
def
= ψ−1(QF2) ⊆

πt
1(UX1), and QF1

def
= πt

1(UX1)/F1. Then φ and ψ induce a commutative diagram

πt
1(UX1) πt

1(UX1)y ψ

y
QH1

ψ−−−→ QH2y y
QF1

ρF1−−−→ QF2 ,

where ψ, ρF1
are isomorphisms. Furthermore, the above commutative diagram implies

the following commutative diagram

Edgop(πt
1(UX1))

ψop

−−−→ Edgop(QH2)y ∥∥∥
Edgop(QH1)

ψ
op

−−−→ Edgop(QH2)y y
Edgop(QF1)

ρopF1−−−→ Edgop(QF2),

where the vertical arrows are the natural surjections induced by πt
1(UX1) ↠ QF1 and

QH2 ↠ QF2 , respectively, and ψ
op
, ρopF1

denote the bijections induced by ψop. Note that
we have the following bijections

Edgop(πt
1(UX1))/π

t
1(UX1)

∼→ Edgop(QH1)/QH1

∼→ Edgop(QF1)/QF1

∼→ DX1 ,

Edgop(QH2)/QH2

∼→ Edgop(QF2)/QF2

∼→ DX2 .

Then ψop (or ψ
op
, ρopF1

) induces a bijection ψmp : DX1

∼→ DX2 of sets of marked points.

Reconstructing field structures. Let Fj = Oj
def
= Dpt−1(π

t
1(UXj

)). Note that the conditions

(pt − 1)|b0 and p|b1 (see 6.1.3) imply H2 ⊆ D
(1)
p (O2) = D

(1)
p (D

(1)
pt−1(π

t
1(UX2))). Let x2,∞

def
=

ψmp(x1,∞), x2,u
def
= ψmp(x1,u), u ∈ {0, . . . , n− 2}, and let x̂1,∞, x̂1,u, u ∈ {0, . . . , n− 2}, be

the elements of DX̂1
over x1,∞, x1,u, u ∈ {0, . . . , n− 2}, respectively. We put

IxH2,∞
def
= ψop(Ix̂1,∞), IxH2,u

def
= ψop(Ix̂1,u), u ∈ {0, . . . , n− 2},
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and put

IxO1,∞
, IxO1,u

, u ∈ {0, . . . , n− 2},

IxO2,∞
, IxO2,u

, u ∈ {0, . . . , n− 2},

the images of Ix̂1,∞ , Ix̂1,u , u ∈ {0, . . . , n−2} of the surjections Edgop(πt
1(UX1)) ↠ Edgop(QO1),

Edgop(πt
1(UX1))

ψop

↠ Edgop(QH2) ↠ Edgop(QO2), respectively. In particular, we have
ρopO1

(IxO1,0
) = IxO2,0

).

Let Fx̂j,0
def
= (Ix̂j,0 ⊗ (Q/Z)p

′

j ) t {∗x̂j,0} (5.1.1). Then Fx̂j,0 can be identified with Fp,j
as fields, whose multiplicative group is Ix̂j,0 ⊗Z (Q/Z)p

′

j , and whose zero element is ∗x̂j,0 .
By applying Proposition 5.2, the isomorphism ρxO1,0

,xO2,0

def
= ρO1

|IxO1,0
: IxO1,0

∼→ IxO2,0

induces a field isomorphism

ρfdxO1,0
,xO2,0

: FxO1,0
,t

∼→ FxO2,0
,t,

where FxOj,0
,t

def
= IxOj,0

t {∗x̂j,0} admits a structure of field induced by Fp,j which is

isomorphic to the subfield of Fp,j with cardinality pt. Thus, FxO1,0
,t can be regarded as

the subfield Fp(ζr) of Fp,1. Moreover, we put

ξr
def
= ρfdxO1,0

,xO2,0
(ζr) ∈ FxO2,0

,t.

Then FxO2,0
,t can be regarded as the subfield Fp(ξr) of Fp,2.

Constructing tame covering of (X2, DX2) corresponding fB1. Let B1 ⊆ πt
1(UX1) be the

open normal subgroup introduced in 6.1.2 and B2 the inverse image of ψ(B1) ⊆ QH2 of
the natural surjection πt

1(UX2) ↠ QH2 . Note that r = #(πt
1(UX1)/B1) = #(πt

1(UX2)/B2)
is prime to p (6.1.2). Let Fj = Bj. Write

fB2 : (XB2 , DXB2
)→ (X2, DX2)

for the Galois tame covering over k2 with Galois group Z/rZ corresponding to B2.
Then the isomorphism ρB1

and the bijection ρopB1
imply that fB2 is totally ramified over

{x2,∞, x2,0} and is étale over DX2 \ {x2,∞, x2,0}. Note that we have XB2 = P1
k2
, and that

the types of (XB1 , DXB1
) and (XB2 , DXB2

) are equal (i.e., (gB, nB)).

The construction concerning c(I) (6.1.3) implies Nj ⊆ Hj ⊆ Bj. We put BNj

def
=

Bj/Nj ⊆ QNj
, BHj

def
= Bj/Hj ⊆ QHj

. Then φ and ψ induce the following commutative
diagram

B1 B1y ϕB1

y
BN1

ϕB1−−−→ BN2y y
BH1

ψB1−−−→ BH2 .



FINITE QUOTIENTS OF TAME FUNDAMENTAL GROUPS 35

On the other hand, we see Edgop(Bj) = {I ∩ Bj | I ∈ Edgop(πt
1(UXj

))}, Edgop(BHj
) =

{I∩BHj
| I ∈ Edgop(QHj

)}. Then ψop and ψ
op

induce the following commutative diagram

Edgop(B1)
ψop
B1−−−→ Edgop(BH2)y ∥∥∥

Edgop(BH1)
ψ
op
B1−−−→ Edgop(BH2).

Note that we have

Edgop(B1)/B1
∼→ Edgop(BH1)/BH1

∼→ DXB1
,

Edgop(BH2)/BH2

∼→ DXB2
.

Then ψ
op

B1
induces a bijection ψ

mp

B1
: DXB1

∼→ DXB2
of sets of marked points. We put

xB2,∞
def
= ψ

mp

B1
(xB1,∞), xB2,0

def
= ψ

mp

B1
(xB2,0),

xB2,u
def
= ψ

mp

B1
(xB2,u), u ∈ {0, . . . , n− 2}, xvB2,1

def
= ψ

mp

B1
(xvB1,1

), v ∈ {0, . . . , t− 1},
where xB1,∞, xB1,0, xB1,u, x

v
B1,1
∈ DXB1

are the marked points introduced in 6.1.2. Without

loss of generality, we may put x0B2,1
= 1.

Constructing a linear condition on (XB2 , DXB2
). By the constructions given in 6.1.2, we

have a linear condition

xB1,u =
t−1∑
v=0

b1,uvx
v
B1,1

=
t−1∑
v=0

b1,uv(ζ
v
r · x0B1,1

) =
t−1∑
v=0

b1,uvζ
v
r

with respect to xB1,∞ and xB1,0 on (XB1 , DXB1
) for each u ∈ {2, . . . , n−2}. Note that the

condition concerning b1 impliesH2 ⊆ D
(1)

pt′−1
(B2). Then by replacing πt

1(UXj
), Hj, Oj, QH2 ,

and ψ : πt
1(UX1) ↠ QH2 in 5.1.1 by Bj, Hj, D

(1)

pt
′−1

(Bj), BH2 , and ψB1 : B1

ϕB1↠ BN2 ↠ BH2 ,

respectively, and by applying Proposition 5.3, the linear condition

xB2,u =
t−1∑
v=0

b1,uvx
v
B2,1

with respect to xB2,∞ and xB2,0 on (XB2 , DXB2
) holds for each u ∈ {2, . . . , n− 2}. Since

ξvr · x0B2,1
= xvB2,1

, we obtain

xB2,u =
t−1∑
v=0

b1,uvx
v
B2,1

=
t−1∑
v=0

b1,uv(ξ
v
r · x0B2,1

) =
t−1∑
v=0

b1,uvξ
v
r .

Then we have

x1,u = xrB1,u
=

( t−1∑
v=0

b1,uvζ
v
r

)r
, x2,u = xrB2,u

=
( t−1∑
v=0

b1,uvξ
v
r

)r
, u ∈ {2, . . . n− 2}.

Moreover, ρfdxO1,0
,xO2,0

(ξr) = ζr implies

ρfdxO1,0
,xO2,0

(x1,u) = x2,u.

Thus, we obtain

P1
FxO1,0

,t
\ {x1,∞ =∞, x1,0 = 0, x1,1 = 1, x1,2, . . . , x1,n−2}

∼→ P1
FxO2,0

,t
\ {x2,∞ =∞, x2,0 = 0, x2,1 = 1, ρfdxO1,0

,xO2,0
(x1,2), . . . , ρ

fd
xO1,0

,xO2,0
(x1,n−2)}.
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Since

UX1 = UXm
1

∼→
(
P1
FxO1,0

,t
\ {x1,∞ =∞, x1,0 = 0, x1,1 = 1, x1,2, . . . , x1,n−2}

)
×FxO1,0

,t k1,

UXm
2

∼→
(
P1
FxO2,0

,t
\ {x1,∞ =∞, x2,0 = 0, x2,1 = 1, x2,2, . . . , x1,n−2}

)
×FxO2,0

,t Fp,2,

we obtain UXm
1

∼= UXm
2
as schemes. This completes the proof of the theorem. □

6.2. Main result.

6.2.1. Now, we can state our main result of the present paper:

Theorem 6.2. Let j ∈ {1, 2}, and let (Xj, DXj
) be a smooth pointed stable curve of type

(gXj
, nXj

) over an algebraically closed field kj of characteristic p > 0 and πt
1(UXj

) the
tame fundamental group of (Xj, DXj

). Then the following statements hold (see 2.1.4 for

D
(−)
(−)(−)):
(i) Suppose 2gX1 + nX1 6= 2gX2 + nX2. Let `′ be a prime number distinct from p. Then

we have

πt
1(UX2)/D

(1)
ℓ′ (π

t
1(UX2)) /∈ πt

A(UX1), π
t
1(UX2)/D

(1)
ℓ′ (π

t
1(UX2)) ∈ πt

A(UX2).

(ii) Suppose m
def
= 2gX1+nX1 = 2gX2+nX2. Let c be a positive natural number satisfying

p(pt − 1)|c and pt − 1 ≥ C(m) (see 3.1.1 for C(m)). If gX1 + nX1 < gX2 + nX2, we have

πt
1(UX2)/D

(2)
c (πt

1(UX2)) 6∈ πt
A(UX1), π

t
1(UX2)/D

(2)
c (πt

1(UX2)) ∈ πt
A(UX2).

If gX1 + nX1 > gX2 + nX2, we have

πt
1(UX1)/D

(2)
c (πt

1(UX1)) ∈ πt
A(UX1), π

t
1(UX1)/D

(2)
c (πt

1(UX1))) 6∈ πt
A(UX2).

(iii) Suppose that 2gX1 +nX1 = 2gX2 +nX2 and gX1 +nX1 = gX2 +nX2 (or equivalently,
(gX1 , nX1) = (gX2 , nX2)), that UXm

1
6∼= UXm

2
as schemes (see 6.1.1 for UXm

j
), that km1 (6.1.1)

is an algebraic closure of the finite field Fp, and that gX1 = 0. Let c(I) be a natural number
depending on UXm

1
constructed in 6.1.3. Then we have

πt
1(UX2)/D

(6)
c(I)(π

t
1(UX2)) 6∈ πt

A(UX1), π
t
1(UX2)/D

(6)
c(I)(π

t
1(UX2)) ∈ πt

A(UX2).

Proof. (i) follows immediately from the structures of the maximal prime-to-p quotients of
tame fundamental groups, and (iii) follows immediately from Theorem 6.1. We treat (ii).

Suppose gX1 + nX1 < gX2 + nX2 . We put Gj
def
= πt

1(UXj
)/D

(2)
c (πt

1(UXj
)).

Suppose G2 ∈ πt
A(UX1). Let φ : πt

1(UX1) ↠ G2 be an arbitrary surjection. Then we
see immediately that the surjection φ factors through G1. This means that φ induces a
surjection φ : G1 ↠ G2. By [Y5, Theorem 5.4] and its proof (in particular, line 4, page
82 of [Y5]), we have (see 2.3.3 for γmax

Gj
)

γmax
G1

= gX1 + nX1 − 2 ≥ gX2 + nX2 − 2 = γmax
G2

.

This contradicts the assumption gX1 + nX1 < gX2 + nX2 . Then we have G2 6∈ πt
A(UX1).

Similar arguments to the arguments given above imply (ii) holds if gX1+nX1 > gX2+nX2 .
We complete the proof of (ii). □
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6.2.2. Theorem 6.2 implies the following anabelian result:

Theorem 6.3. Let j ∈ {1, 2}, and let (Xj, DXj
) be a smooth pointed stable curve of type

(gXj
, nXj

) over an algebraically closed field kj of characteristic p > 0 and πt
1(UXj

) the
tame fundamental group of (Xj, DXj

). Suppose that km1 (6.1.1) is an algebraic closure of
the finite field Fp, and that gX1 = 0. Let c(I) be a natural number depending on UXm

1

constructed in 6.1.3 and (see 2.1.4 for D
(−)
(−)(−))

G
def
= {πt

1(UX1)/D
(2)
c(I)(π

t
1(UX1)), π

t
1(UX2)/D

(6)
c(I)(π

t
1(UX2))}

a set of finite groups depending on UXm
1
and UXm

2
(see 6.1.1 for UXm

j
). Then we have that

UXm
1

∼= UXm
2

as schemes if and only if

G ⊆ πt
A(UX1) ∩ πt

A(UX2).

Moreover, suppose further gX1 = gX2 = 0 and nX1 = nX2. Then we have that

UXm
1

∼= UXm
2

as schemes if and only if

πt
1(UX2)/D

(6)
c(I)(π

t
1(UX2)) ∈ πt

A(UX1) ∩ πt
A(UX2).

Proof. The “only if” part of the theorem is trivial. We only treat the “if” part of the
theorem. Note that the construction of c(I) (see 6.1.3) implies that there exists a prime
number `′|c(I) distinct from p, and that c(I) satisfies the conditions concerning the
natural number c mentioned in Theorem 6.2 (ii). We put

G′ def
= {πt

1(UX1)/D
(1)
ℓ′ (π

t
1(UX1)), π

t
1(UX1)/D

(2)
c(I)(π

t
1(UX1)),

πt
1(UX2)/D

(1)
ℓ′ (π

t
1(UX2)), π

t
1(UX2)/D

(2)
c(I)(π

t
1(UX2))}

Moreover, G ⊆ πt
A(UX1) ∩ πt

A(UX2) implies

G′ ⊆ πt
A(UX1) ∩ πt

A(UX2)

since there are natural surjections

πt
1(UX1)/D

(2)
c(I)(π

t
1(UX1)) ↠ πt

1(UX1)/D
(1)
ℓ′ (π

t
1(UX1)),

πt
1(UX2)/D

(6)
c(I)(π

t
1(UX2)) ↠ πt

1(UX2)/D
(2)
c(I)(π

t
1(UX2)) ↠ πt

1(UX2)/D
(1)
ℓ′ (π

t
1(UX2)).

Then by Theorem 6.2 (i), (ii), we see immediately (gX1 , nX1) = (gX2 , nX2). Thus, the
theorem follows from Theorem 6.2 (iii).

Furthermore, the “moreover” part of the theorem is Theorem 6.1. This completes the
proof of the theorem. □
Remark 6.3.1. Moreover, Theorem 6.3 is the best form in the following sense:

Theorem 6.3 does not hold if we replace G mentioned in the statement of
Theorem 6.3 by a set of finite groups depending only on one of the curves
UXm

1
, UXm

2
.

Namely, the following statement does not hold:

Suppose (0, n)
def
= (0, nX1) = (0, nX2). Then there exists a finite group

G′ ∈ πt
A(UX2) such that, for an arbitrary smooth pointed stable curve

(X1, DX1) of type (0, n), UXm
1

∼= UXm
2
if and only if G′ ∈ πt

A(UX1)∩πt
A(UX2).
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In fact, [Y6, Theorem 3.6] (note that the admissible fundamental group of a smooth
pointed stable curve coincides with its tame fundamental group) implies that, for any
finite group G′ ∈ πt

A(UX2), there exists a smooth pointed stable curve (X1, DX1) of type
(0, n) such that G′ ∈ πt

A(UX1) ∩ πt
A(UX2) holds.

In particular, Theorem 6.3 implies directly the following “finite version” of Grothendieck’s
anabelian conjecture which is a strong generalization of the main results of [T1], [T3].

Corollary 6.4. Let j ∈ {1, 2}, and let (Xj, DXj
) be a smooth pointed stable curve of type

(gXj
, nXj

) over an algebraically closed field kj of characteristic p > 0 and πt
1(UXj

) the
tame fundamental group of (Xj, DXj

). Suppose that km1 (6.1.1) is an algebraic closure of
the finite field Fp, and that gX1 = 0. Let c(I) be a natural number depending on UXm

1

constructed in 6.1.3 and (see 2.1.4 for D
(−)
(−)(−)). Then we have that

UXm
1

∼= UXm
2

as schemes if and only if

πt
1(UX1)/D

(6)
c(I)(π

t
1(UX1))

∼= πt
1(UX2)/D

(6)
c(I)(π

t
1(UX2)).

Proof. Since there is a natural surjection πt
1(UX1)/D

(6)
c(I)(π

t
1(UX1)) ↠ πt

1(UX1)/D
(2)
c(I)(π

t
1(UX1)),

the condition πt
1(UX1)/D

(6)
c(I)(π

t
1(UX1))

∼= πt
1(UX2)/D

(6)
c(I)(π

t
1(UX2)) implies that

{πt
1(UX1)/D

(2)
c(I)(π

t
1(UX1)), π

t
1(UX2)/D

(6)
c(I)(π

t
1(UX2))} ⊆ πt

A(UX1) ∩ πt
A(UX2).

Then the corollary follows from Theorem 6.3. □
Remark 6.4.1. Note that the condition G ⊆ πt

A(UX1)∩ πt
A(UX2) mentioned in Theorem

6.3 is much weaker than the condition πt
1(UX1)/D

(6)
c(I)(π

t
1(UX1))

∼= πt
1(UX2)/D

(6)
c(I)(π

t
1(UX2))

mentioned in Corollary 6.4, and that Theorem 6.3 cannot be deduced from Corollary 6.4.
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